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Abstract Assets are increasingly traded at new types of exchanges that operate along with

traditional, centralized trading venues. We develop an equilibrium model of decentralized

markets that accommodates any coexisting exchanges including graphs and more general,

common network market structures represented by hypergraphs. We identify gains to trade

in decentralized markets which have no centralized market counterparts. An intermediated

market can give rise to higher welfare in Pareto sense than a centralized market with the

same traders and assets. This can happen only in a market with a core-periphery structure.

Changes in market structure that reduce liquidity may increase utility of every agent.
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1 Introduction

In the classical theory, markets are centralized. All units are exchanged through a single

market clearing at terms of trade that apply to all agents equally. In today’s markets, many

types of assets are traded increasingly, or exclusively over the counter (OTC). Trade away

from centralized exchanges is common not only for assets and goods with units as hetero-

geneous as real estate, but also for homogeneous assets. Indeed, most bonds (government,

municipal, and corporate) are traded over the counter, as are foreign exchange, loans, and

more recently stocks.4 Over the past decade and a half, a new type of markets have also

1 First Version: September 2012. The authors gratefully acknowledge the financial support of this research
by the NET Institute. We would like to thank for comments and suggestions Alberto Bisin, Darrell Duffie,
Mikhail Golosov, Christopher Henessy, Peter Kondor, Anna Pavlova, Mark Ready, Fernando Vega-Redondo,
and the participants at the 2013 AEA meeting in San Diego, the 9th (2013) Annual Cowles Conference
on General Equilibrium and Applications, the Economic Networks and Banking Conference (LSE, 2013),
SAET Conference (Paris, 2013), SITE (Stanford, 2013), Financial and Economic Networks Conference (2013,
Wisconsin School of Business), and seminars at Caltech, Carnegie Mellon University/Pittsburgh University,
Collegio Carlo Alberto, European University Institute, Imperial College London, LBS, UCLA, and the
University of Minnesota.

2 Swiss Finance Institute, EPF Lausanne; E-mail: semyon.malamud@epfl.ch.
3 University of Wisconsin-Madison, Department of Economics; E-mail: mrostek@ssc.wisc.edu.
4 In the U.S. equity market, the NYSE executes less than a quarter of the volume in its listed stocks; the

remaining volume is created in over 10 public exchanges, more than 30 liquidity pools, and over 200 broker-
dealers. Over the past few years, trading in private exchanges (liquidity pools) has grown by more than
50% in the U.S., and more than doubled in Europe (Schapiro (2010)). Similarly, while prior to 2007, equity
markets in Europe were characterized by dominant exchanges in each domestic market, a regulatory reform
of MiFID in 2007 created more than 200 new trading venues in which equities, bonds, and even derivatives
are traded. As of 2012, these alternative venues accounted for at least 30% of total equity turnover. In the
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emerged online that offer different types of market clearing – direct matching with an in-

termediary, trading in a dealer network, or an electronic centralized exchange – to different

types of traders, institutional and retail.5 This paper examines the potential for market

decentralization to improve efficiency. What are the economic mechanisms in decentralized

markets that do not have centralized market counterparts?

The growing literature on decentralized trading has emphasized frictions due to decen-

tralization of trade – associated with search, information, or counterparty risk. Since ‘de-

centralization’ is introduced as a friction, it takes away from welfare. We consider trading

without exogenous frictions with an arbitrary number of strategic traders and divisible as-

sets. The sole assumption of the centralized market model which we relax is that a single

market clearing determines all agents’ allocations. Namely, the market consists of exchanges,

each defined by the subset of agents who trade there and the subset of assets traded. Thus,

a market is decentralized if there are multiple market clearing mechanisms (exchanges) for a

given set of traders and assets. A market corresponds to a hypergraph6 and accommodates

essentially arbitrary market structures with coexisting exchanges, including centralized mar-

kets, networked markets on graphs, and empirically common market structures which cannot

be studied as graphs without loss.7 Description of preferences and assets is the standard set-

ting with CARA utilities and Gaussian payoffs. Gains to trade come from risk sharing:

endowments and preferences (risk aversion) are heterogeneous and are agents private infor-

mation.8 We assume that each exchange operates as the (uniform-price) double auction.

Thus, the model is a decentralized market counterpart of the double auction models with

divisible assets in the tradition of Kyle (1989), Vives (2011), and the CAPM. This permits

a direct comparison of the predictions for centralized and decentralized markets.

Main Results. Why might one expect a decentralized market to create gains to trade?

U.S. bond market, the outstanding debt nearly tripled over the last two decades, reaching approximately
$3.7 trillion in 2012 (SIFMA, U.S. Bond Market Statistics, June 2012 ). Duffie (2012) provides an overview.

5 E.g., BondDesk, BrokerTec, eSpeed, MarketAxess, and TradeWeb.
6 A hypergraph generalizes a graph by allowing an edge to connect any number of nodes, not just

two (see Berge (1973)). Agents can participate in many different types of trading venues for possibly
non-disjoint subsets of traders (such as a centralized exchange, a dealer network, liquidity pools), some of
which may involve multilateral clearing. Nodes may reside on many graphs (e.g., traders may participate in
different types of trading venues), and edges may originate and point to different graphs (e.g., there can be
intermediaries between different types of trading venues).

7 E.g., consider any trading network whose participants also have access to private exchanges (e.g., dealer-
intermediated platforms) or a public, centralized exchange. This simple and common market structure cannot
be studied as a graph without loss of generality. A data set that only accounts for pairwise interactions when
groups may interact as well will, in general, introduce biases in inference and may lead to artefacts in the
data in the study of topological properties such as connectivity. Hypergraph representations of markets that
are complex networks allow the study of interactions among groups of traders and aspects other than the
traders, such as assets.

8 With divisible goods, equilibrium is invariant to the distribution of private uncertainty. By the Myerson-
Satterthwaite theorem, with two-sided private information, there is no mechanism that can attain an efficient
allocation.
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In markets with strategic traders, the Pareto efficiency of allocation of the First Welfare

Theorem does not apply. As we show, in general, traders in decentralized markets have

strictly positive price impact in the exchanges in which they participate, even if the total

number of traders is large. In centralized markets, equilibrium price impacts of all traders are

always proportional to the primitive asset covariance; hence is the strategic demand reduction

in response to price impact. With decentralized trading, this is not the case. In fact, we show

that equilibrium price impacts are always concave in the to the primitive asset covariance.

This affects the extent to which gains to trade are exhausted. In particular, by contrast

to a centralized market, agents who trade assets with more risky payoffs do not necessarily

reduce their orders more and changes in market structure can increase agents’ utility from

both idiosyncratic and diversified (aggregate) risk. We identify a weaker than proportionality

structural property of equilibrium to be the key to why decentralized and centralized markets

equilibria differ – commutativity – whose absence in decentralized markets in general implies

that a reduction in liquidity for all traders may make allocation of some types of risk more

efficient, improving overall efficiency.9

We develop three main sets of results. First, we establish a general complementarity

result for price impacts in inter-connected (via traders and assets) markets: Any trader’s

price impact is lower than it would be if exchanges traded in isolation. In addition, any

change in the market structure that lowers price impact ‘locally’ in an exchange lowers

price impact in other exchanges, even if only indirectly connected. In any decentralized

market, creating a new exchange (weakly) lowers the price impacts in all exchanges, whereas

breaking up an exchange increases price impact – a trader’s price impact in any exchange is

decreasing in the inclusion of traders and assets and, thus the lowest in a centralized market.

Thus, creating private exchanges separately from public ones improves the liquidity in all

exchanges.10

9 Matrices A and B commute if AB = BA. Diagonalizable matrices A and B commute if, and only
if, they are simultaneously diagonalizable (e.g., Horn and Johnson (2013), Theorem 1.3.12). We show that
in centralized markets, equilibrium price impacts always commute (across agents and with the covariance
matrix). Intuitively, commutativity captures a certain symmetry of centralized market equilibria that nat-
urally does not hold in decentralized markets. The riskiness of assets in any given exchange is the residual
riskiness, as determined by the traders’ participation in other exchanges. As a result, in equilibrium, agents
trade as if the riskiness of assets differed from the primitive payoff covariance and were heterogeneous across
agents, even if information is complete and all primitives of the market, including the distribution of assets’
payoffs, are commonly known. In particular, payoff complementarity or substitutability of the same assets
traded in different exchanges is endogenous. We show that the commutativity of equilibrium is nongeneric
in decentralized markets.

10 “The competition induced by the proliferation of alternative trading venues such as dark pools has been
a mostly positive development, as bid-offer spreads and trading costs have fallen” (Financial Times, Jan 6,
2013, Rhodri Preece, Director of Capital Markets Policy at CFA Institute). Competition among exchanges
has substantially decreased liquidity costs in many markets. For example, in the U.S. stock market, after
electronic trading platforms decreased the liquidity costs of trading NASDAQ stocks, the SEC adopted
Regulation National Market System (NMS) in 2005, which cleared regulatory impediments to electronic
trading, further increasing competition among exchanges. Similar decreases in trading costs occurred in
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However, no general link exists between equilibrium price impact and utility in decentral-

ized markets. While a new exchange always lowers price impact, it may improve or reduce

total welfare. We show that equilibrium utility in a decentralized market can be higher in

Pareto sense, compared to the centralized market with the same traders and assets, if cash

transfers are allowed. The main underlying mechanism is an increase in illiquidity due to

decentralization of trade, which gives rise to a non-linear change in the equilibrium com-

pensation for risk, driving the market risk premium and the allocation closer to the efficient

benchmark. Because of this liquidity-based pecuniary externality, simply splitting traders

into groups to create multiple disjoint exchanges may be Pareto improving. Introducing

intermediation between these exchanges may increase welfare even more.

We develop several implications of the non-trivial in decentralized markets relation be-

tween market structure and welfare: Breaking up an exchange may increase utility of every

trader, while it increases all traders’ price impacts; restricting participation may increase

welfare;11 moving an asset from OTC to centralized clearing may lower welfare; intermedi-

aries may increase welfare; financial innovation may reduce welfare. The key to these results

are (i) the concavity of equilibrium price impacts in the primitive covariance matrix and (ii)

the non-commutativity of equilibrium demand slopes across agents. Intuitively, removing an

agent from an exchange corresponds to a decrease in the markets’ risk bearing capacity. The

concavity implies that this decrease is tempered in a decentralized market structure and,

hence, is less adverse than if trading were centralized. In turn, the non-commutativity of the

slopes of demand schedules in decentralized market implies that equilibrium allocation may

actually be closer to the frictionless efficient outcome than the allocation in the more liquid

centralized market with the same traders and assets. Indeed, for some initial allocations

of risks, non-commuting demand schedules effectively “rotate” initial holdings into different

directions: the liquidity-efficient (agent specific, determined by the equilibrium price impact

matrix) and the risk-efficient (determined by the common variance-covariance matrix) port-

folios. In equilibrium, this may lead to a better alignment of risk exposures and liquidity

needs across traders. The link between the market structure and utility contribution of the

type of risk taken (aggregate vs idiosyncratic) points to profitability of distinct types of in-

termediation, such as brokers (who do not trade on their own account) or dealers (who do),

specialist intermediaries (who trade a particular asset) or non-specialists.

Finally, while our analysis takes the market structure as given, the model predicts a

Canada, Europe, and Asia, where different regulatory environments allowed electronic exchanges to develop
earlier than those in the United States (Knight Capital Group (2010); Angel, Harris and Spatt (2011); and
O’Hara and Ye (2011)).

11 In practice, markets are decentralized in our sense simply because different participants trade different
assets – by choice or regulation. Even large financial institutions typically participate in only a few trading
venues and trade a small subset of existing securities; e.g., pension funds cannot trade many types of
derivatives and most hedge funds have a clear specialization in trading a limited number of securities.
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general topological property of equilibrium that captures how the interconnectedness among

exchanges – via traders or assets – affects prices, allocations and price impacts in a decentral-

ized market. We show that, in a decentralized market with any set of exchanges, equilibrium

is as if the market structure were a forest (in graph-theoretic terms, a disjoint union of

trees).12 In general, the same assets may trade at different prices in different exchanges.

We characterize the type of interconnectedness among exchanges for an asset to trade at

the same price in different exchanges – as a necessary and sufficient condition on the mar-

ket structure. We also characterize the type of interconnectedness with which decentralized

markets behave essentially as centralized markets. We show that its absence gives rise to a

‘local monopoly power,’ or various types of intermediation.

Related Literature. Our model is part of the growing literature on decentralized mar-

kets. Most modern models are based on graphs, random or fixed. One approach assumes

that trade occurs through random matching in large markets among a continuum of non-

strategic traders.13 Empirically, while some markets are best described by random meetings,

in others (e.g., dealer networks or interbank systems), relationships are not random,14 and

dealing with strategic behavior and price impact often serves as a primary motivation to

create an OTC exchange.15 We consider markets with any number of traders, all of whom

are strategic, and are thus closer to the strand of literature that views agents as interacting

on a fixed network.16 Both types of models typically consider markets in which all transac-

tions are bilateral (graphs),17 while we study networked market structures with coexisting

12 Forests encompass markets with various forms of intermediation, including brokers, dealers, or spe-
cialists who trade different assets as well as non-specialist intermediaries, and the empirically common core-
periphery and hub-and-spoke architectures (e.g., the U.S. Federal Funds Market, the interbank markets, the
U.S. municipal bonds market; see Bech and Atalay (2010); Craig and Peter (2010); Afonso, Kovner, and
Schoar (2012)).

13 E.g., Gale (1986a,b); Duffie, Garleanu and Pedersen (2005, 2007); Weill (2008); Vayanos and Weill
(2008); Duffie, Malamud and Manso (2009, 2013); Lagos and Rocheteau (2009); Lagos, Rocheteau and Weill
(2011); Afonso and Lagos (2012).

14 It is well documented that dealers or brokers trade via an established network structure and trading
relationships exist between banks. An average bank trades with a small number of counterparties and most
banks form stable relationships with at least one lending counterparty; e.g., the U.S. Federal Funds market
(Bech and Atalay (2010); Afonso, Kovner, and Schoar (2012)), interbank markets (Craig and Peter (2010);
Cocco, Gomes and Martins (2009)), and the U.S. municipal bonds market (Li and Schürhoff (2012)).

15 E.g., Biais, Bisière, and Spatt (2010), Knight Capital Group (2010), Angel, Harris and Spatt (2011).
Biais and Green (2007) attribute the historical shift in the U.S. municipal and corporate bond markets
toward OTC trading to the increased importance of institutional investors.

16 E.g., Kranton and Minehart (2001); Gale and Kariv (2007); Blume, Easley, Kleinberg and Tardos
(2009); Manea (2011); Nava (2011); Condorelli and Galeotti (2012); Elliott (2012); Fainmesser (2012);
Babus and Kondor (2013); Bramoullé, Kranton, and D’Amours (2013); Rahi and Zigrand (2013); Glode and
Opp (2013).

17 Corominas-Bosch (2004) and Elliott (2011) allow for multilateral bargaining with search. Some models
(see Duffie, Garleanu and Pedersen (2005); Lagos and Rocheteau (2009); and Lagos, Rocheteau and Weill
(2011)) assume that trade can only happen through special intermediaries (dealers) who provide liquidity.
Rahi and Zigrand (2013) study trade of price-taking investors intermediated by arbitrageurs.
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exchanges that are hypergraphs.

In addition, both types of models typically derive the terms of trade from bargaining

(e.g., take-it-or-leave-it offers) or fixed prices.18 In our model, prices are determined by the

standard divisible-good double auction protocol in which agents submit demand or supply

schedules (or limit and market orders) in the exchanges where they participate. Auctions are

increasingly used in OTC markets. Traditionally, trading over the counter involved bilateral

market clearing with a dealer over the phone. During the past two decades, large volumes

of transactions that occur outside open exchanges have shifted to new electronic auctions,

which have been introduced for large institutional traders, dealers, and retail investors. The

ongoing transition in the market clearing itself is sometimes called “call to electronic.”19

As we show, in a market for divisible assets, traders have nonnegligible price impact – the

behavior of prices and allocations is different than in trading environments with efficient

surplus sharing.

Techniques. The methods we introduce will be useful to other researchers studying games

on networks. To the best of our knowledge, this paper is the first analysis of the class of

games on hypergraphs. Relative to the literature on games on networks, the games we study

allow applications with strategies that have multiple dimensions, applications in which static

equilibria exhibit dependence on the entire network not only direct neighbors,20 and have

equilibrium strategies that are nonlinear in the actions of others. The techniques we intro-

duce extend to other contexts described as complex networks with nonlinear effects, where

the methods useful for linear equilibrium strategies are not applicable and summary statis-

tics, such as the smallest eigenvalue (e.g., Bramoullé, Kranton, and D’Amours (2013); the

Handbook chapter by Jackson and Zenou (2012)) are not sufficient to capture the properties

of the network. We identify the appropriate counterpart – the commutativity – and show

its key role in the new in decentralized markets economic implications.

Second, we characterize the comparative statics of equilibrium and welfare with respect

to preferences, assets, and market structure (the hypergraph). For comparative statics in

centralized markets, lattice theoretic arguments can be invoked. As we show, decentralized

market games do not have the lattice structure, because of the non-comutativity of equilib-

18 Like this paper, Babus and Kondor (2013) use a double auction. Traditional network optimization
focuses on a network populated by nonstrategic (“obedient”) users; more recently, pricing (e.g., Kranton and
Minehart (2001); Blume, Easley, Kleinberg, and Tardos (2009); Nava (2011); Jackson and Zenou (2012); and
Babus and Kondor (2013)), or bargaining on networks, has been examined.

19 E.g., Hendershott and Madhavan (2012) examine the changes in the U.S. corporate bonds market.
Innovations in trading technology allow traders to engage in multilateral trading as opposed to sequentially
contacting dealers.

20 This feature, due to the divisiblility of the asset, is common in the network models with continuous
actions (e.g., survey by Jackson and Zenou (2012). In models of decentralized market for indivisible goods,
equilibrium prices and allocations depend on the network through dynamic trading.
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rium.21 Using the concavity and monotonicity of the best responses, we develop monotone

comparative statics of equilibrium and welfare for decentralized markets with arbitrary mar-

ket structures, multiple assets, and any number of strategic agents.

Structure of the Paper. Section 2 presents the model of decentralized markets. Sec-

tion 2.5 characterizes equilibrium. Section 3 introduces an equivalent characterization of

equilibrium. Section 4 studies equilibrium liquidity, allocations and prices. Section 5 derives

the comparative statics of equilibrium liquidity. Section 6 characterizes risk sharing and

welfare in decentralized markets. Section 7 concludes. All proofs appear in the Appendix.

2 A Decentralized Market Model

2.1 Notation

All vectors are column vectors. AT denotes the transpose of matrix A. The same symbol is

used for a set and the number of its elements. ⊕ is the direct sum. For any vector q ∈ RN ,

let qN(i) ∈ RN(i) denote its restriction to the vector’s elements in RN(i). We denote by AN(i)

the sub-matrix of A with rows and columns in N(i). For symmetric matrices A and B, we

write A ≥ B if A−B is positive semidefinite, and A > B if A−B is positive definite.

2.2 Decentralized Market Setting

Market: Traders, Assets and Exchanges. Consider a market with I traders who

trade K risky assets in N exchanges, each with a separate clearing price. We index agents by

i, assets by k, and exchanges by n. An exchange n ∈ N is identified by the subset of agents

I(n) ⊆ I who trade there and the subset of assets traded K(n) ⊆ K. The set of exchanges

{(I(n), K(n))}n, which we take as a primitive, represents the market structure and together

with the set of agents I and assets K corresponds to a hypergraph.22 We assume that at

21 This involves comparing (endogeneous) positive semidefinite matrices defined on different assets and
agents, as determined by the market structure (the hypergraph). Absent commutativity, the order is incom-
plete (and, hence, the set of the symmetric matrices to-be-compared is not a lattice) and agents’ payoffs are
not supermodular in general even when matrices can be ranked. While the standard arguments that derive
from Tarski’s fixed point theorem do not apply, monotone comparative statics can be characterized with our
results: the uniquess of the maximal and minimal equilibria (applying the logic analogous to Milgrom and
Roberts (1990)); the positive semidefinite property of equilibrium price impacts (which gives the notion of
monotonicity in the comparative statics); the monotonicity and convexity of the (matrix) harmonic mean
which naturally arises in aggregation. For the comparative statics in centralized markets, lattice theoretic
arguments can be invoked

22 A hypergraph is defined as a pair (X,E), where X is a set of elements called nodes and E is a set of
nonempty subsets of X called (hyper-)edges. Thus, E is a nonempty subset of the power set of X. In our
model, X = (I,K) and an edge (I(n),K(n)) represents exchange n with I(n) agent classes and K(n) assets.
The hypergraph generates a graph on the set of N exchanges.
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least three agents participate in every exchange, I(n) > 2 for all n.23

The K risky assets have jointly normally distributed payoffs R ∼ N (d,Σ) with positive

definite covariance Σ; a riskless asset with a zero interest rate (a numéraire) is also available.

In the analysis, we treat assets traded at different exchanges as different assets, regardless

of whether the same asset is traded. That is, we treat a market with K assets traded in N

exchanges {(I(n), K(n))}n as a market with
∑

nK(n) (replicas of) assets and (
∑

nK(n))×
(
∑

nK(n)) positive semidefinite covariance matrix V , induced by covariance Σ and the the

set of exchanges. The hypergraph on the sets of agents and assets (I,K) generates a graph

on the set of N exchanges {(I(n), K(n))}n. Thus, V describes interconnectedness among

the exchanges via traders and assets.

Example 1 (i) The centralized market: All I agents trade K assets in one exchange; N =

{(I,K)}, and V = Σ.

(ii) Liquidity pools: In addition to the centralized exchange as in (i), there are L exchanges

(liquidity pools) in which only subsets of agents can trade. There are L (possibly nondisjoint)

subsets I(1), · · · , I(L) ⊂ I of agents, each trading in exchange l ∈ L organized as a central-

ized exchange among agents i ∈ I(l); N = {(I,K)} ∪ {(I(l), K(l))}l} with K +
∑

lK(l)

assets.

Let N(i) ⊆ N denote the subset of exchanges in which trader i participates. Each trader i,

endowed with wealth wi and a vector q0
i ∈ RN(i) of risky assets of dimension

∑
n∈N(i) K(n),

maximizes the expected CARA utility

E[−e−αi(wi−qTi pN(i)+(q0i +qi)
TRN(i))],

where αi is agent i’s absolute risk aversion, qi ∈ RN(i) denotes the vector of risky assets

trades of i and pN(i) is the vector of prices. Initial holdings are private information with

a nondegenerate distribution. Equivalently, trader i maximizes the quasilinear-quadratic

utility function

U(qi) = (q0
i )
TdN(i) + qTi (dN(i) − pN(i))−

αi
2

(
q0
i + qi

)T VN(i)

(
q0
i + qi

)
, (1)

where dN(i) is the sub-vector of the expected payoffs d and VN(i) is the sub-matrix of the

covariance matrix V that correspond to the assets traded by agent i in exchanges N(i). We

use qi ∈ RN and q0
i ∈ RN to also denote the vectors qi ∈ RN(i) and q0

i ∈ RN(i) ‘completed’

by zeros in their RN\N(i) coordinates. With a “limited participation” interpretation, given

23 As is well known in centralized markets, with two traders, equilibrium with trade does not exist (e.g.,
Kyle (1989)).
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the agents I and assets K, the market structure {(I(n), K(n))}n is equivalently described

by traders’ participation {N(i)}i.

Decentralized Double Auction. Each exchange n is organized as a centralized market

for traders i ∈ I(n) and operates as the standard uniform-price double auction (e.g., Kyle

(1989); Vives (2011); CAPM). Trader i submits a (net) demand schedule qi(pN(i)) : RN(i) →
RN(i), which specifies demanded quantities of assets in the exchanges in which he participates;

the demand is strictly downward-sloping in each exchange.24 The aggregate net demand in

exchange n determines the clearing price p∗n in this exchange,
∑

i∈I(n) qi,n(p∗n, p
∗
N(i)\{n}) = 0,

and the allocations; trader i receives qi ≡ qi(p
∗
N(i)) and pays p∗N(i) ·qi. All traders are strategic;

in particular, there are no noise traders.

2.3 Decentralized Market Equilibrium

As is standard in strategic centralized markets models for divisible goods or assets, we study

the equilibrium in linear bid schedules (hereafter, equilibrium); that is, the linear equilibrium

that is robust to adding noise in trade (robust Nash Equilibrium) which, with independent

private values about endowments, coincides with the linear Bayesian Nash Equilibrium.25

Theorem 2.1 characterizes equilibrium through two conditions, which correspond to an in-

dividual optimization problem and aggregation in decentralized markets.

Trader Optimization. In equilibrium, the (net) demand schedule of trader i equalizes

his marginal utility with the marginal payment, for each price,

dN(i) − αiVN(i)

(
q0
i + qi

)
= pN(i) + Λiqi, (2)

where Λi is the N(i)×N(i) Jacobian matrix of the residual inverse supply of trader i, which is

defined through market clearing by the schedules submitted by the traders in exchanges N(i),

{qj(pN(j)) : RN(j) → RN(j)}j 6=i. Λi measures the price impact of trader i in the exchanges in

which he participates (i.e., a decentralized market counterpart of ‘Kyle’s lambda’). Entry

(k, l) represents the price change of asset l that results from a marginal increase in demanded

24 This rules out trivial equilibria with no trade.
25 Equilibrium is linear if schedules have the functional form of qi(·) = α0 + αi,qq

0
i + αi,pp. Trader

strategies are not restricted to linear schedules; rather, we analyze equilibria in which it is optimal for a
trader to submit a linear demand, given that others do. The approach to analyze the symmetric linear
equilibrium is common in the centralized market models (e.g., Kyle (1989), Vayanos (1999), Vives (2011)).
Our analysis does not assume equilibrium symmetry.

All results in this paper hold for complete information and incomplete information with independent value
endowments q0i (random marginal utility intercepts, d̃ = d−αΣq̃0i ). Equilibrium schedules are optimal even
if the traders learn the types (endowments) of all other agents; that is, equilibrium is ex post Bayesian
Nash. The key to the ex post property is that by permitting pointwise optimization – for each price – the
equilibrium demand schedules are optimal for any distribution of independent private information and are
independent of agents’ expectations about others’ endowments or marginal utility intercepts.
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quantity of asset k,
∂(p1,··· ,pN(i))

∂(q1,··· ,qN(i))
=
(
∂pl
∂qk

)
k,l

. It follows from (2) that if trader i knew his price

impact Λi, which is endogenous, he could determine his equilibrium demand by equalizing

his marginal utility and marginal payment pointwise: Let qi (·,Λi) : RN(i) → RN(i) be the

schedule defined by the pointwise optimization (2) for all prices pN(i), given his assumed

price impact Λi
26

qi(pN(i),Λi) = (αiVN(i) + Λi)
−1(d− pN(i) − αiVN(i)q

0
i ). (3)

Market Clearing. Equilibrium price impacts {Λi}i can now be determined by market

clearing, which cannot be written exchange by exchange. Price impacts live in different

assets, are of different dimensionality and, in general, are not independent across exchanges.

To apply market clearing to all assets in all exchanges, we use the procedure of lifting,

which restores the common dimensionality. For a given subset N(i) ⊂ N , decompose RN =

RN(i) ⊕ RN\N(i) as a direct sum of two subspaces corresponding to coordinates that agent i

trades and those that he does not trade, where RN is the space of asset holdings of dimension∑
n∈N K(n). Any symmetric matrix A can be decomposed into a block form

A =

(
A11 A12

AT12 A22

)

where A11 = AN(i) lives in subspace RN(i), A22 = AN\N(i) lives in the complementary

subspace RN\N(i), and A12 is a rectangular block. For any matrix A11 living in RN(i), with

an abuse of notation, let Ā11 denote the lifted matrix, which lives in RN and let Ā−1
11 denote

its corresponding inverse,

Ā11 ≡

(
A11 0

0 0

)
, Ā−1

11 ≡

(
A−1

11 0

0 0

)
.

Equilibrium. Treating assets traded at different exchanges as distinct assets and dealing

with aggregation through lifting allows us to characterize (linear) equilibria in the general

model of decentralized markets by two conditions on schedules and price impacts: (i) each

trader submits a schedule that equalizes his marginal utility and the marginal payment given

price impact (i.e., submits qi (·,Λi)) and (ii) the price impact Λi in qi (·,Λi) is correct (i.e.,

it equals the slope of the residual supply resulting from the aggregation of other traders’

schedules, projected on the assets relevant for trader i).

Theorem 2.1 (Equilibrium Characterization) A profile {qi(pN(i))}i is a robust Nash

26 Section 3 shows that demand (3) is well defined, even with (replicas of) the same assets traded in
different exchanges.
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Equilibrium in a decentralized market with participation N(i)}i if, and only if,

(i) each agent i submits qi(pN(i),Λi) = (αiVN(i) + Λi)
−1(dN(i) − pN(i) − αiVN(i)q

0
i ), and

(ii)

Λi =

(∑
j 6=i

(αjV̄N(j) + Λ̄j)
−1

)−1

N(i)

, i ∈ I . (4)

Although the matrices VN(j) and Λj are for “local” exchanges, when lifted, the same

aggregation condition as in a centralized market applies. Theorem 2.1, thus, allows a direct

comparison of equilibrium predictions in decentralized and centralized markets.27,28

Let us remark that if a trader knows his own utility, then Theorem 2.1, if he knows his

own price impact in the exchanges he participates, the opacity of decentralized markets is

without loss of generality for trader optimization and equilibrium in a decentralized market

– in trading environments with independent private values. In particular, a trader’s strategy

qi(·,Λi) would not be altered by knowledge of the market structure {N(i)}i, the terms of

trade in exchanges N \N(i), or even the submitted schedules or preferences of those traders.

Through the fixed-point condition (4), price impact Λi is the sufficient statistic for trader i

for the optimality of his schedule in exchanges N(i), given the schedules of all traders j 6= i

in all exchanges n ∈ N (i.e., Λi ∈ RN(i)×N(i) is sufficient for {qj(·) : RN(j) → RN(j)}j 6=i).

2.4 Centralized vs Decentralized Markets

Throughout, a centralized market (Example 1 (i)) serves as a benchmark: All traders par-

ticipate in a single exchange, N(i) = N = {(I,K)} and VN(i) = Σ = V , for all i ∈ I.

Proposition 2.1 (Centralized Market Equilibrium) In a centralized market, equilib-

rium exists and is unique. Price impact Λi of agent i is proportional to the covariance

matrix V,

Λi = βiΣ (5)

27 For centralized markets, the linear equilibrium coincides with Kyle (1989, without nonstrategic traders
and assuming independent values), Klemperer and Meyer (1989, for quadratic utilities), Vayanos (1999),
Vives (2011), Weretka (2011) who provides a nonstrategic characterization of the equilibrium (i.e., in terms
of levels rather than demand schedules) for centralized market general equilibrium settings and Rostek and
Weretka (2011) who show the relationship in Theorem 2.1 for centralized market games. The linear-in-trade
price impact function is the prevalent assumption in the financial industry (the “quadratic cost model;” see,
e.g., Almgren (2009)).

28 The harmonic mean is standard and results from aggregation of individual demands; for instance, in a

centralized market with I strategic traders, the price impact of each trader i is Λi =
(∑

j 6=i(αjV + Λj)
−1
)−1

.
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with a coefficient βi that depends on risk aversion αi, βi = (2− αib+
√

(αib)2 + 4)/2b, and

b ∈ R+ is the unique solution to
∑

i(2 + αib +
√

(αib)2 + 4)−1 = 1/2. Letting γi ≡ αi

αi+βi
,

agent i’s equilibrium risky holdings are

qi = γiα
−1
i qAv + (1− γi)q0

i (6)

where the average portfolio qAv is given by qAv ≡ b−1
∑

i
αi

αi+βi
q0
i .

If αi = α for all i, then γ = (I−2)/(I−1), Λi = (1/(I−2))αV, and qi = γqAv+(1−γ)q0
i .29

Due to positive price impact, idiosyncratic risk in allocations is not fully diversified.

Agents’ risky asset holdings comprise a combination of the (per capita) market portfolio qAv

and initial endowment q0
i . More risk averse agents face more elastic residual supply and

submit more competitive schedules; if αi > αj, then βi < βj and αi + βi > αj + βj.

With strategic agents, one expects the positive price impact and inefficiency to be present

in a decentralized market. Let us motivate the new mechanisms to be explored in our

analysis of decentralized trade settings with the following example. We start by noting that,

with linear-quadratic preferences, the sum of indirect utilities (1) computed at equilibrium

allocation and prices is a natural welfare criterion. Indeed, since utilities are linear in cash

(numeraire), we immediately get that there exist deterministic monetary transfers that make

one market Pareto dominate the other if and only if the sum of indirect utilities is higher in

the corresponding market.

Example 2 (Decentralized Market Welfare Can Be Higher) Fix an arbitrary centralized

market with I classes, class i having Mi traders with risk aversion αi, and suppose that

M1 > 2 and M2 > 2. Then, there exist thresholds ε1 < ε2 < ε3 such that:

• The total welfare in the market with two exchanges {(M1, α1)}∪{(Mi, αi)}i>1 is strictly

higher than that in the centralized market {(Mi, αi)}i≥1. Furthermore, there exists ini-

tial endowments for which traders {(Mi, αi)}i>1 can make a monetary transfer to class

{(M1, α1)} so that all traders are better off in the splitted market than the centralized

market.

• Making an agent of class 2 an intermediary improves total welfare even further. This

intermediary is worse off than his “class-mates” who do not intermediate, and should

therefore be compensated for intermediation.

29 This is the equilibrium in Rostek and Weretka (2011). To the best of our knowledge, the uniqueness of
the linear equilibrium for many assets (divisible goods) in Proposition 2.1 and the analytic characterization
of equilibrium for asymmetric risk aversion {αi}, are both new.
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The result of Example 2 is striking. Indeed, in a competitive market, removing a class

of agents from the market cannot be Pareto-improving for the remaining agents because the

competitive allocation is in the core. It is particularly surprising that the conclusions of

Example 2 holds even with an arbitrary large number of traders.30 That is, even for markets

that are arbitrarily close to being competitive, decentralization may lead to welfare gains.

The intuition behind this surprising result is based on Proposition 2.1: As we can see, the

weights γi in the market portfolio depend non-linearly on the distribution of risk aversions

in the economy. By removing an agent from the market, we distort this distribution and

may shift the allocation closer to the efficient (competitive) benchmark.31

Let us give a preview of why might equilibria and welfare predictions in decentralized mar-

kets be different. In a centralized market, equilibrium price impacts are proportional to Σ

(see (5)). This is not the case in generic decentralized markets. Why? We show agents’

incentives to trade an asset are determined by the residual riskiness of that asset, defined

by the traders’ participation in other exchanges. Consequently, in equilibrium, agents

trade as if the riskiness of assets differed from the primitive payoff covariance Σ and were

heterogeneous across agents (Section 5.1). The extent to which a trader reduces his de-

mand in response to price impact is not determined by the primitive asset covariance alone

(αi
−1 − (αi + βi)

−1) Σ−1, but depends on the assets riskiness and preferences in all exchanges

((αiVN(i))
−1− (αiVN(i) + Λi)

−1). Thus, decentralized trading alters the surplus exhausted in

equilibrium by strategic traders. In fact, as we show, with the endogenous effective riskiness,

equilibrium price impacts do not commute– across agents and with the covariance matrix.32

Whether changes in the market structure that lower price impact increase equilibrium util-

ity depends on whether agents’ endowments are composed of idiosyncratic or diversifiable

risk. In particular, equilibrium utility from idiosyncratic or aggregate risk is generally not

monotone in price impact decentralized markets (Section 6).

The next section gives a game theoretic interpretation of the commutativity of price

impacts. Proposition 2.2 shows that commutativity is nongeneric in decentralized markets.

30 With trader subsets interpreted as coalitions, Example 2 implies that the centralized market is not in
the core among the market structures defined by any hypergarph and surplus sharing via the uniform-price
mechanism. For any risk aversion α1, α2 satisfying α2 < ε1 < ε2 < α1 < ε3, the centralized market structure
would be blocked by coalition {(Mi, αi)}i>1 which, moreover, can compensate class {(M1, α1)} so that the
market with two exchanges Pareto improves over a centralized one.

31We will come back to this point in Example 5.
Recall that inefficient allocation in our model arises due to asymmetric information about each trader’s

endowment shocks. In light of Example 2, we could interpret monetary transfers as intermediation fees:
before the endowment shocks are realized, agents agree on the decentralized market structure that maximizes
total welfare. All agents in the market then pay agent 2 a fee so that he agrees to intermediate and also
make a transfer to the agents of class 1. Such a market structure Pareto dominates the centralized market.

32 Recall that matrices A and B commute if AB = BA. Diagonalizable matrices A and B commute if,
and only if, they are simultaneously diagonalizable.
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Proposition 2.2 (Commutativity is Nongeneric) In any decentralized market, for traders

i and j, let N(i) 6= N(j) and suppose that the cardinality of N(i) ∩ N(j) is strictly greater

than 1. Then, for generic covariance Σ and generic risk aversions {αi}i, price impacts

(Λi)N(i)∩N(j) and (Λj)N(i)∩N(j) do not commute.

2.5 Equilibrium: General Properties

Theorem 2.2 establishes the existence and uniqueness properties of the decentralized markets

equilibrium {(qi (·,Λi) ,Λi)}i. Let us first show that, unlike the centralized market game, the

decentralized market game is not supermodular in general. The double auction – centralized

and decentralized – can be equivalently seen as a game in which agents choose their demand

slope (which determines the demand reduction, relative to the competitive schedule), Si ≡
(αiVN(i) + Λi)

−1. For centralized markets, the double auction game with strategies {Si}i is

supermodular: This follows from the proportionality of matrices {{Λi}i,Σ} (Proposition 2.1)

which implies that the set of price impact tuples {Λi}i is a lattice, and hence so is the set of

demand slope tuples {Si}i. Absent commutativity, the set of demand slope tuples (i.e., the

set SI of tuples of positive semidefinite matrices) is not a lattice in general. By Proposition

2.2, the decentralized-market game is not supermodular.33 Consequently, Tarski’s fixed

point theorem cannot be applied to prove the existence of equilibrium and comparative

statics. Nevertheless, one can show that the equilibrium demand slope of each agent is

monotone increasing in demand slopes of all other agents in the market (Lemma A.3 in

Appendix A) and that the symmetric positive definite order emerges as the relevant order

for monotonicity (Theorem 2.2) and demand slopes (Lemma A.4). Standard arguments

then imply that equilibrium exists and is locally unique. Theorem 2.2 summarizes these

equilibrium properties.

Theorem 2.2 (Equilibrium Existence and Local Uniqueness) Equilibrium exists and

it is locally unique, generically risk aversions and the elements of the covariance matrix.

Equilibrium price impacts are positive semidefinite. If the covariance matrix VN(i) is invert-

ible for any i, the price impacts are positive definite.

33 It is generally not possible to define the greatest lower bound and the least upper bound for a bounded set

of positive semidefinite matrices. For example, consider A =

(
1 0
0 2

)
, B =

(
1 1
1 2

)
. Note that both A 6≥ B

and A 6≤ B hold, because the positive semidefinite order is incomplete. By definition, matrix C =

(
a c
c b

)
is

the least upper bound of A and B if C ≥ A, C ≥ B, and any other matrix C ′ satisfying C ′ ≥ A, C ′ ≥ B also
satisfies C ≥ C ′. However, C ≥ A, C ≥ B is equivalent to a > 1, b > 2, (a− 1)(b− 2) ≥ max{c2, (c− 1)2}.
Clearly, one can decrease a and increase b without violating these inequalities, which implies that C cannot
be the least upper bound.
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Induced by the covariance matrix Σ and participation {N(i)}i, matrix VN(i) can be singular

only if agent i can trade the same asset at different exchanges.34 While the lattice structure

required for Tarski’s fixed point theorem is absent, we show in the next result that the

maximal and minimal fixed points exist.

Proposition 2.3 For any decentralized market, the set of equilibrium price impact tuples has

unique maximal and minimal elements that are given by {Λi,max}i and {Λi,min}i, respectively.

By Proposition 2.3, the set of equilibria {(qi (·,Λi) ,Λi)}i has a unique maximal and a

unique minimal element.35 In Appendix B, we give sufficient conditions for the minimal and

maximal equilibria to coincide.36 Given that the strategy space is not a lattice, existence of

the maximal and the minimal equilibria is not obvious. To tackle the existence, we introduce

a technique based on iterative procedures.

3 Equivalence Loops and Regularization

In this section, we show that, in any market described by a complex network (a hypergraph),

equilibrium is outcome equivalent to – and, hence, can be analyzed as – a simpler market

(Theorem 3.1), using the conditions on the market structure we define next. This result

reveals a general topological property of equilibria that captures how interconnectedness

34 If matrix VN(i) is degenerate, then the inverse demand slope (αiVN(i) + Λi) is also degenerate if the
rows of Λi corresponding to the replica assets are identical. This is the only type of degeneracy that may
occur (Corollary B.1 in the Appendix). In Section 3, we show that, in this case, agents are indifferent about
which exchange to trade in and (replicas of) assets then trade at the same prices. Equilibrium, defined as
{Λi, qi(·,Λi)}i, is locally unique.

35 In all of the examples in this paper, the linear equilibrium is globally unique. With multiple assets
(divisible goods), the uniqueness of a linear equilibrium in the set of all (potentially nonlinear) equilibria
remains an open problem even for centralized markets with quadratic utilities. The linear equilibrium
in our decentralized market model is globally unique under the conditions we provide in the Appendix.
The comparative-statics results we develop involve monotone comparative statics rather than the Implicit
Function Theorem – in particular, monotonicity conditions are separate from second-order conditions.

36 It is interesting to compare the best response map G to games on networks with continuous strategies
(e.g., Bramoullé, Kranton, and D’Amours (2013); the survey by Jackson and Zenou (2013)) and linear social
interactions (e.g., Blume et al. (2012)). There, the best response maps are typically linear in the actions of
others and conditions on the invertibility of a linear map (a matrix) verify uniqueness. In our model, the best
response map is nonlinear in strategies {(αiV̄N(i)+Λ̄i)

−1}i (i.e., it is a harmonic mean of matrices) and, unless
the lifted demand slopes commute, does not reduce to a linear map (an arithmetic mean) and equilibrium
uniqueness involves invertibility of a nonlinear best response map on tuples of positive definite matrices.
This differs from the model of Bramoullé, Kranton, and D’Amours (2013), where a constraint x ≥ 0 on the
actions introduces a non-linearity and equliibrium multiplicity: The best response is max{0, f(x)}, where f
is linear; if the constraint does not bind, the linear equilibrium is unique, when it binds, the nonlinearity
induces the multiplicity, depending on whose constraint is binding.

Note that the conditions derived from Gershgorin disc theorem, such as diagonal dominance, often used by
researchers cannot be used in our model, as the theorem applies to matrices that are maps from RN → RN ,
whereas we deal with maps of matrix tuples into matrix tuples. The isomorphism of SI with a cone in
×Ii=1RN(i)×N(i) is not useful here, as it would ignore the positive definite structure.
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among exchanges affects equilibrium in a decentralized market (Corollaries 3.1 and 3.2) and

allows us to completely characterize price behavior in decentralized markets (Theorem 3.2).

Definition 3.1 Given two exchanges n and n′ and asset k, an equivalence path connecting

these exchanges with respect to asset k is a sequence of exchanges {nl}l and a sequence of

agents {al}L−1
l=1 such that n1 = n, nL = n′, and for all l, al ∈ I(nl) ∩ I(nl+1) and k ∈ K(nl).

Two equivalence paths are disjoint if the corresponding sets of agents are disjoint. Two

disjoint equivalence paths form an equivalence loop.

Let us describe a regularization procedure, which removes the equivalence loops from the

hypergraph. Fix a decentralized market with exchanges N . For any pair of exchanges n and

n′ and any asset k, if there is an equivalence loop with respect to asset k between exchanges

n and n′, remove k from all the exchanges in the equivalence loop {nl}l between n1 = n

and nL = n′, and create a new exchange (k,∪lI(nl)) in which only asset k is traded; the

initial endowment of asset k for any trader i ∈ ∪lI(nl) in the new exchange is the sum of

i’s initial endowments of k in {nl}l. Iterating this procedure, we arrive at a decentralized

market with no equivalence loops. Denote by N∗ the set of exchanges in the so constructed

regularized market associated with the market with exchanges N .

Theorem 3.1 (Regularization: Equilibrium Equivalence) For any market with exchanges

N , equilibrium prices and allocations in the associated regularized market with exchanges N∗

coincide with those in N . Namely, for any pair of exchanges n1, n2 and any agent i, the

element (Λi)n1,n2 of agent i’s price impact coincides with (Λ∗i )n∗1,n∗2 where n∗1 and n∗2 are the

exchanges in the regularized hypergraph to which n1 and n2 belong, respectively. Furthermore,

equilibrium price impacts in the market with exchanges N∗ are nonsingular.

Hence, for any decentralized market, there is an equivalent and unique representation

without singularities in the equilibrium price impact which may arise when identical assets

are traded in different exchanges. Theorem 3.1 explicitly characterizes the set of pairs of

exchanges for which the singularities occur.

Equilibrium and Interconnectedness Among Exchanges. In this paper, we aim

to explore ways in which, given the traders and assets, incentives and welfare differ with

decentralized and centralized trading. A condition on trader participation alone implies

that, with sufficient participation, this is not the case.

Corollary 3.1 Equilibrium schedules and price impacts {(Λi, qi(·,Λi))}i in a market with

assets K and agents I coincide with those in a centralized market with the same assets and

agents if, and only if, (i) for any agent i and any asset k, we have k ∈ K(N(i)); and (ii) for

any asset k and any two exchanges n, n′ with k ∈ K(n) ∩K(n′), there exists an equivalence

loop with respect to k connecting n and n′.
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Loops thus capture the type of interconnectedness across exchanges with which decen-

tralized markets behave essentially as centralized markets. Absence of an equivalence loop

gives rise to a ‘local monopoly power,’ or intermediation. For such more general decentral-

ized markets, Theorem 3.1 makes a topological prediction about how equilibrium is related

across exchanges – equilibrium prices, allocations and price impacts are as if the graph on

the exchanges (equivalently, the hypergraph on traders and assets) had a tree-like market

structure. Precisely, denote by N∗k the exchanges in the regularized market in which asset k

is traded. By construction, the graph of N∗k does not contain loops and is, thus, a forest.37

Definition 3.2 Agent i is a monopolistic bridge with respect to asset k if removing i from

the market strictly increases the number of connected components in the graph with exchanges

N∗k .

Corollary 3.2 (Equilibrium Hypergraph) A market is regularized if, and only if, the

hypergraph is such that if I(n) ∩ I(n′) 6= ∅, then K(n) ∩ K(n′) = ∅ or I(n) ∩ I(n′) is a

monopolistic bridge, for any n′ 6= n.

To the extent that a trader participation in exchanges is a proxy for whether the assets

in these exchanges can hedge his endowment risks, taken together, Corollaries 3.1 and 3.2

suggest the following interpretation: If assets K are standardized in that they can hedge

risks of sufficiently many market participants38 and provided there is no ‘local monopoly

power’ (in the sense of Definition 3.2), decentralized markets behave essentially as central-

ized markets.39 Nevertheless, many products traded over the counter are notoriously hard

to standardize. Types of financial products traded OTC are typically either standardized

but relatively illiquid assets or bespoke (personalized) products, which do not have the level

of standardization required for trading on organized exchanges.40 Our results suggest that

37 A connected component is a subgraph in which any two vertices (here, exchanges inN∗) are connected by
paths, and which is connected to no additional vertices in the supergraph. A forest is an (undirected) graph,
all of whose connected components are trees; its graph consists of a disjoint union of trees. Equivalently, a
forest is a cycle-free graph.

38 While we do not study standardization in this paper, observe that the model allows for arbitrary K
assets described by N (d,Σ) – standardized or bespoke.

39 In a study of the U. S. equity market, O’Hara and Ye (2011) conclude that the creation of new
exchanges has increased competition and resulted in a single virtual market with multiple points of entry.
Similar evidence is now available for other countries (see Introduction).

40 Market participants looking to hedge specific risks may not find a standardized product that would
effectively match their exposure and instead may prefer to use a bespoke product. For many, there may be no
secondary market pricing sources. Demand for bespoke products comes from a variety of market participants,
including end-users of the non-financial sector (e.g., airlines), end-users of the financial sector (e.g., banks and
insurance companies), and institutional investors (e.g., mutual funds, pension funds, university endowments,
and sovereign wealth funds). Furthermore, a variety of financial instruments that may not have an official
market are traded by multilateral trading facilities (MTFs), which have fewer restrictions on the admittance
of financial instruments for trading. Standardization of assets is considered as the central challenge in the
ongoing changes in the regulation of OTC markets (Financial Stability Board (2010); Duffie (2013)).
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differences in the standardization of assets endogenously give rise to different types of de-

centralized markets which, for homogeneous assets, are forests with respect to traders and,

for multiple assets or bespoke products – with respect to assets and traders.41

Prices in Decentralized Markets. With decentralized trading, the value of the same

asset can be different across exchanges. Building on Theorem 3.1, Theorem 3.2 gives the

condition on the market structure for the same asset to trade at the same prices in different

exchanges.42

Theorem 3.2 (Price Equalization) In equilibrium, generically in the initial asset hold-

ings, asset k is traded at the same price in exchanges n and n′ if, and only if, there exists

an equivalence loop connecting these two exchanges with respect to asset k.

For the intuition, suppose that there is no equivalence loop connecting n and n′. Consider

a single-agent node (a “network monopolist”) connecting exchanges n and n′. If removed

from the market, exchanges n and n′ become isolated. Let N = N1 ∪N2 be the partition of

exchanges that is obtained if we remove agent i from the market. Then, in the decomposition

RN = RN1 ⊕ RN2 , price impact of agent i is block diagonal. Therefore, since no other agent

trades simultaneously in exchanges from N1 and N2, Equation (4) further implies that price

impacts of all other agents are also block diagonal – no agent is able to equalize prices in

these exchanges. By Theorem 3.1, unless there is another path connecting two exchanges, a

single-agent node is also the only instance of an absence of an equivalence loop and, hence, a

sufficient condition for price discrimination in decentralized markets. More subtly, the value

41 A core-periphery and hub-and-spoke architectures are robustly documented for many markets for
homogeneous assets. 1,000 banks participate in the U.S. Federal Funds market of overnight unsecured loans;
however, each bank provides loans on average to only 3.3 other banks, and most banks have few counterparties
while few have many (Bech and Atalay (2010); Afonso, Kovner, and Schoar (2012)). Craig and Peter (2010)
document a core-periphery structure in the German banking system and Li and Schürhoff (2012) in the
U.S. municipal bonds market. See also Cocco, Gomes and Martins (2009) for the Portugese interbank
market. Moreover, in these markets, gross notional outstanding is highly asymmetric between smaller and
larger institutions (e.g., Atkeson, Eisfeldt, and Weill (2013); Schachar (2013)). This is consistent with a
(nontrivial) forest topology being associated with ‘local’ monopoly power and asymmetric distribution of
endowment risks in the market (see Section 6).

In turn, bespoke financial products are typically traded by large financial institutions that design complex
products for other institutional investors – a form of intermediation (Financial Stability Board (2010)). OTC
credit default swaps markets are segmented; most small banks do not participate at all, and large banks
serve as intermediaries between medium-size banks (e.g., Bech and Atalay (2010); Atkeson, Eisfeldt, and
Weill (2013)).

42 Institutional investors choose to participate in liquidity (dark) pools seeking privacy in execution
of trades – to avoid exposure of their orders and front running (Knight Capital Group (2010); An-
gel, Harris, and Spatt (2011)). Consistent with our results, liquidity pools (e.g., internal crossing net-
works in large banks), which trade publicly listed stocks, typically have no internal price setting mech-
anism but execute orders at the best price currently available at the public exchange (“price match-
ing”). While there is no hard requirement for broker-dealers to match prices this way and the term “best
execution” has not been defined clearly by U.S. regulation, this is the general business practice; e.g.,
http://www.wallstreetandtech.com/internalization-is-it-really-that-bad/60404324.
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of an asset depends on market characteristics other than the span itself. Yet, no arbitrage

incentives exist – the schedules are ex post optimal.

While the converse echoes Corollary 3.1, let us explain just why a loop is sufficient for

price equalization. Consider the market in Figure 2. In the market with four links (Panel

A), prices equalize along the links on which there are two traders. The two traders equalize

the within-exchange with across-exchange price impacts for each other. Thus, equilibrium

price impacts per unit change in demand are the same as in a market in which traders from

n1 and n2 trade in one exchange and traders from n3 and n4 in another (Panel B) – prices

and the agents’ total trades of the asset are the same as well. In this market with two

exchanges, consider traders i1 and i2, who participate in both exchanges. Then, by the same

logic, each equalizes prices for the other, and all other agents. Price impacts and prices in

all exchanges along an equivalence loop with respect to an asset coincide and correspond to

the one liquidity and one price in the associated regularized market.

4 Equilibrium Price Impact, Allocations and Prices

Do traders have non-negligible price impact when trading is decentralized? Proposition 4.1

shows that, even if the total number of traders in the market is large, traders do not act

as price takers in a decentralized market. In a (non-regularized) market, take an exchange

n and an asset k traded on n let I∗(n, k) denote the number of agents who trade in all

exchanges, including n, connected with n via an equivalence loop with respect to asset k.

Proposition 4.1 (Equilibrium Noncompetitiveness) Consider a sequence of markets,

indexed by l ≥ 1, with a fixed market structure {(I(n), K(n))}n and changing characteristics

{αi,l, I∗(n, k)l}l. Then, in the limit as l→∞, price impact vanishes in exchange n for asset

k if, and only if, either I∗(n, k) → ∞ or αi,l → 0 for at least two agents in the exchanges

that are in the equivalence loop with n for asset k.

When some agents in exchange n are almost risk neutral or the number of agents in the

loop with exchange n for asset k becomes large, exchange n is essentially perfectly liquid:

Equilibrium schedules in n correspond to the marginal utilities. Having access to a perfectly

liquid exchange n, agents will, in general, have strictly positive price impact in the other

exchanges N \ {n} in which they participate, such as liquidity pools or a dealer network,

unless (by Theorem 3.1) there is an equivalence loop linking these exchanges.

In the analysis to follow, we exploit the equilibrium structure of traders’ price impact to

identify economic mechanisms that are present in decentralized but not centralized markets.

The noncommutativity (Proposition 2.2) is one such property. Another is the interdepen-

dence among price impacts, anticipated by Theorem 2.1: In general, the equilibrium price
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impact of trader i in exchanges N(i) depends not only on the price impacts of other traders

in exchanges N(i), but also on price impacts of traders in all other exchanges N \N(i), even

if the sets of agents are disjoint from those participating in exchanges from N(i). The cross-

exchange interconnectedness – via traders and assets – carries over to equilibrium prices

and allocations. Theorem 4.1 characterizes equilibrium trades and prices in decentralized

markets. Let γi ≡ (αiVN(i) + Λi)
−1αiVN(i).

Theorem 4.1 (Equilibrium Prices and Trades) Let

Q ≡

(∑
j

α−1
j γj

)−1∑
j

γjq
0
j

be the ‘market portfolio.’ Then, in equilibrium, the trade of agent i is

qi = γi((αiVN(i))
−1(VQ)N(i) − q0

i )

and the vector of market clearing prices is given by p = d− VQ.

Portfolio {(αiVN(i))
−1(VQ)N(i)}i is the decentralized market counterpart of the (unique)

efficient portfolio in a centralized competitive market. Given the strictly positive equilibrium

price impact (Proposition 4.1), trader i demands (or sells) less, relative to the competitive

schedule in exchanges N(i) and his equilibrium allocation is qi+q
0
i = γi(αiVN(i))

−1(VQ)N(i)+

(Id − γi)q0
i . Mapping to the centralized market equilibrium in Proposition 2.1, with decen-

tralized trading, the fraction γi of gains to trade (αiVN(i))
−1(VQ)N(i) − q0

i that is exhausted

in equilibrium depends, through price impact, on the market structure, all preferences and

assets, as does the efficient allocation {(αiVN(i))
−1(VQ)N(i)}.43

5 Comparative Statics of Price Impact

In Sections 5 and 6, we examine the comparative statics of equilibrium liquidity and welfare.

Two questions are of central interest: How does a trader’s price impact change when a market

becomes more decentralized, in the sense that there are more market clearing mechanisms?

And what is the impact of market decentralization on welfare? Consider two decentralized

markets characterized by {{αi}i,Σ, {(I(n), K(n))}n} and {{α′i}i,Σ′, {(I ′(n), K ′(n))}n} and

let {Λi}i∈I and {Λ′i}i∈I′ be the corresponding equilibrium price impacts. We can rank price

43 The linearity of the equilibrium prices leads us to interpret Theorem 4.1 in CAPM terms. A de-
centralized market CAPM holds: In each exchange, expectations of asset payoffs lie on a security-market
line defined by an agent-specific portfolio. With many assets, agents diversify risk through different (and
multiple) funds, which depend on the agents’ participation in exchanges (Appendix B).
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impacts using the positive semidefinite order:44 We say that price impact {Λ′i}i∈I′ is larger

than {Λi}i∈I , and write

(Λi)N(i)∩N ′(i) ≤ (Λ′i)N(i)∩N ′(i), (7)

if (7) holds for all i for the minimal and maximal equilibria of Proposition 2.3. Recall that

if A ≥ B then the diagonal elements satisfy Aii ≥ Bii for all i (however, no implication for

the ordering of the off-diagonal elements follows); AN(i) ≥ BN(i) for any i; and A−1 ≤ B−1.

We consider three comparative statics for price impact. Proposition 5.1 characterizes how

equilibrium price impact depends on the (primitive) characteristics of traders and assets,

given the traders’ participation in the exchanges {N(i)}i. We then ask how price impact

changes with market structure {N(i)}i (Theorem 5.1). We also compare price impact across

traders (Proposition 5.2).

Proposition 5.1 (Price Impact and Traders, Assets) Equilibrium price impact tuple

{Λi}i is

(i) increasing and concave in risk aversion αj, for any j;

(ii) increasing and concave in the covariance matrix Σ;

(iii) decreasing in the number of agents I(n) in an exchange, for any n.

Relative to the observation that equilibrium price impacts are interdependent across ex-

changes (Theorem 2.1), Proposition 5.1 demonstrates a general complementarity of price

impacts in a decentralized market: A trader’s price impact in exchanges N(i) depends pos-

itively (in the sense of positive semidefinite order) on the market characteristics in both

exchanges N(i) as well as N \ N(i).45 The decentralized market effect is strict, even for

disjoint groups of agents in N(i) and N \N(i), so long as the agents are indirectly connected

through a sequence of counterparties and assets in N(i) and N \N(i) are not independent.

Notably, the concavity result implies that lower risk (Σ) or risk aversion {αi}i play a greater

role in the determination of a trader’s price impact than high-risk assets and high risk aver-

sion traders. Being connected to such low risk assets or low risk aversion traders – whether

44 We can apply lattice-theoretic arguments based on Tarski’s fixed point theorem for centralized but
not decentralized markets, given the non-commutiativity. General monotone comparative statics can still be
characterized with our results: the existence of the maximal and minimal equilibria (Proposition 2.3); and
the positive semidefinite property of equilibrium price impacts (Theorem 2.2); and the monotonicity and
concavity properties of the matrix harmonic mean (used in our main results, Proposition 5.1, Theorem 5.1,
Proposition H.2).

45 For the intuition, an agent’s price impact from increasing his trade in exchanges N(i) represents the
price concessions required for other agents in exchanges N(i) to absorb the trade. With decreasing marginal
utility (αj > 0), more risk averse counterparties j in exchanges N(i) demand larger price concessions to
compensate for the trade’s impact on their own marginal utilities (cf. the first-order condition (2)), thus
making the residual supply less elastic and, hence, price impact larger for all other agents in N(i). In
addition, when trading is decentralized, the fewer and more risk averse agent i’s counterparties’ trading
partners in exchanges N \N(i), the larger the counterparties’ price impacts in the exchanges N(j) and the
larger the price concessions they require in exchanges N(i).
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directly in own exchanges N(i) or indirectly in the interconnected through counterparties’

exchanges N \ N(i) – lowers the price impact of i’s trades in N(i). Example 9 (Appendix

B) illustrates the interdependence in price impact between exchanges.

We now turn to changes in market structure in a market with traders I and assets K.

Suppose a new exchange is created for a subset of agents which operates along with the

existing exchanges. This corresponds to an increase in the subset of exchanges in which

trader i from the subset participates, N ′(i) ⊇ N(i). Since, unlike in the experiments of

Proposition 5.1, the dimensions of price impacts change, we compare the price impacts for

exchanges N(i) only (i.e., in the sub-hypergraphs induced by N(i)∩N ′(i) in definition (7)).

Theorem 5.1 (Price Impact and Participation) An increase in participation of any

trader i lowers equilibrium price impact of all agents in all exchanges.

Hence, creating a new exchange always (weakly) lowers price impact (improves liquidity)

in all existing exchanges. Suppose instead that the number of exchanges in a market increases

by breaking up an existing exchange. Theorem 5.1 implies that breaking up exchanges always

(weakly) increases price impact. Furthermore, this holds for any asset structure in the new

market.

Corollary 5.1 Suppose exchange (I(n), K(n)) is split into two exchanges (I1(n), K1(n)) and

(I2(n), K2(n)) with arbitrary (not necessarily disjoint) subsets of assets K1(n) ∪ K2(n) =

K(n) and agents I1(n) ∪ I2(n) = I(n). Equilibrium price impact increases in all exchanges.

In general, price impact is monotone in both the set inclusion of traders and assets and

is, thus, minimal in a centralized market.It follows from Theorem 5.1 that the lowest price

impact that agents I who trade assets K can achieve is when all agents participate in all

potential exchanges – a market structure equivalent to a centralized market. By Corollary

3.1, exchanges in which disjoint subsets of all traders participate may attain liquidity as high

as the centralized market with a single exchange n = (K, I). By Theorem 3.1, a change in

the market structure has impact on equilibrium liquidity so long as it affects the hypergraph

of the associated regularized market, with correlated assets.46 The liquidity effects of market

decentralization (i.e., increasing the number of exchanges) characterized by Theorem 5.1 and

Corollary 5.1 hold for any number and risk aversions of traders, and the covariance matrix

of assets in the exchanges before and after the change.

46 A change in participation affects liquidity if, and only if, it changes, for some trader i, the subsets
of agents I in some exchanges N(i) or the subsets of assets K he trades. Respectively, these changes in
participation correspond to a change in cross-exchange price impact, for a fixed set of exchanges, and the
creation of a new exchange with some assets that are not part of an equivalence loop (the dimensions of
price impacts changes). With uncorrelated assets, price impacts are diagonal, and there is no relationship
between liquidity for different assets in indirectly connected exchanges. Hence, strict liquidity improvement
may fail for nongeneric covariance matrices.
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Relative to centralized markets results (Proposition 2.1), Proposition 5.1 and Theorem 5.1

report two complementarity results on how the interconnectedness among exchanges {N(i)}i
affects a trader’s equilibrium price impact in exchange N(i). Respectively, changes in market

characteristics or market structure that lower any trader’s price impact in an exchange lower

price impacts of all traders in all directly and indirectly connected exchanges. Finally, how

does an agent’s participation in the market affect his price impact, relative to other agents

in the exchanges N(i) in which he trades? Suppose that N(i) ⊃ N(j); for instance, trader i

is better connected with the market or more centrally located than j. A concavity property

of the harmonic mean implies the following relationship among the price impacts in the

exchanges in which both traders i and j participate, (Λi)N(j) and Λj.

Proposition 5.2 (Relative Price Impact) Suppose that N(i) ⊃ N(j) and that trader j

participates in a single exchange for one asset. Then, if αi ≤ αj, the equilibrium price impact

of trader i in exchanges N(j) is larger than that of trader j,

(Λi)N(j) ≥ Λj. (8)

That is, more connected agents face a less elastic residual supply – their price impact is

higher.

In particular, if agents are equally risk averse, αi = αj, price impact in exchanges N(j)

is higher for the more connected agents i (e.g., dealers or intermediaries) than their less con-

nected counterparties. (In contrast, in a centralized market with the assets from exchanges

N(j) and agents i and j, the agents would have the same price impact.) Intuitively, since an

agent’s price impact in an given exchange is determined by the diversification possibilities

of other agents in that exchange, trader i’s ability to diversify risk in exchanges N(i) \N(j)

lowers his risk to be diversified in exchanges N(j) relative to trader j’s risk and, thus, the

price impact of trader j in exchanges N(j). Nevertheless, with many assets, one cannot

extrapolate Proposition 5.2 to conclude that (Λi)N(j) ≥ Λj. The non-commutativity is the

key.47 In Section 6, we show that this non-monotonicity has important welfare implications.

5.1 Complementarity and Substitutability of Asset Payoffs

In centralized markets, equilibrium price impact is determined solely by the primitive co-

variance matrix Σ (cf. Proposition 2.1). We show that, with decentralized trading, agents’

participation in different exchanges alters the riskiness of assets relative to Σ, and payoff

substitutability or complementarity is no longer determined by Σ. Furthermore, both the

47 If (Λi)N(j) and Λj commute, they can be diagonalized in the same basis so that one can rank the
diagonal matrices. In Appendix B we present the results for multiple assets, showing that one can still
compare price impacts through an eigenvalue order instead of the positive semidefinite order.
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riskiness and the covariance of assets traded in decentralized markets are typically hetero-

geneous across traders.

We illustrate the endogeneity in the riskiness of asset payoffs in a family of markets

which include a perfectly liquid exchange and are otherwise arbitrary. The family allows us

to isolate the endogenous cross-asset effects in a fully explicit fashion. The effects discussed

carry over to general decentralized markets.

Example 3 Markets with a liquid exchange: I agents all trade assets {1, · · · , K1} in ex-

change n. In addition, there are exchanges {nl}l, l ∈ L, nl 6= n in which assets {K1 +

1, · · · , K} are traded, and each agent i can trade in a subset of these exchanges together with

a class Ij, Ij ∩ I = ∅. Assume αj/|Ij| is sufficiently small and |Ij| ≥ 2. Let, for any i,

VN(i) =

(
V11
i V12

i

V21
i V22

i

)

be the block decomposition of V in RN(i) = RN(i)\N(j) ⊕ RN(i)∩N(j). Define, for any i 6= j,

Vi\j ≡ V11
i − V12

i (V22
i )−1V21

i ∈ R(N(i)\N(j))×(N(i)\N(j)).

Proposition 5.3 (Price Impact and Residual Riskiness) Let Ij be a set of agents with

risk aversion αj and the same set of exchanges N(j) in which they participate. Assume |Ij| ≥
2. Then, in the limit as αj/|Ij| → 0, equilibrium price impacts in exchanges N(j) vanish,

Λj → 0, whereas equilibrium price impacts in exchanges N(i) \ N(j), Λi\j ≡ Λi,N(i)\N(j),

solve the system

Λi\j =

∑
k 6∈Ij

(αkV̄k\j + Λ̄k\j)
−1

−1
N(i)\N(j)

, i ∈ I.

Furthermore, the demand slope of agent i in exchanges N(i) coincides with (αiV̄i\j + Λ̄i\j)
−1

and (VQ)N(j) = 0.

Proposition 5.3 can be understood through the classic conditioning arguments: Consider

agent i who chooses portfolio q =
(
y
x

)
∈ RN(i)∩N(j)⊕RN(i)\N(j). The variance of this portfolio

is given by Var(RT
N(i)q) = qTVq, and the minimal risk that the agent can achieve by trading

in exchanges N(j) is given by

min
y∈RN(i)∩N(j)

Var

(
RT
N(i)

(
y

x

))
= xTS(Vi, N(i) \N(j))x . (9)

Thus, Vi\j is the agent’s covariance matrix for the residual risks in N(i) \ N(j), which

cannot be hedged in the liquid exchange N(j). The greater the extent to which the market

24



participation of i overlaps with N(j), the less the residual risk that i must bear. Thus, Vi\j
is the conditional variance of assets traded by i, given participation {N(i)}i. Observe that

matrices Vi\j do not correspond to sub-matrices of the covariance matrix V ; the conditional

covariances Vi\j are linked to V is a nonlinear way. Decentralized trading changes the riskiness

of assets for different agents, even if it is common knowledge that asset payoffs are distributed

N(d,Σ). Example 4 illustrates.

Example 4 (Endogenous Payoff Riskiness) Consider a market from Example 3.

(1) Class Ij with a sufficiently small αj/|Ij| trades J assets κi, i = 1, · · · , J , in I1 exchanges

N(j) = {κ1, · · · , κJ}; that is, we identify exchange κi with asset κi traded in this

exchange. Some of the assets κi can be identical. In addition, I1 agents i 6∈ Ij can

all participate in a common exchange n for K(n) assets with the covariance matrix

V{n} = (Vk1,k2)
K(n)
k1,k2=1, and agent i can also trade asset κi in exchange κi; that is,

N(i) = {n∪κi}, i = 1, · · · , I1. Let Vκi,k = Cov(Rκi , Rk) = Vκi,k, k = 1, · · · , K(n), i =

1, · · · , I1. Then, N(i) \ N(j) = {n}, and Proposition 5.3 implies that, in element-by-

element notation, Vi\j ∈ RK(n)×K(n) of agent i is given by

Vi\j = V{n} − V−1
κi,κi

(Vκi,k1Vκi,k2)
|N(J)|
k1,k2=1 , (10)

where Vκi,κi is the variance of asset κi. Thus, effective riskiness for the assets in

exchange n differs across agents; in particular, the implied covariance between assets

k1 and k2 for agent i is Vk1,k2 − V−1
κi,κi
Vκi,k1Vκi,k2.

(2) Suppose that the covariances Vκi,k and the variances Vκi,κi , i = 1, · · · , I1, k = 1, · · · , K(n)

are multiplied by a common factor β, |β| > 1. Then, the implied covariance matri-

ces decrease and a slight modification of Proposition 5.1 implies that equilibrium price

impacts of all classes in exchange n decrease. That is, the more the assets in K(n)

covary with those in the liquid exchanges, the more risk can be hedged; this improves

liquidity in exchange n. In particular, when the set K(n) contains a single asset, the

price impacts of all agents in n are monotone decreasing in the absolute value of any

covariance |Vκi,k|.

As Example 4 shows, with decentralized trading, within-exchange price impact (Λ)nn

and cross-exchange price impact (Λ)nm, n 6= m, are affected by asset covariances traded

in different exchanges. Note that these results contrast sharply with centralized markets,

where the equilibrium price impact matrix of every agent is proportional to matrix Σ; thus,

introducing new assets (i.e., market completion) does not influence liquidity in trading the

existing assets.
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6 Welfare in Decentralized Markets

In centralized markets, a decrease in the price impact of an agent’s trades also increases

his equilibrium utility and, hence, welfare. In this section, we show that the link between

price impact and equilibrium utility does not hold in decentralized markets. Consequently,

changes in market structure that lower liquidity may increase an agent’s utility and total

welfare. Let us define

Γi(Λi) ≡ γTi

(
1

2
αiVN(i) + Λi

)
γi .

Let also

Qi ≡ (αiVN(i))
−1(VQ)N(i). (11)

The following is true.

Proposition 6.1 (Equilibrium Utility) The equilibrium utility of trader i with initial

holdings q0
i can be decomposed as

Ui(Λi; q
0
i ) =

(
q0
i

)T
dN(i) −

1

2
(q0
i )
TαiVN(i)q

0
i︸ ︷︷ ︸

Utility in Autarky

+
(
Qi − q0

i

)T
Γi(Λi)

(
Qi − q0

i

)︸ ︷︷ ︸
Equilibrium Surplus from Trade

.
(12)

Proposition 6.1 shows that, compared to centralized markets, decentralized trading changes

the size of the surplus exhausted in equilibrium by strategic traders, in two ways. First, it

changes the surplus matrix Γi(Λi). Second, the gains to trade (Qi − q0
i ) available to strate-

gic traders change with the aggregate risk {Qi}i, determined by the market structure. In

particular, {Qi}i plays the role of the efficient portfolio for the decentralized market. By

contrast, in centralized markets, the aggregate risk is determined solely by endowments, risk

aversion and the number of traders {{q0
i , αi}i, I}.

The relation between price impact and welfare in a decentralized market depends on how

the aggregate (diversified) and idiosiyncratic risk in the equilibrium allocation contributes to

an agent’s utility. In a competitive market, the surplus matrix is given by Γi(0) = 0.5αiVN(i).

Define

∆i(Λi) ≡ Γi(0)− Γi(Λi)
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to be the “surplus matrix gap.” Using the identity ∆i(Λi) = 1
2
Λiγ

T
i

(
αiVN(i)

)−1
γiΛi, equilib-

rium utility can be written as

Ui(Λi; q
0
i ) =

(
q0
i

)T
dN(i) +(Qi)TΓi(Λi)Qi︸ ︷︷ ︸

Nondiversifiable Risk Utility

(13)

−(q0
i )
T∆i(Λi) q

0
i︸ ︷︷ ︸

Idiosyncratic Risk Disutility

(14)

−2(q0
i )
TΓi(Λi)Qi.︸ ︷︷ ︸

Risk Covariance Disutility

(15)

Since matrices Γi(Λi) and ∆i(Λi) are positive definite, it is immediate that the nondi-

versifiable risk utility (13) (the idiosyncratic risk disutility (14)) is positive (negative) and

increasing (decreasing) in the aggregate (per capita) risk QN(i) and the idiosyncratic risk in

the initial portfolio q0
i respectively.

As we show in the Appendix, in any decentralized market, Γi(Λi) ≤ ΓCMi . Hence, in

markets in which market structure does not affect aggregate risk {Qi}i, the centralized

market is the unique market structure that is Pareto optimal and that maximizes total

welfare. As we show in Example 2, through its impact on non-diversifiable risk, welfare in a

decentralized market may dominate in the Pareto sense a centralized market with the same

traders and assets if monetary transfers are allowed. In fact, Example 3 shows that this

effect holds in the case of a single asset, in which case endogenous riskiness in the sense of

Example 4 is irrelevant. In this section, we explore ways in which welfare implications in

decentralized markets differ from centralized markets for the case of multiple traded assets. I

this case, concavity of price impact (Proposition 5.1) and endogenous riskiness (Example 4)

combined with non-commutativity (Proposition 2.2) lead to the following surprising welfare

implications:

• Risk sharing: In centralized markets, in equilibrium, utility compensation always re-

wards exposure to diversified (aggregate) risk and penalizes exposure to idiosyncratic

risk. When trading is decentralized, both an agent’s compensation for aggregate risk

exposure may increase and his utility loss from idiosyncratic risk exposure may decrease

when his price impact increases (Propositon 6.3). In fact, increasing participation for

al agents (in the sense of Theorem 5.1), while increasing price impacts of all agents,

may increase welfare in the Pareto sense.

• Financial innovation: In a centralized market (with quasilinear utilities), adding a non-

redundant asset weakly increases utilities or all traders. In a decentralized market, all

traders can be strictly worse off (Propositon 6.3).
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Furthermore, implications for market design follow: Breaking up an exchange may in-

crease utility of every trader, while it increases all traders’ price impacts (Proposition 6.3);

intermediaries may increase or decrease welfare; restricting participation may increase wel-

fare (Proposition 6.3).

Price Impact and Welfare. Suppose that, for some i, Λi and VN(i) are proportional;

Λi = λVN(i). Then the centralized market predictions follow: Larger price impact unambigu-

ously lowers equilibrium utility; the utility compensation for bearing aggregate risk and the

negative of the loss from residual idiosyncratic risk exposure both decrease.48 Proposition

6.1 establishes that the proportionality is also necessary for each of the monotone relations.49

Proposition 6.2 Fix the market portfolio Q. Then, an increase in price impact always

decreases the utility of an agent from class i if, and only if, (Qi − q0
i ) is an eigenvector of γi.

Two matrices are proportional only if every vector is an eigenvector for both of them.

Proposition 6.2 therefore yields the following result.

Corollary 6.1 Fix the market portfolio Q. In any decentralized market with equilibrium

price impact {Λi}i, a change in market structure {N(i)}i that increases in price impact

decreases equilibrium utility from diversified risk and increases equilibrium utility loss from

idiosyncratic risk if, and only if, Λi is proportional to VN(i).

In a decentralized market, Λi and V are linked non-linearly. In fact, by Proposition

5.1 price impact is concave in risk. From the first order condition (2), a trader who buys y

48 When Λi and VN(i) are scalar (i.e., one-dimensional), by direct calculation, Γi(Λi) and −∆i(Λi) are
monotone decreasing in Λi. For proportional price impact (i.e., if Λi = λVN(i)),

Γ(Λi) =
0.5αi + λ

(αi + λ)2
V−1N(i) and ∆i(Λi) =

1

2

λ2αi
(αi + λ)2

VN(i),

and, hence, the monotonicity in λ follows.
49 In equilibrium, a change in the market structure affects equilibrium utility through price impact Λi

directly and indirectly via Q. While the latter effect depends on the distribution of endowments in the
economy, we can characterize the former explicitly. Proposition 6.2 concerns the utility effects of the changes
in the market structure when the impact of Q is sufficiently small.

For an example of a class of distributions for which the risk premium vector Q is independent of the
equilibrium price impacts, take an arbitrary vector Q′ ∈ RN and partition the agents into classes according to
their risk aversion and participation, so that class i contains Mi agents with risk aversion αi, all participating
in the same exchanges N(i). Suppose that the total initial holding of class i is Q0

i = Mi (αiVN(i))
−1Q′N(i),

for all i. Then, Q = V−1Q′, there is no inter-class trade, and only agents within the same class trade with
one other – by direct calculation using Theorem 4.1. Thus, the risk premium vector Q is independent of the
equilibrium price impacts. In particular, if participation of some agents decreases from N(i) to N ′(i) ⊂ N(i),
αiVN ′(i)Q

0
i = MiQ

′
N ′(i) continues to hold and, hence, Q = V−1Q′ does too. Note that, in the absence of

aggregate risk, if traders had zero price impact, all risk could be diversified within each class and the classes
would have no incentive to trade with one another. With positive equilibrium price impact, changes in
participation affect the diversificaion opportunities within and across classes.
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aims to minimize diversification inefficiency 1
2
αiy

TVN(j)y and price impact inefficiency yTΛiy.

Since matrices Λi and VN(i) do not commute in general, the portfolio that minimizes price

impact inefficiency is not the same as the one that minimizes diversification inefficiency.

Accordingly, Γi(Λi) can be decomposed into the contribution of diversification and liquidity

parts

Γi(Λi) =
1

2
γTi αiVN(i)γi︸ ︷︷ ︸

Diversification

+ γTi Λiγi︸ ︷︷ ︸
Price Impact

As we show above, in a centralized market an increase in liquidity implies that Γi scales

proportionally by a constant λ > 1. In this case, components (13) and (14) of an agent’s

utility increase by

(λ− 1)(Qi)TΓi(Λi)Qi and (λ− 1)(q0
i )
TΓi(Λi)q

0
i

respectively and the welfare implications of higher liquidity is unambiguous. By contrast

in a decentralized market, price impact (and hence the surplus matrix Γi) change non-

linearly along different subspaces. As a consequence, both components (13) and (14) may

increase or decrease independently of each other in response to a change in the structure of

the decentralized market. Proposition 6.3 below shows that this non-linear response across

different sub-spaces may lead to unexpected welfare effects.

Proposition 6.3 For generic markets from Example 3, there exist initial endowments such

that

• one can increase participation (in the sense of Theorem 5.1) in such a way that com-

ponents (13) and (14) increase or decrease independently of each other, simultaneously

for all agents in the economy;

• the utility of every agent increases if some exchanges are split or some agents are

excluded from participating in some exchanges;

• financial innovation (introducing a new, unspanned security) may reduce welfare in the

Pareto sense;

• financial innovation in the form of an OTC market may Pareto dominate an innovation

via a commonly accessible centralized exchange.

Non-Diversifiable Risk and Welfare. When the market portfolio Q is not indepen-

dent of price impact, any change in the market structure also changes these portfolios. As a

result, this may lead to nonlinear changes in the allocation of risk across agents. Example

5 illustrates the adverse welfare effects of increased participation, financial innovation and a

positive endowment shocks in a decentralized market.
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Example 5 (Non-Diversifiable Risk and Welfare) Consider markets from Example

3 with only one asset traded in exchange n and normalize Mi = 1, for simplicity. Let

vi ≡ Vi\j = V11 − V12
i (V22

i )−1(V12
i )T be the effective riskiness of asset 1 for trader i. Then,

Propositions 2.1 and 5.3 imply that price impact λi ≡ Λi\j satisfies

Λi = (2− αivib+
√

(αivib)2 + 4)/(2b)

and b is the unique positive solution to
∑

i(2+αivib+
√

(αivib)2 + 4)−1 = 1/2. Furthermore,

equilibrium surplus from trade of agent i is given by

0.5αivi + Λi

(αivi + Λi)2

(
α−1
i Q− q0

i

)2

with Q ≡ b−1
∑

i γiq
0
i , where γi = (αivi)/(αivi + Λi) is the order reduction of agent i.

Suppose that either (i) participation of some agents increases, or (ii) a new, liquid ex-

change for a nonredundant asset is introduced. Then, for all i, vi decreases and, hence, Λi

does too; however, {vi,Λi}i are otherwise unrestricted. It follows that, for generic changes in

participation and generic new assets introduced, vector {γi}i of equilibrium order reduction

changes non-proportionally. Suppose that {γi}i changes to {γ̂i}i. One can pick {q0
i }i that is

orthogonal to {γi}i but not orthogonal to {γ̂i}i.50 Then, a change in market structure gives

rise to aggregate risk (i.e., qAv becomes non-zero), which may reduce total welfare. That is,

(i) as participation of some traders {N(i)}i increases or (ii) a new exchange is created, while

price impacts of all traders decrease, the endogenous weights reweigh the traders’ endowments

{q0
i }i differently across traders QN(i). And, (iii) an increase in a trader’s endowment with

fixed participation does not change price impact, but may decrease gains to trade of some

traders.

In a centralized Q is always a linear combination of the initial asset holdings with scalar

coefficients. The decentralized market coefficients with which initial asset holdings enter Q

are (non-commuting) matrices. Depending on the endogenous conditional covariances, the

coordinates of Q may get amplified, thus improving the agents’ compensation for the risks

taken.

By Example 5, if the traders’ liquidity needs measured by endowment size are hetero-

geneous and the number of traders is not large, moving an asset traded OTC to a single

centralized exchange can create systemic risk and lower welfare.51 The market portfolio Q is

50A similar phenomenon may occur in a centralized market if we remove some traders. See Example 2
above.

51 Indeed, OTC trading is considered superior for more customized products, but also for products that
are standardized but less frequently traded, such as many single-name credit default swaps (e.g., Duffie (2012,
2013)). For the pros and cons of introducing centralized clearing houses for standardized assets traded OTC,
see the discussion between the Director of Research at Bloomberg (Litan (2013)) and Duffie (2013).
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not monotone in price impact and its equilibrium response to changes in the market structure

may overturn the effects due to a change in Λi.

Who profits from intermediation? We have shown various ways in which changes in

market structure may increase equilibrium utility, even if price impact increases. Example 2

shows that a decentralized market structure may Pareto-dominate a centralized market with

the same set of agents and assets in monetary transfers are allowed. In light of Proposition

6.2, a decentralized market may permit a better alignment of traders’ gains to trade with

trading opportunities in exchanges {N(i)}i in a way that is not feasible with centralized

trading.52 Introducing a strategic intermediary (a monopolistic bridge in the sense of Defi-

nition 3.2) may substantially change risk allocation in the economy. Intuitively, one might

expect that the intermediary will use his monopoly power and extract large rents at the cost

of other (periphery-based) market participants. Quite surprisingly, we find that this is not

the case in general. In fact, the double auction mechanism does not permit the intermediary

to exploit his strategic position: in agreement with Proposition 5.2, in equilibrium, traders

provide less liquidity to the intermediary. Below, we construct an example of a decentralized

market with the following properties:

• the market is a star: there is a monopolistic bridge that intermediates trades between

two classes of agents (clients), who cannot trade with each other directly;

• intermediary has zero endowment (pure intermediation);

• the decentralized market utilities for clients are strictly higher than those in the cen-

tralized market with same traders and assets;

• the intermediary’s utility in the decentralized market is strictly lower than that in the

centralized market with same traders and assets.

Example 6 Consider the market from Example 9 with two assets (e.g., complete market

with two states), two classes of agents of size M1 and M2 with risk aversions α1, α2 and a

third class with a single agent (an intermediary; M3 = 1) whose risk aversion is normalized

to one. Suppose first that there are two exchanges, A in which class-1 agents trade asset

1 with the intermediary and B in which class-2 agents trade asset 2 with the intermediary

52 The proportionality constant in the eigenvector condition represents a ‘single degree of freedom’ in
exhausting gains to trade (αiVN(i))

−1(VQ)N(i) − q0i in a centralized market. In a decentralized market, Γi
does not commute with V, generically, and agents can benefit from different effective riskiness of the assets.
Additionally, the impact of the initial holdings on the risk premium vector Q differs from that in a centralized
market, where V−1Q is always a linear combination of the initial asset holdings. The decentralized market
coefficients with which initial asset holdings enter Q are (non-commuting) matrices. Depending on the
endogenous effective covariances, the coordinates of the risk premium Q may get amplified, thus improving
the agents’ compensation for the risks taken.

31



(N1 = {A} and N2 = {B}). Thus, the two classes cannot trade directly. The initial holdings

of asset j of the agents in class i are qji , j = 1, 2.

If α1 is sufficiently large, α2 is sufficiently small, and the covariance between the two

assets is positive and sufficiently small. Then, agents of classes 1 and 2 are strictly better off

in the decentralized market, whereas the intermediary is strictly better off in the centralized

market.

7 Conclusions

This paper takes the exchanges and the assets available to trade in decentralized markets as

exogenous. Our analysis suggests that the study of endogenous formation of exchanges in

decentralized markets, with respect to welfare or other objectives, should not be separated

from security design. Furthermore, the endogeneity and heterogeneity of residual riskiness

of assets traded in decentralized markets imply that efficiency and profit opportunities from

security design as well as specialization in trading certain assets exist that are not available

in centralized markets. Endogenizing exchange creation and asset structure in decentralized

markets is studied in Malamud and Rostek (2013).
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A Appendix I

A. Equilibrium Existence and Uniqueness

A profile of demand functions {qi(·)}i is a robust Nash Equilibrium if, for each trader i, qi(pN(i)) is

a best response given {qj(pN(j))}j 6=i for an arbitrary additive noise.

Proof of Theorem 2.1. Consider market M = {{αi,Mi, N(i)}i, (K, d,V)} and let N be the

total number of exchanges in M. Let qi(pN(i),Λi) be trader i’s optimal demand given his assumed

price impact Λi, defined in Equation (2), given the quasilinear utility function (1): for all prices

pN(i), i equalizes marginal utility and marginal payment,

dN(i) − (αiVN(i) + Λi)qi(pN(i),Λi) = pN(i) + αiVN(i)q
0
i . (16)
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For the “if” part, fix demand schedules {qi(pN(i), Λ̂i)}i submitted by all traders given their

assumed price impact Λ̂i. Assume that the Jacobian of each trader’s residual supply, defined by

{qj(pN(j), Λ̂j)}j 6=i, is Λ̂i = −(
∑

j 6=iDpqj(·, Λ̂j))−1
N(i), for each i. The price p̂n that clears exchange n

is determined by
∑

i∈I(n) qi(pn, pN(i)\{n}, Λ̂i) = 0. Since for each i and n, demand qi(·, Λ̂i) satisfies

condition (16) for all prices pn, it does so for the exchange-clearing price p̂n. By the global concavity

of the maximization problem of each trader, demand functions {qi(pN(i), Λ̂i)}i are best responses

at p̂n. With (nondegenerate support) uncertainty about the traders’ initial holdings, trader i’s

residual supply with slope Λ̂i has a stochastic intercept. Since, for each i and n, condition (16)

holds for all prices pn, it holds for each realization of the residual supply. Hence, given the global

concavity, {qi(pN(i), Λ̂i)}i is a Nash equilibrium with an arbitrary additive noise and, thus, a robust

Nash Equilibrium.

For the “only if” part, suppose that traders submit demand functions {qi(pN(i), Λ̂i)}i such that

price impact Λ̂i 6= −(
∑

j 6=iDpN(j)
qj(·, Λ̂j))−1 for some i. Then, schedule qi(pN(i), Λ̂i) is not a best re-

sponse to {qj(pN(j), Λ̂j)}j 6=i at the exchange-clearing price p̂n, defined by
∑

i∈I(n) qi(p̂n, p̂N(i)\{n}, Λ̂i) =

0. With an additive perturbation, by the linearity of demands, for each trader i, for almost all

prices pn, dN(i) − (αiVN(i) + Λi)qi(pN(i),Λi) 6= pN(i) + αiVN(i)q
0
i , where Λi is the Jacobian of the

residual supply of trader i. The prices for which the equality is violated have measure one and

the schedule that equalizes marginal utility with marginal payment for all prices pn (i.e., satisfies

condition (16)) gives a strictly higher utility for measure one of noise realizations (and, hence, a

strictly higher expected utility). It follows that qi(pN(i), Λ̂i) is not a robust best response and noise

exists for which {qi(pN(i), Λ̂i)}i is not a robust Nash Equilibrium.

We will need the following auxiliary Lemma.53

Lemma A.1 For a positive definite matrix A, A−1 ≥ Ā−1
N(i).

Let D = diag(z), z ∈ RN , be a diagonal matrix. Multiplication of (4) by DN(i) from the left

and from the right gives the following scale invariance property of price impacts.

Lemma A.2 Let D = diag(z), z ∈ RN , be a diagonal matrix and V ′ = DVD. Then, the map

{Λi}i → {DN(i)ΛiDN(i)} defines a one-to-one correspondence between equilibria in markets defined

by V and V ′, respectively.

Proof of Proposition 2.1. The fact that this is indeed an equilibrium follows by direct calcula-

tion. For the uniqueness, diagonalize V by multiplying Equations (4) from left and right by V−1/2

and denote Λ̃i = V−1/2ΛV−1/2,

Λ̃i =

∑
j 6=i

(αjId + Λ̃j)
−1

−1
N(i)

, i ∈ I . (17)

53This is a folklore result in linear algebra. See Online Appendix for a Proof.
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One expects that any solution to this equation is of the form Λ̃i = βiId for some βi > 0, i ∈ I, and

consequently Λi = βiV. Lemma C.3 in the Online appendix shows that this is indeed the case.

Let SI be the set of I-tuples {Λi}i of positive semidefinite matrices with Λi ∈ RN(i)×N(i). On

this set, we introduce a partial order: {Λi}i ≤ {Λ′i}i for a pair of tuples {Λi}i, {Λ′i}i if Λi ≤ Λ′i
for all i ∈ I. Recalling that the negative Xi of the slope of i’s demand and i’s price impact are

linked through Xi ≡ (αiVN(i) + Λi)
−1, we can rewrite the fixed point condition (4) as a fixed point

condition for demand slopes, as follows.54 Define map G = {Gi}i : SI → SI via

Gi({Xi}i) =

(((∑
j 6=i

X̄j

)−1
)
N(i)

+ αiVN(i)

)−1

, i ∈ I. (18)

Essentially, the decentralized market model can be seen as a game in which agents choose their

demand slopes.Let us denote by Gn({Λi}i) the nth iteration of the best response map. Standard

properties of the positive semidefinite order imply that map G is monotone increasing in {Xi}i.

Lemma A.3 Map G is monotone increasing on SI .

Let F = {Fi}i : SI → SI be the map defined by the right-hand side of (4). By construction, the

maps F and G are simple transformation of each other. However, analytically, it is more convenient

to work directly with the map F and all the proofs in the sequel use this map. Passing from F to

G is then straightforward. The following result then follows directly from Theorem 2.1.

Lemma A.4 A tuple of linear demand schedules with slopes {Xi}i is an equilibrium if, and only

if, it is a fixed point of the best response map. That is, {Xi}i = G({Xi}i).

Existence of equilibrium follows directly from the following result.55

Proposition A.1 (Monotone Convergence) Pick an arbitrary starting tuple {X0
i }i such that

{X0
i }i ≤ G({X0

i }i) ({X0
i }i ≥ G({X0

i }i)). Then, iterations Gn({X0
i }i) are monotone increasing

(decreasing) in n and converge to an equilibrium tuple.

Proof of Proposition 2.2. By standard arguments based on the Sard Theorem and the analytic

implicit function theorem, it suffices to show that, locally, we can always find a small perturbation of

the covariance matrix such that price impacts do not commute. This follows by direct calculation,

using the expressions in Lemma C.1.

54 Note that we are assuming that equilibrium is symmetric within a class: all agents from the same class
i submit identical schedules. Lemma D.2 in the Appendix implies that this is indeed the case.

55By Proposition A.1, equilibrium exists if we can find a tuple {X0
i }i satisfying the inequality conditions.

We explicitly construct such a tuple. See Online Appendix for a proof
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B Equivalence Loops: Proof of Theorems 3.1 and 3.2

Proof of Theorems 3.1 and 3.2. For notational convenience, in this proof, we relabel exchanges

in which multiple assets are traded by creating a separate exchange for each asset without changing

participation. That is, in the new notation, a single asset is traded in every exchange.

The proof of the “if” part (liquidity in two exchanges coincides if there is an equivalence loop

connecting these two exchanges) consists of several steps. Our goal is to show that, for any price

impact Λ, the rows corresponding to n and n′ coincide. This is done in Lemmas B.1 and B.2. The

proof of Lemma B.1 is established through a sequence of auxiliary results. The goal is to show

that price impacts are singular. To this end, we use Lemma A.1 to conclude that price impacts in

a market are lower than those in a smaller market in which only trading along the loop is possible.

To proceed further, we need to get hold of equilibria in this simpler “single loop” market. Since

we cannot exclude existence of asymmetric equilibria, we use the concavity of map F to reduce the

problem to studying symmetric equilibria. The latter can be characterized explicitly as solutions

to a simple algebraic system.

Lemma B.1 Suppose that an asset k is traded along an equivalence loop n = n1, n2, · · · , nL = n′.

Then, for any i ∈ I(nl) ∩ I(nl+1), price impact (Λi)n1∪n2 is proportional to

(
1 1

1 1

)
.

Proof. For simplicity, we normalize variance Vkk to 1. As in the proof of Theorem 2.2, we add

an ε to the diagonal of V and then study the limit as ε ↓ 0. Let al, l ∈ L, be the traders who

define an equivalence loop and let Λcl ≡ (Λl)nl∪nl+1
∈ R2×2 their price impacts in the corresponding

exchanges. By assumption, there are at least three agents trading in every exchange. Denote by

Al the projection of their demand slope on the exchange nl. Since all {Λi}i are uniformly bounded

from above, the demand slopes Al are uniformly bounded away from zero by a constant A > 0,

independent of ε. Furthermore, let also α = maxl αl be the maximal risk aversion for the agents

in the sequence that defines the equivalence loop. Denote by Λ̂cl the corresponding price impacts,

lifted only to the collection of exchanges in the equivalence loop. Then, by Lemma A.1,

Λcl ≤

∑
k 6=l

(Λ̂ck + α(1 + εId))−1 +A Id

−1
nl∪nl+1

. (19)

Denote by F̂ the map on the right-hand side of this inequality. Then, we can rewrite (19) as

{Λcl }l ≤ F̂ ({Λcl }l). Let Z ≡

(
0 1

1 0

)
. Then, it follows from Theorem 5 in Anderson (1971) that

{ZΛclZ}l ≤ F̂ ({ZΛclZ}l). Let Λal ≡ 0.5(Λcl + ZΛclZ), l = 1, · · · , L. Then, Theorem 24 in Anderson

and Duffin (1969) implies that {Λal }l ≤ F̂ ({Λal }l). Note that, for each matrix Λal , the two diagonal

elements are identical. Note further that inequalities (19) are symmetric with respect to Λl.
56

56 In fact, the equivalence loop is a circle, and so a rotation of the loop moves the classes without affecting
their price impacts.
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Therefore, adding up the inequalities Λal ≤ F̂l({Λak}k) and using the concavity of map F (based

on Theorem 24 in Anderson and Duffin (1969)), we get that {Λavl }l ≤ F̂ ({Λavl }l), where Λavl =
1
L

∑L
l=1 Λal is independent of l.57

Proposition A.1 implies that iterations F̂n({Λavl }l), n ≥ 1, converge to a fixed point {Λ∗l }l
satisfying {Λavl }l ≤ {Λ∗l }l. Furthermore, by symmetry, Λ∗l = ZΛ∗lZ for all l and Λ∗l is independent

of l. That is, these matrices are all identical and have identical diagonal elements. Let

(Λ̂cl + α(1 + εId))−1 =

(
x1 x2

x2 x1

)
, l = 1, · · · , L .

A direct (but tedious) calculation, based on Lemma D.2, implies that

x1 − x2 = ε−1g(ε/w), (20)

where w = y1 − y2 and

Y =

(
y1 y2

y2 y1

)
=
(

(B̂ +AId)−1
)
n1∪n2

,

where B̂ =
∑L

l=1(Λ̂cl + α(1 + εId))−1. We now show that, in the limit as ε → 0, we have w → 0.

Suppose the contrary. Then, by the definition of the function g(a), we have ε−1g(ε/w) → w−1 as

ε→ 0, and hence, x1 − x2 → (y1 − y2)−1. A direct calculation implies that

y1 =
1

N

N−1∑
n=0

1

2x1 +A+ 2x2 cos(2πn/N)
(21)

y2 =
1

N

N−1∑
n=0

cos(2πn/N)

2x1 +A+ 2x2 cos(2πn/N)
. (22)

and a simple momnotonicity arguments implies that y1 − y2 < 1
x1−x2 , which is a contradiction.

Hence we conclude that w → 0 when ε → 0. But this cannot happen if x1, x2 stay bounded in

this limit. Thus, x1 must blow up, that is, the matrix Λ̂cl + α1 becomes singular when ε→ 0. But

this can only happen if Λ̂cl is proportional to 1. Indeed, 1 is a projection onto
(

1
1

)
. If Λ̂cl is not

proportional to 1, it has an eigenvector not proportional to
(

1
1

)
, implying that the image of Λ̂cl +α1

spans R2, and hence the invertibility. We conclude that Λ̂cl = κ1 for some κ > 0. The inequality

Λml ≤ Λ̂cl implies that Λml cannot have any eigenvectors except for
(

1
1

)
and hence Λml = κ11 for

some κ1 > 0. The inequality

Λcl ≤
1

2L
Λal ≤

1

2L

∑
l

Λal = Λml = κ11

implies by the same argument that Λcl is proportional to 1.

57 I.e., tuple {Λavl } consists of identical elements, all equal to the average of Λal .
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Lemma B.2 Suppose that Λ ∈ RN×N is a symmetric, positive semidefinite matrix. If Λ11 = Λ22 =

Λ12 = λ then the first two rows of Λ coincide.

Proof. Indeed, for any i > 2, the sub-matrixΛ11 Λ12 Λ1i

Λ12 Λ22 Λ2i

Λ1i Λ2i Λii


must be positive semidefinite. This implies that(

λ λ

λ λ

)
−
(

Λ1i

Λ2i

)
Λ−1
ii (Λ1i,Λ2i)

is positive semidefinite, which is only possible if Λ1i = Λ2i.

It follows that the rows of Λl corresponding to exchanges nl and nl+1 coincide. Therefore, for

any vector in the image of Λl + αlVN(l), the corresponding coordinates are equal; that is, prices in

the two exchanges coincide and the equivalence result of Theorem 3.2 also follows.

Suppose now that there is no equivalence loop connecting exchanges n and n′. Treating the set

of exchanges in which asset k is traded as a graph,where two vertices (exchanges) are connected if

there is an agent who trades in both exchanges, consider its associated regularized graph obtained

using the procedure described in the main text. On this tree, there is a unique path connecting n

and n′. Since, by assumption, n and n′ are not connected by a loop, an agent i exists on this path

who, if removed from n and n′, the exchanges become isolated. Let N = N1 ∪N2 be the disjoint

partition of exchanges that is obtained if we remove agent i from the market. By the equilibrium

Equation (4), in the decomposition RN = RN1 ⊕ RN2 , price impact of agent i is block diagonal.

Furthermore, since no other agent can trade simultaneously in exchanges from both N1 and N2,

by (4), price impacts of all other agents are also block diagonal. Thus, no agent is able to equalize

prices in these exchanges, and the claim follows.

Corollary B.1 The only singularity in Λi + αiVN(i) that may occur in equilibrium is when some

rows and columns of this matrix are identical.

Proof. The claim follows directly from the proof of Theorem 3.1 above: After the regularization

procedure (i.e., the procedure of removing identical rows and columns from Λi + αiVN(i)), the

resulting matrices are nonsingular.
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II. Online Appendix

C Proofs omitted from the main text

Proof of Lemma A.1. Let B = A−1, x ∈ RN(i) and y ∈ Y N\N(i). Then,

min
y∈RN\N(i)

〈B(x, y), (x, y)〉 = 〈(B11 −B12B
−1
22 B21)x, x〉. (23)

By the Frobenius formula (Lemma D.4), B11 −B12B
−1
22 B21 = ((B−1)11)−1 = A−1

11 . Therefore,

〈A−1(x, y), (x, y)〉 = 〈B(x, y), (x, y)〉 ≥ 〈A−1
11 x, x〉 = 〈Ā−1

11 (x, y), (x, y)〉,

for any (x, y) ∈ RN , and the claim follows since A11 = AN(i).

Proof of Lemmas A.4 and A.3. By Theorem 2.1, {Λi}i is an equilibrium if and only if {Λi}i =

F ({Λi}i). By direct calculation, defining Xi = (Λi + αiVN(i))
−1, we get that {Λi}i = F ({Λi}i)

if and only if {Xi}i = G({Xi}i). The fact that both F and G are monotone increasing follows

because the map Y → Y −1 is monotone decreasing, whereas Y → YN(i) is monotone increasing in

the positive semi-definite order.

Proof of Proposition A.1. Pick an arbitrary starting tuple {X0
i }i such that {X0

i }i ≤ G({X0
i }i).

By direct calculation, the corresponding price impacts Λ0
i = (X0

i )−1 − αiVN(i) satisfy {Λ0
i }i ≥

F ({Λ0
i }i). Since map F is continuous and monotonic with respect to the defined partial order,

recursively applying F to the inequality {Λ0
i }i ≥ F ({Λ0

i }i), we get that Fn({Λ0
i }i) is monotone

decreasing and, therefore, converges to a fixed point of F . For the second case, we get a price

impact tuple satisfying {Λ0
i }i ≤ F ({Λ0

i }i), so that the sequence Fn({Λ0
i }i) is monotone increasing.

Therefore, to prove convergence to a fixed point, we need to show that it is bounded from above.

To this end, pick α > 0 sufficiently large so that {Λ̃i}i defined by

Λ̃i = αdiag((M(n)− 2)−1)n∈N(i) (24)

satisfies {Λ0
i }i ≤ {Λ̃i}i, where M(n) is the total number of agents in exchange n. An analogous

argument implies that

F ({Λ̃i}i) ≤ {Λ̃i}i.

Let Ω = {{Λj}j ∈ SM : Λj ≤ Λ̃j , ∀j}. Then, for any {Λj}j ∈ Ω,

F ({Λj}j) ≤ F ({Λ̃j}j) ≤ {Λ̃i}i (25)

and, hence, F maps Ω into itself. Therefore, the sequence Fn({Λ0
i }i) is monotone increasing,

bounded from above by {Λ̃i}i, and hence converges to a fixed point of F .

Proof of Theorem 2.2. Existence of equilibria for the case when VN(i) is nonsingular for any i

follows from Proposition A.1. For the general case, let Vε ≡ V+εId and let F ε be the corresponding
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map. By Proposition A.1, for any ε > 0, there exists an equilibrium {Λεi}i corresponding to Vε.
Pick a sequence εk = 1/k and an equilibrium {Λεki }i. Since F ε is monotone increasing in ε, we have

{Λεki }i = F εk({Λεki }i) ≥ F
εk+1({Λεki }i)

and, hence, by Proposition A.1, there exists an equilibrium {Λεk+1

i }i ≤ {Λεki }i. Thus, we can

construct a monotone decreasing sequence {Λεki }i which converges to an equilibrium corresponding

to ε = 0.

To prove generic determinacy, let, for each i, Xi ≡ Λi+αiVN(i) , and define a map Φ : SI → SI

via

Φi({Xj}j) = Xi −

∑
j 6=i

X−1
j

−1
N(i)

.

The equilibrium equation can be written as Φ({Xj}j) = {αjVN(j)}j . Let ΨI be the image of the

map V → {αiVN(i)}i defined on the set of positive semidefinite matrices. Let ΘI be the subset

of SI such that, for any {Xj}j ∈ ΘI , we have that Φ({Xj}j) = {αjVN(j)}j for some positive

definite matrix V. ΘI is an algebraic variety and, therefore, can be represented as a finite union of

irreducible algebraic sets that are smooth manifolds. The same is true for ΨI . By Sard’s theorem,

almost every {αiVN(i)}i ∈ ΨI has a regular pre-image under Φ, that is, equilibria are determinate

for generic covariance matrices. The finiteness of the set of equilibria follows by the standard

compactness arguments and the fact that, by Proposition 2.3, all equilibria belong to a compact

set.

Equilibrium uniqueness is equivalent to the uniqueness of the fixed point of map F It therefore

suffices to show that F is a contraction on a suitably defined normed space. We can identify the

strategy of an agent in the game (i.e., his demand schedule) with its slope (αiVN(i) + Λi)
−1, and

find conditions on the demand slopes.

Lemma C.1 For any i, suppose that 0 ≤ {Bi}i ≤ {Ai}i are such that any equilibrium tuple {Λi}i
satisfies {Bi}i ≤ {(αiV̄N(i)+Λ̄i)

−1}i ≤ {Ai}i. Suppose that, for any {Xi}i, {Bi}i ≤ {Xi}i ≤ {Ai} i,

(Mj − 1)X2
j +

∑
i 6=j

MiX
2
i <

(Mj − 1)Xj +
∑
i 6=j

MiXi

2

, j = 1, · · · , I . (26)

Then, map F is a contraction on the set {Bi}i ≤ {Xi}i ≤ {Ai}i and, hence, there exists a unique

equilibrium.

Proof of Lemma C.1. Let us calculate the derivative of map F . That is, consider an infinitesimal

change {Λi}i → {Λi + εYi}i. Then, a direct calculation based on the identity

(U + εV )−1 ≈ U−1 − εU−1V U−1
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implies that the Frechet derivate of F ,
∂Fj

∂({Λi}i)({Yi}i), is given by

∑
i 6=j

Xi

−1∑
i 6=j

XiYiXi

∑
i 6=j

Xi

−1
N(j)

.

Introduce a norm of the set of I-tuples of positive semidefinite matrices via ‖|{Yi}i‖| = maxi ‖Yi‖N(i),

where ‖ · ‖N(i) is the standard norm on matrices in RN(i) defined by

‖Y ‖ = max
x∈RN ,x 6=0

‖Y x‖
‖x‖

.

For simplicity, in the sequel we omit the index N(i) for the norms. For a symmetric matrix,

‖Y ‖ = max |eig(Y )| and, therefore, Yi ∈ [−‖Yi‖IdN(i) , ‖Yi‖IdN(i)] . Suppose now that condition

(26) holds. Then, ∥∥∥∥∥∥
∑
i 6=j

Xi

−1∑
i 6=j

X2
i

∑
i 6=j

Xi

−1∥∥∥∥∥∥ ≤ 1,

and hence

∂Fj
∂{Λi}i

({Yi}i) =

∑
i 6=j

Xi

−1∑
i 6=j

Xi‖|{Yi}i‖|IdN(i)Xi


N(j)

=

∑
i 6=j

Xi

−1

< ‖|{Yi}i‖|IdN(j).

The same argument implies

∂Fj
∂{Λi}i

({Yi}i) > −‖|{Yi}i‖|IdN(j).

That is, ∥∥∥∥| ∂Fj∂{Λ}i
({Yi}i)

∥∥∥∥ | < ‖|{Yi}i‖| .
That is, map F is a contraction on this set and, consequently, cannot have more that one fixed

point.

Note that, when Xi are positive numbers (or commuting matrices, in which case they can

be simultaneously diagonalized), a direct calculation implies that condition (26) holds. However,

absent commutativity, this is generally not true. The usefulness of Lemma C.1 depends on a good

choice of the bounds {Bi}i and {Ai}i. The next result provides a simple and easily verifiable

condition that guarantees the applicability of Lemma C.1, based on the choice {Bi}i = {(Λ̄0
i,max +

αiV̄N(i))
−1}i and {Ai}i = {(Λ̄0

i,min + αiV̄N(i))
−1}i.58

58 As an example, consider the case when all pairs of assets are equally correlated with correlation ρ, all
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Corollary C.1 Suppose that

min
n

M(n)− 2

λ∗(n)
≥ max

n

M(n)− 2

(M(n)− 1)λ∗(n)
. (27)

Then, equilibrium is unique.

Roughly, the left-hand side of (27) measures how competitive an exchange is, whereas the

right-hand side reflects the dispersion of payoff riskiness across exchanges. If this dispersion is

high, there is a lot of ‘room’ for non-commutativity and uniqueness can only be guaranteed when

strategic effects are small; that is, when M(n) is sufficiently large.

To proceed further, we first establish auxiliary results.

Lemma C.2 If there is only one asset (and only one exchange), K = 1, then equilibrium is unique.

Proof. The proof follows directly from Lemma C.1. Indeed, in this case, the conditions of Lemma

C.1 hold and, therefore, map F is a contraction and has a unique fixed point.

Lemma C.3 Let {Ai}i ∈ SI be a tuple of diagonal matrices. Consider the map FA : SI → SI

defined via

Fi({Λj}j) =

∑
j 6=i

(Āj + αjΛ̄j)
−1

−1
N(i)

.

Then, this map has a unique fixed point in the class of diagonal matrices.

Proof. The proof follows directly from Lemma C.1 because, on the set of diagonal matrices, F is

a contraction.

Lemma C.4 Let {Ai}i ∈ SI be a tuple of diagonal matrices. Then, map FA from Lemma C.3 has

a unique fixed point.

Proof. Let {ΛAi }i be an arbitrary fixed point of FA, and let {Λ∗i }i be the diagonal fixed point,

which is unique by Lemma C.3. Pick β1 ∈ R+ so that β1 satisfies β1IdN(i) ≤ ΛAi for all i and

β1 ≤ mini min(eig(Ai)). Similarly, pick β2 ∈ R+ so that β2 satisfies β2IdN(i) ≥ ΛAi for all i and

β2 ≥ maxi max(eig(Ai)). Define {B1k}i ≡ {βkIdN(i)}i, k = 1, 2 , and let FBk
, k = 1, 2 be the

corresponding maps. Then, define {ΛBk
i }i = βk {diag((M(n)− 2)−1)N(i)}i. We have,

{ΛBk
i }i = FBk({ΛBk

i }i).

agents have same risk aversion α, and maxi |N(i)| ≤ N̂ Then, max(eig(C(VN(i)))) ≤ max{1+ρ(N̂−1), 1−ρ}
and min(eig(C(VN(i)))) ≥ min{1 + ρ(N̂ − 1), 1 − ρ} and (27) thus imposes upper and lower bounds on the

correlation ρ. For example, in the symmetric case when M(n) = M̂ is independent of n and ρ > 0, we obtain

the simple condition ρ < M̂−2
M̂+N̂−2 . For Corollary C.1, one could also pick {Bi}i = {(Λ̄ki,max + αiV̄N(i))

−1}i
and {Ai}i = {(Λ̄ki,min + αiV̄N(i))

−1}i, for any k ≥ 1.
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Therefore, iterating the inequality

{ΛB1
i }i = FB1({ΛB1

i }i) ≤ FA({ΛB1
i }i),

we obtain that FnA({ΛB1
i }i) converges to a diagonal fixed point of FA, and hence, by Lemma C.3,

converges to {Λ∗i }i. A similar argument implies that FnA({ΛB2
i }i) also converges to {Λ∗i }i.

Now, by the definition of βk, k = 1, 2, we also have

FB1({Λi}i) ≤ FA({Λi}i) ≤ FB2({Λi}i),

for any {Λi}i ∈ SI . Therefore, by the monotonicity of map FA,

FnA({ΛB1
i }i) ≤ FnA({ΛAi }i) ≤ FnA({ΛB2

i }i) .

Taking n → ∞ and using the fact that FnA({ΛAi }i) = {ΛAi }i, we get {Λ∗i }i ≤ {ΛAi }i ≤ {Λ∗i }i , and

the claim follows.

Let C(V) = diag({V−1/2
nn })Vdiag({V−1/2

nn }) be the correlation matrix of the assets. For any

exchange n and agent i, define αi,∗ ≡ αi min(eig(C(V)N(i))) and α∗i ≡ αi max(eig(C(V)N(i))); αi,∗

and α∗i can be interpreted as the bounds on the effective riskiness (see Section 5.1). For any exchange

n, define two constants λ∗(n) ≡ mini∈I(n) αi,∗ and λ∗(n) ≡ maxi∈I(n) α
∗
i and let M(n) =

∑
i∈I(n)Mi

be the number of agents trading in n. Let further {Λ0
i,min}i =

{
diag(λ∗(n)Vnn

M(n)−2 )N(i)

}
i
and {Λ0

i,max}i ={
diag(λ

∗(n)Vnn

M(n)−2 )N(i)

}
i

and {X0
i,min}i = {(αiVN(i) +Λ0

i,max)−1}i, {X0
i,max}i = {(αiVN(i) +Λ0

i,min)−1}i.
A direct calculation implies that

{X0
i,min}i ≤ G({X0

i,min}i) and {X0
i,max}i ≥ G({X0

i,max}i) .

and, similarly,

{Λ0
i,min}i ≤ F ({Λ0

i,min}i) and {Λ0
i,max}i ≥ F ({Λ0

i,max}i) .

We now construct the minimal and maximal equilibria by the explicit iterative procedure de-

scribed in Proposition A.1. To this end, define recursively two sequences {Λki,min}i ∈ SI and

{Λki,max}i ∈ SI , k ≥ 1 via {Λki,min}i ≡ F ({Λk−1
i,min}i) and {Λki,max}i ≡ F ({Λk−1

i,max}i). By Propo-

sition A.1, the sequence {Λki,min}i, k ≥ 0, is monotone increasing, whereas {Λki,max}i, k ≥ 0, is

monotone decreasing and they converge to equilibria (the fixed points of map F ) that we denote

by {Λi,min}i and {Λi,max}i, respectively. The corresponding demand slopes are determined via

{Xi,min}i = {(αiVN(i) + Λi,max)−1}i, {Xi,max}i = {(αiVN(i) + Λi,min)−1}i.

Proof of Proposition 2.3. Pick an arbitrary equilibrium {Λi}i. Then, for all i ∈ I,

Λi =

∑
j 6=i

(αjV + Λ̄j)
−1

−1
N(i)

≤

∑
j 6=i

(α∗j IdN(j) + Λ̄j)
−1

−1
N(i)

.
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Let FA be the map corresponding to the right-hand side of(28). Then, iterating FA and using

Proposition A.1, we get that FA has a fixed point {Λ∗i }i satisfying {Λi}i ≤ {Λ∗i }i . By Lemma

C.4, this is the unique diagonal fixed point. Then, Λ∗i is diagonal, and, for any exchange n, the

scalar price impacts {(Λ∗i )nn}i coincide with price impacts in a centralized exchange for a single

asset with variance 1 and risk aversions α∗i . The same iteration argument as above implies that

these price impacts are monotone increasing in α∗i and therefore satisfy

Λ∗i ≤
λ∗(n)

M(n)− 2
IdN(i), i ∈ I.

Therefore, by the monotonicity of map F ,

{Λi}i = Fn({Λi}i) ≤ Fn({Λ0
i,max}i)→ {Λi,max}i.

Similarly,

Λi =

∑
j 6=i

(αjV + Λ̄j)
−1

−1
N(i)

≤

∑
j 6=i

(αj,∗IdN(j) + Λ̄j)
−1

−1
N(i)

.

and the same argument as above implies that

Λ∗i ≥
λ∗(n)

M(n)− 2
IdN(i), i ∈ I,

and the same iterative procedure implies that

{Λi}i = Fn({Λi}i) ≥ Fn({Λ0
i,min}i)→ {Λi,min}i.

This completes the proof.

Everywhere in the sequel, we use the following convenient notation:

Notation. For any x, y ∈ RN , we write yTx = 〈x, y〉.

Given a tripletX,A,B of symmetric matrices of same dimension, we use the notationX ∈ [B,A]

when B ≤ X ≤ A. We need the following auxiliary result.

Lemma C.5 If X ∈ [B,A] and Xq = z then

〈q, z〉 ≥ max{〈Bq, q〉, 〈A−1z, z〉}.

Proof. Since X ≥ B, we have 〈Bq, q〉 ≤ 〈Xq, q〉 = 〈q, z〉 and the first claim follows. To prove the

second claim, pick an ε > 0. Then, X ≤ A implies (X + εId)−1 ≥ (A+ εId)−1 and, therefore,

XA−1X ≤ X(X + εId)−1X.
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Since x2(x + ε)−1x ≤ x of any x ≥ 0, the functional calculus implies that X(X + εId)−1X ≤ X.

Taking the limit as ε ↓ 0, we get XA−1X ≤ X. Therefore,

〈A−1z, z〉 = 〈A−1Xq,Xq〉 = 〈XA−1Xq, q〉 ≤ 〈Xq, q〉 = 〈z, q〉 ,

and the proof is complete.

Define = Mi − 1i=j , i = 1, · · · , I.

Lemma C.6 Consider the function

Ψj(z1, · · · , zI) ≡
∑
i

‖zi‖2 − ‖
∑
i 6=j

zi‖2

and let µ(q) = max{Ψj(z1, · · · , zI) : zi ∈ RN(i) , 〈q, zi〉 ≥ max{〈B̄iq, q〉, 〈A−1
i zi, zi〉}, i ∈ I}. If

max
q∈RN

µ(q) < 0,

then the conditions of Lemma C.1 are satisfied.

Proof. The claim follows directly from Lemma C.5 if we define X̄iq = zi.

Lemma C.7 Let ai = ‖Ai‖ and a = maxi∈I ai. Suppose that

aId ≤
∑
i

B̄i .

Then, the hypothesis of Lemma C.6 is satisfied.

Proof. Pick a tuple zi ∈ RN(i) , i ∈ I, satisfying 〈q, zi〉 ≥ max{〈B̄iq, q〉, 〈A−1
i zi, zi〉}, i ∈ I. Then,

a−1
i ‖zi‖

2 ≤ 〈A−1
i zi, zi〉 ≤ 〈q, zi〉, i ∈ I.

Normalize q so that ‖q‖ = 1. Then, we can decompose zi = 〈q, zi〉q + z⊥i with z⊥i ∈ RN , 〈z⊥i , q〉 =

0. Let βi ≡ 〈q, zi〉. Then,

‖
∑
i 6=j

zi‖2 =

(∑
i

βi

)2

+ ‖
∑
i

z⊥i ‖2 ≥

(∑
i

βi

)2

and, therefore,

Ψj(z1, · · · , zI) ≡
∑
i

‖zi‖2 − ‖
∑
i 6=j

zi‖2 ≤
∑
i

aiβi − ‖
∑
i 6=j

zi‖2 ≤
∑
i

aiβi −

(∑
i

βi

)2

≤

(∑
i

βi

)(
a−

∑
i

βi

)
.
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and the claim follows because, by assumption,∑
i

βi ≥
∑
i

〈q, zi〉 ≥
∑
i

〈q, B̄iq〉 ≥ a.

Proof of Corollary C.1. For simplicity, we work directly with the correlation matrix and assume

that V = C(V). By Proposition 2.3, any equilibrium {Λi}i satisfies

Λ0
i,min ≤ Λi,min ≤ Λi ≤ Λi,max ≤ Λ0

i,max, i ∈ I.

Therefore,

diag

(
M(n)− 2

(M(n)− 1)λ∗(n)

)
N(i)

≤ (Λi + αiVN(i))
−1 ≤ diag

(
M(n)− 2

(M(n)− 1)λ∗(n)

)
N(i)

, i ∈ I ,

and the claim follows from Lemma C.7.

D Price Impact Characterization

We now use Lemma D.4 and the following result.

Lemma D.1 (Functional Calculus for Symmetric Matrices) For any continuous function

f(x) and any symmetric matrix A, we can define f(A) as follows. By the eigen-decomposition

theorem, there exists an orthogonal matrix U and a diagonal matrix D such that A = UTDU where

D = diag(di) where di are the eigenvalues of A. Then,

f(A) = UTdiag(f(di))U.

In general, the matrix U is not unique. The uniqueness holds only if eigenvalues of A are all

distinct. However, even if U is not unique, f(A) is uniquely determined, and so it is well-defined.

The following lemma explicitly links price impact Λi with the aggregate liquidity measure B. Let

f1(a) = (2− a+
√
a2 + 4)/2 and f(a) = f1(a)/a.

Lemma D.2 Let Yi = (B−1)N(i) . Then,

Λ = Y
1/2
i f1(Y

−1/2
i αiVN(i)Y

−1/2
i )Y

1/2
i .

If VN(i) is invertible then

Λi = αiV1/2
N(i)f(αiV1/2

N(i)Y
−1
i V

1/2
N(i))V

1/2
N(i). (28)

Lemma is a direct consequence of the following auxiliary result.
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Lemma D.3 Let Y,Z be nonnegative definite, with Y positive definite. The unique positive definite

symmetric matrix Λ solving

Λ = (Y −1 − (Z + Λ)−1)−1

is given by

Λ = Y 1/2f1(Y −1/2ZY −1/2)Y 1/2,

where f1(a) = (2− a+
√
a2 + 4)/2. If Z is invertible, then we can also write

Λ = Z1/2f(Z1/2Y −1Z1/2)Z1/2

with f(a) = f1(a)/a. Furthermore,

(Z + Λ)−1 = Z−1/2g(Z1/2Y −1Z1/2)Z−1/2

with g(a) = (f(a) + 1)−1 = 2a/(2 + a+
√
a2 + 4).

Proof. Multiplying by (Y −1 − (Z + Λ)−1) from the right gives

Λ(Y −1 − (Z + Λ)−1) = Id.

Multiplying by Λ from the left gives

Y −1 = Λ−1 + (Z + Λ)−1. (29)

Multiplying from the left and right by Y 1/2 (we do this to preserve symmetry), we have

Id = L−1 + (Y −1/2ZY −1/2 + L)−1,

where we defined L = (Y −1/2ΛY −1/2). Let A = Y −1/2ZY −1/2. Let us first show that A and L

commute. Indeed, multiplying (A+ L) from the left and the right, gives

(A+ L)L−1 + Id = (A+ L) = L−1(A+ L) + Id.

Subtracting Id from both sides and multiplying by L from the left and the right gives

LA+ L2 = L(A+ L) = (A+ L)L = AL+ L2

and the claim follows.

Thus, A and L commute and, therefore, there exists an orthonormal basis such that both A

and L are diagonal in this basis. For an orthogonal matrix U , both UAUT and ULUT are diagonal,

and

Id = U IdUT = UL−1UT + U(A+ L)−1UT = (ULUT )−1 + (UAUT + ULUT )−1.

49



Since all matrices on both sides are diagonal, each diagonal element has the same form with the

unique positive solution f(a) of

1 =
1

x
+

1

a+ x
.

Therefore, we obtain

L = UT f(UAUT )U = f(A) = f(Y −1/2ZY −1/2).

Similarly, assume that Z is invertible (also, symmetric and positive definite). Then, there exists a

positive-definite invertible matrix Z1/2. Multiplying (29) by Z1/2 from the left and right, we get

K = B−1 + (Id +B)−1,

where K = Z1/2Y −1Z1/2 and B = Z−1/2ΛZ−1/2. Multiplying (Id +B) from the left and right,

K +BK = (Id +B)K = B−1 + 2Id = K(Id +B) = K +KB,

which implies that K and B commute. By the argument analogous to the above, with the unique

positive solution f1(a) to

a =
1

x
+

1

1 + x
,

we get that B = f1(K).

Proof of Propositions 4.1 and 5.3. Suppose that Mi ≥ 2. Then, since, by assumption, there

are at least three agents participating in each exchange, there exists an ε > 0 such that

Λi =

Λ̄i)
−1 +

∑
j 6=i

(αjV̄N(j) + Λ̄j)
−1

−1
N(i)

≤
((
εId + (Mi − 1)(αi‖V‖Id + Λ̄i)

−1
)−1
)
N(i)

=
(
εId + (Mi − 1)(αi‖V‖Id + Λi)

−1
)−1

.

Let ` ≥ 0 be the largest eigenvalue of Λi. Then, we get that

` ≤
(
εId + (Mi − 1)(αj‖V‖Id + `)−1

)−1
.

By direct calculation, this inequality implies that `→ 0 when αj → 0 or Mj →∞.

Now, pick any trader i 6= j. Then,

(Λi)N(j)∩N(i) ≤ (
(
Mj(αj‖V‖+ Λ̄j)

−1 + εId
)−1

)N(j)∩N(i) = (
(
Mj(αj‖V‖+ Λj)

−1 + εId
)−1

)N(j)∩N(i).

Since (αj‖V‖+ Λi)
−1 converges to ∞, we get the required.

Finally, the last claim follows because

lim
αj→0

Λi = (Λ̄i\j)N(i)
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and hence, by the Frobenius formula (Lemma D.4)

((VN(i) + Λi)
−1)N(j)∩N(i) → (Λi\j + S(VN(i), N(i) \N(j)))−1 .

To prove the result about the limit allocation, we need to study the asymptotic behaviour in

greater detail. This is done in the following proposition.

Proposition D.1 Let Mj > 2. Then, for sufficiently small α = αj, there exists an equilibrium

price impact tuple {Λi(α)}i satisfying Λj(α) ≈ α
Mj−2VN(j) and, for all i 6= j, to the first order in

α,

Λi(α) ≈

(
αVN(j)

Mj−1
(Mj−2)Mj

−α Mj−1
(Mj−2)Mj

VN(j)W12(i)W22(i)−1

−α Mj−1
(Mj−2)Mj

W22(i)−1W12(i)TVN(j) Λi\j + αΛ
(1)
i\j

)
N(i)

,

where

W (i) =

(
W11(i) W12(i)

W T
12(i) W22(i)

)
≡
∑
k 6=i,j

(αkV̄N(k) + Λ̄k(0))−1.

The first order equilibrium response {Λ(1)
i\j}j 6=i is the unique solution to the system

Λ
(1)
i\j =

W22(i)−1

∑
k 6=i,j

ZkΛ
(1)
k\jZk +W12(i)TV11

Mj − 1

(Mj − 2)Mj
W12(i)

W22(i)−1


N(i)\N(i)

.

where Zi ≡ (αiV̄N(i) + Λ̄i(0))−1, i 6= j.

Proof. The fixed point equation is

Λi(α) =
(
((αV̄N(j) + Λ̄j)

−1 +W (i, α))−1
)
N(i)

and the claim follows by direct calculation from the Frobenius formula (Lemma D.4).

Furthermore,

B−1 ≈

(
αjVN(j)

Mj−1
(Mj−2)Mj

−αj Mj−1
(Mj−2)Mj

VN(j)W12W
−1
22

−αj Mj−1
(Mj−2)Mj

W−1
22 W T

12VN(j) W2\1 + αjW
(1)
2\1

)

where

W =

(
W11 W12

W T
12 W22

)
≡
∑
k 6=j

Mk(αkV̄N(k) + Λ̄k(0))−1.

Thus, the trade of an agent of class j is approximately given by

(αjVN(j) + Λj)
−1QN(j) −

Mj − 2

Mj − 1
q0
j = α−1

j

Mj − 2

Mj − 1
V−1
N(j)QN(j) −

Mj − 2

Mj − 1
q0
j .
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And we have

α−1
j

Mj − 2

Mj − 1
V−1
N(j)QN(j)

≈ α−1
j

Mj − 2

Mj − 1
V−1
N(j)αjVN(j)

Mj − 1

(Mj − 2)Mj
X

(0)
N(j) − α

−1
j

Mj − 2

Mj − 1
V−1
N(j)αj

Mj − 1

(Mj − 2)Mj
VN(j)W12W

−1
22 X

(0)
N\N(j)

= M−1
j

(
X

(0)
N(j) −W12W

−1
22 X

(0)
N\N(j)

)
.

where

X(0) =
∑
j 6=i

(
αjV̄N(j) + Λ̄j(0)

)−1
αjV̄N(j)Q

0
j +

Mi − 2

Mi − 1
Q0
i .

In contrast, agents i 6= j trade

(αiVN(i) + Λ̄i(0))−1
(
QN(i)\N(j) − αiVN(i)q

0
i

)
,

because QN(j) = 0.

Proof of Theorem 4.1. The market clearing takes the form

I∑
j=1

(
αjV̄N(j) + Λ̄j(B)

)−1
(d− p− αjV̄N(j)q

0
j ) = 0

and the required expressions follow by direct calculation.

We need the following auxiliary lemma that can be verified by direct calculation.

Lemma D.4 (Frobenius Formula) We have(
A B

BT D

)−1

=

(
(A−BD−1BT )−1 −A−1B(D −BTA−1B)−1

−(D −BTA−1B)−1BTA−1 (D −BTA−1B)−1

)
.

E Comparative Statics

Proof of Proposition 5.1. Fix a parameter α and let us rewrite equilibrium equation as

{Λj}j = F ({Λj}j , α). By definition, both for α = Mi and α = αj , map F is monotone increasing

in α in the sense of the positive semidefinite partial order.

Fix α1 ≤ α2 and let {Λj(α1)}j be an equilibrium. Then,

{Λj(α1)}j = F ({Λj(α1)}j , α1) ≤ F ({Λ̄j(α1)}j , α2).

By Proposition A.1, there exists an equilibrium {Λj(α2)}j satisfying {Λj(α2)}j ≥ {Λj(α1)}j .
The last claim follows by a similar argument. Namely, let F̂ ({Λj}Ij=1,ΛI+1}) be the equilibrium

map corresponding to the market with I + 1 traders and let {Λ∗j}
I+1
j=1 be an equilibrium in that

market. Define the map

F̂1({Λj}Ij=1) ≡ F̂ ({Λj}Ij=1,Λ
∗
I+1}).
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Then, using the same monotonicity arguments as above, we get that

F̂1({Λj}Ij=1) ≤ F ({Λj}Ij=1)

for any tuple {Λj}Ij=1. By construction, {Λ∗j}j is a fixed point of F̂1 and therefore

{Λ∗j}Ij=1 = F̂1({Λ∗j}Ij=1) ≤ F ({Λ∗j}Ij=1),

and Proposition A.1 implies that there exists an equilibrium {Λj}Ij=1 with I traders satisfying

{Λj}Ij=1 ≥ {Λ∗j}Ij=1 .

It remains to prove the concavity results. We only prove concavity in the covariance matrix. The

other Pick two covariance matrices Vm,m = 1, 2, and let {Λmj }j be two corresponding equilibria.

Let V3 = 0.5(V1 +V2) and denote by Fm, m = 1, 2, 3 the equilibrium maps corresponding to these

covariance matrices. A direct application of Theorem 24 in Anderson and Duffin (1969) implies

that, for any {Λ1
j}j , {Λ2

j}j ∈ SI ,

0.5(F 1({Λ1
j}j) + F 1({Λj}j)) ≤ F 3({0.5(Λ1

j + Λ2
j )}j) .

Consequently, for any two fixed points satisfying {Λmj }j = F 1({Λmj }j), Proposition A.1 implies that

F 3 has a fixed point {Λ3
j}j satisfying {Λ3

j}j ≥ 0.5(Λ1
j + Λ2

j )}j , and the required concavity follows.

Proof of Theorem 5.1. Consider two markets which differ only in participation {N(i)}i and

{N ′(i)}i, N(i)′ ⊇ N(i) for all i ∈ I. Pick an equilibrium {Λi}i corresponding to {N ′(i)}i. By

Lemma A.1,

(Λi)N(i) =

∑
j 6=i

(αjV̄N ′(j) + Λ̄j)
−1

−1
N(i)

≤

∑
j 6=i

(αjV̄N(j) + (Λ̄j)N(j))
−1

−1
N(i)

.

For all ∈ I. Therefore, by Proposition A.1, there exists an equilibrium {Λ̂i}i corresponding to

participation {N(i)}i and satisfying {Λ̂i}i ≥ {(Λi)N(i)}i and the claim follows.

Proof of Corollary 5.1. Let M−n be market M with all exchanges but n = (I(n),K(n)).

Consider exchanges (I1(n),K1(n)) and (I2(n),K2(n)) in market M′. Let all traders i ∈ I(n)

trade in each exchange for assets K1(n) and K2(n). Then, by Theorem 5.1, price impact in the

resulting market M̃ = (M−n, (K1(n), I(n)), (K2(n), I(n))) is lower. Thus, price impact in M′ is

higher than that in M.

Instead, in market M′, let the participation of traders I1(n) in the new exchanges increase

from K1(n) to K(n) and traders I2(n) from K2(n) to K(n) such that each group of agents trades

assets K(n) in a separate exchange. Then, by Theorem 5.1, price impact in the resulting market
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M̃′ = (M−n, (K(n), I1(n)), (K(n), I2(n))) is lower. Define nl = (K(n), Il(n)), l = 1, 2. Next, let the

participation of traders I1(n) increase to include n2 and the participation of traders I2(n) increases

to include n1. Denote by M̃′′ = (M−n, (I(n),K(n)), (I(n),K(n))) the corresponding decentralized

market. Then, by Theorem 5.1, price impact in M̃′′ is lower than that in M′. Since market M̃′′

is equivalent to one with the centralized exchange n = (I(n),K(n)), price impact in M̃′′ and M
coincides.

Thus, price impact in (M−n, (I1(n),K1(n)), (I2(n),K2(n))) = M′ is higher than in

(M−n, (K(n), I1(n)), (K(n), I2(n))), which is higher than in (M−n, (K1(n), I(n)), (K2(n), I(n))),

which equals that in (M−n, (I(n),K(n)) = M.

F Welfare

Proof of Proposition 6.1 and Corollary 6.2. We need a couple of lemmas. The first one is a

direct consequence of the Frobenius formula (Lemma D.4).

Lemma F.1 Let H ⊂ RN be a subspace, B a symmetric positive definite matrix on H and A a

positive definite matrix on RN . Then, A ≥ B̄ if, and only if,

(A−1)H ≤ B−1.

Proof. We have

A− B̄ =

(
A11 A12

AT12 A22 −B

)
and hence, by (23), A − B̄ ≥ 0 if, and only if, A22 − AT12A

−1
11 A12 − B ≥ 0. By Lemma D.4, this is

equivalent to (A−1)22 ≤ B−1.

Lemma F.2 There exists a matrix B ≤ A such that Bq = z if, and only if, 〈A−1z, z〉 ≤ 〈q, z〉.

Proof. We normalize z so that ‖z‖ = 1. Suppose first that B ≤ A satisfies Bq = z. Then, 〈q, z〉 =

〈B−1z, z〉 ≥ 〈A−1z, z〉 . Now, suppose that 〈A−1z, z〉 ≤ 〈q, z〉 and define B = (〈q, z〉)−1〈·, z〉z.
Let H be the span of the vector z. By Lemma F.1, it suffices to check that (A−1)H ≤ B−1. But

(A−1)H = 〈A−1z, z〉 and B−1 acts as (〈q, z〉) on this subspace. The claim follows.

Now, we have

〈Γi(Λ)q, q〉 = 〈X1q, q〉 − 0.5αi〈VN(i)X1q,X1q〉,

where X1 = (αiVN(i) + Λ)−1 and q = QN(i) − αiVN(i)q
0
i . Denote X2 = (αiVN(i) + Λ̂)−1. Suppose

first that we do not change the participation of trader i. Then, Λ̂ ≥ Λ if, and only if, X2 ≤ X1 and

the problem becomes

max
X2≤X1

{〈X2q, q〉 − 0.5αi〈VN(i)X2q,X2q〉}.
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If the participation of trader i increases from N(i) to N ′(i) ⊃ N(i), it follows from Theorem 5.1

that Λ̂i > (Λi)N(i) and, therefore, by Lemma A.1,

X1 = (αiVN ′(i) + Λi)
−1 ≥ (αiV̄N(i) + (Λ̄i)N(i))

−1 ≥ (αiV̄N(i) +
¯̂
Λi)
−1 = X2 ,

and so the same argument applies.

Denote z = X2q. Then, by Lemma F.2, the problem is equivalent to

max
z:〈X−1

1 z,z〉 ≤〈q,z〉
{〈z, q〉 − 0.5αi〈VN(i)z, z〉}.

This is a concave maximization problem over a convex domain and, hence, the global maximum is

achieved when z = (αiVN(i))
−1q. By direct calculation, 〈X−1

1 z, z〉 > 〈q, z〉 holds and, hence, the

constraint is binding at the optimum. Therefore, the first-order condition is

q − αiVN(i)z − λ(2X−1
1 z − q) = 0⇒ z = (1 + λ)(αiVN(i) + 2λX−1

1 )−1q,

where the Lagrange multiplier λ is determined from the binding constraint

0 = (1+λ)2〈X−1
1 (αiVN(i) +2λX−1

1 )−1q, (αiVN(i) +2λX−1
1 )−1q〉− (1+λ)〈(αiVN(i) +2λX−1

1 )−1q, q〉.

Denote the right-hand side of this equation by ϕ(λ). Then,

ϕ(0) = 〈X−1
1 (αiVN(i))

−1q, (αiVN(i))
−1q〉 − 〈(αiVN(i))

−1q, q〉 > 0,

becauseX1 < (αiVN(i))
−1 implies (αiVN(i))

−1X−1
1 (αiVN(i))

−1 > (αiVN(i))
−1. Furthermore, ϕ(∞) =

(1/4)〈X1q, q〉 − (1/2)〈X1q, q〉 < 0. The maximum is achieved at z = X1q if, and only if,

(1 + λ)(αiVN(i) + 2λX−1
1 )−1q = X1q

or, equivalently, (αiVN(i) + 2λX−1
1 )X1q = (1 +λ)q. This happens if, and only if, q is an eigenvector

of αiVN(i)X1 = (Id + Λ(αiVN(i))
−1)−1 and the assertion follows because the latter matrix has the

same eigenvectors as ΛV−1
N(i).

G Proof of Proposition 6.3

We will construct the required examples in the class of markets with liquid exchanges (Example 3,

Section 5.1) and a single illiquid exchange in which all agents participate, so that n = N(i)\N(j) is

the same for all agents. By Proposition 5.3, the problem reduces to studying the price impact Λ̃i =

Λi\j of class i in the (illiquid) exchange n. Let ΠK(n) be the orthogonal projection onto the subspace

of assets traded in exchange n and let Q̃ ≡ (VQ)K(n) and q̃0
i ≡ (q0

i )K(n) With Ṽi = Vi\j defined

as in Proposition 5.3, and Γ̃i ≡ (αiṼi)−1Γ̃i(Ṽi, Λ̃i)(αiṼi)−1, ∆̃i ≡ (αiṼi)−1∆̃i(Ṽi, Λ̃i)(αiṼi)−1, and

Λ̃−1
i + (Λ̃i + αiṼi)

−1 = B̃ for all i, which implies a global upper bound on the price impact of all
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agents,

Λ̃i < 2B̃−1. (30)

Lemma G.1 In the markets from Example 3, Γ̃j = 0.5
(
B̃Λ̃jB̃ − B̃

)
and 2∆̃j = 3Λ̃jB̃Λ̃j −

Λ̃jB̃Λ̃jB̃Λ̃j .

Proof of Lemma G.1. Let, for brevity Γ = Γj\i, V = αjṼj , Λ = Λ̃j , B = B̃. Then,

(αjVN(j))
−1Γ(αjVN(j))

−1

= 0.5(V + Λ)−1 + 0.5(V + Λ)−1Λ(V + Λ)−1 = 0.5(B − Λ−1) + 0.5(B − Λ−1)Λ(B − Λ−1)

and the claim follows. For ∆, we have

(αjVN(j))
−1∆(αjVN(j))

−1 = Λ(Λ + V)−1V(Λ + V)−1Λ

= Λ(Λ + V)−1(V + Λ− Λ)(Λ + V)−1Λ

= Λ(Λ + V)−1Λ− Λ(Λ + V)−1Λ(Λ + V)−1Λ = Λ(B − Λ−1)Λ− Λ(B − Λ−1)Λ(B − Λ−1)Λ

and the claim follows by direct calculation.

Proposition G.1 (Commutativity, Connectedness and Price impact) If B̃1/2Ṽj1B̃1/2 and

B̃1/2Ṽj2B̃1/2 commute and Ṽj1 ≤ Ṽj2, then Λ̃j1 ≥ Λ̃j2. However, for any B̃ and Ṽj1 that do not

commute and satisfy B̃ > 2Ṽ−1
j1

, there exists Vj2 ≥ Vj1 such that Λ̃j1 6≥ Λ̃j2.

Proof of Proposition G.1. For simplicity, we normalize all risk aversions to 1. Let j1 = 1, j2 =

2. We first show that, for any Ṽ1, Ṽ2 and B̃ there exists a market in which they are realized. To

prove this, consider a market with three classes and let us show that we can pick Ṽ3 accordingly.

First, equation Λ̃−1
i + (Ṽi + Λ̃i)

−1 = B̃ implies (by Lemma D.2) that

Λ̃i = Ṽ1/2
i f(Ṽ1/2

i B̃Ṽ1/2
i )Ṽ1/2

i

and

(Λ̃i + Ṽi)−1 = Ṽ−1/2
i g(Ṽ1/2

i B̃Ṽ1/2
i )Ṽ−1/2

i .

Denote

A ≡ (Ṽ1 + Λ̃1)−1 + (Ṽ2 + Λ̃2)−1.

Then, Λ̃3 satisfies

Λ̃3 = (A+ (M3 − 1)(Ṽ3 + Λ̃3)−1)−1 = (B̃ − (Ṽ3 + Λ̃3)−1)−1

and therefore, to complete the proof, it suffices to show that there exist positive definite matrices

Λ̃3, Ṽ3 satisfying

Λ̃−1
3 − (M3 − 1)(Ṽ3 + Λ̃3)−1 = A, Λ̃−1

3 + (Ṽ3 + Λ̃3)−1 = B̃.
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Solving this system, we get

(Ṽ3 + Λ̃3)−1 = M−1
3 (B̃ −A), Λ̃−1

3 = M−1
3 (A+ (M3 − 1)B̃−1) .

Since A+ (M3 − 1)B̃−1 > B̃−1 −A whenever M3 > 1, the matrix

Ṽ3 = (M−1
3 (B̃ −A))−1 − (M−1

3 (A+ (M3 − 1)B̃−1))−1

is positive definite. Finally, B̃ > 2Ṽ−1
1 > Ṽ−1

1 + Ṽ−1
2 > A, completing the proof of existence.

Lemma G.2 None of the functions f, f1, g is matrix monotone.

Proof. By the Löwner Theorem (Donoghue (1974)), it suffices to show that none of these functions

can be analytically continued to the whole upper half-plane. This follows directly from the fact

that 2i is a branching point for all these functions.

By Lemma, f1 = 2−a+
√
a2+4

2 is not matrix monotone on any interval and, consequently, for any

positive definite matrix X1 of sufficiently high dimension, there exists a matrix X2 ≥ X1 such that

f1(X2) 6≤ f1(X1) . Let X1 = B̃−1/2Ṽ1B̃
−1/2. Then, define Ṽ2 ≡ B̃1/2X2B̃

1/2 .

Now, by Lemma D.2,

Λ1 = B̃1/2f1(X1)B̃1/2 6≥ B̃1/2f1(X2)B̃1/2 = Λ2,

and the proof is complete.

Proof of Proposition 6.3. The proof is based on the following auxiliary “anything goes” result.

Lemma G.3 Within Example 3, suppose that equilibrium price impact of trader 1 is Λ̃1. Then,

any Λ̂1 ≤ Λ1 can be attained as an equilibrium price impact by adding an additional trader to the

exchange.

Proof. The proof follows directly from the arguments in the proof of Proposition G.1. Namely,

suppose that there are N traders such that

Λ̃−1
i + (αiṼi + Λ̃i)

−1 = B̃−1, i = 1, · · · , N.

Pick an arbitrary Λ̂1 ≤ Λ1 and define B̂ via

Λ̂−1
1 + (α1Ṽ1 + Λ̂1)−1 = B̂−1.

Then, define Λ̂i, i ≥ 2 via

Λ̂−1
i + (αiṼi + Λ̂i)

−1 = B̂−1, i = 2, · · · , N.
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The argument in the proof of Proposition G.1 implies that these price impacts can be sustained in

equilibrium if we add an N + 1-st class with some perceived covariance matrix ṼN+1, and the proof

is complete.

Lemma G.3 implies that, by adding/removing traders to/from the illiquid exchange, arbitrary

changes in the price impact can be achieved. The required claim follows now from Proposition 6.1.

Lemma G.4 Denote

Γ̃i ≡ (αiṼj + Λ̃j)
−1

(
1

2
αiṼj + Λ̃j

)
(αiṼj + Λ̃j)

−1

and

∆̃j ≡
1

2
Λ̃(αiṼj + Λ̃j)

−1αiṼj(αiṼj + Λ̃j)
−1Λ̃j .

Then, the utility Uj of agent from lass j with initial holdings q0
k with

(
q0
k

)
N\K(n)

= 0 (i.e., no initial

holdings in exchanges N \K(n)) is given by

Uj(Λj ; q
0
k) = 〈Γ̃jQ̃, Q̃〉 − 2〈αjṼjΓ̃jQ̃, q̃0

k〉 − 〈∆̃j q̃
0
k, q̃

0
k〉. (31)

Proof. Let Vj ≡ VN(j). Then,

Γj = 0.5(αiVj + Λj)
−1 + 0.5(αjVj + Λj)

−1Λj(αjVj + Λj)
−1,

and hence,

〈ΓiQN(i),QN(i)〉 = 〈Γ̃jQ̃, Q̃〉,

because Qκ(n) = 0 and price impact in exchanges not from κ(n) also vanishes.

Furthermore, a direct calculation implies that

αiViΓi = 0.5(Id− Λi(αVi + Λi)
−1) + 0.5(Id− Λi(αVi + Λi)

−1)Λi(αVi + Λi)
−1,

and hence,

〈αiViΓiQN(i), q
0
k〉 = 〈αjṼjΓ̃jQ̃, q̃0

k〉.

Utility and Endowment Risk. Example 5 suggests that markets in which specialists inter-

mediate trading of particular assets can be associated with higher welfare than markets in which

these assets are all traded in a single exchange. More generally, our analysis sheds light on the

instances in which different forms of intermediation improve efficiency; for instance, when dealers or

brokers (who as opposed to dealers need not trade on their own account) or specialists (in trading

particular assets) would be efficient. While adding a trader with a zero net endowment always

increases liquidity, it may decrease utility. The model points to a relation between distribution of

endowment risk and the market structure (e.g., core versus periphery traders) and, thus, types of
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intermediation. Incentives of a potential intermediary to set up a monopolistic link (cf. Corollary

3.2) depend on his and others’ endowments and participation.59

While price impact is independent of endowments, through non-commutativity, decentralized

trading changes the way aggregate and idiosyncratic endowment risks affect agents’ utility. In

particular, both an agent’s compensation for aggregate risk exposure may increase and his utility

loss from idiosyncratic risk exposure may decrease if his price impact increases – Propositions 6.3

and G.2, Example 7 illustrate.

Proposition G.2 (Non-commutativity and Idiosyncratic Risk) For generic markets from

Example 3, the loss due to idiosyncratic risk exposure can be smaller for the traders with larger

price impact.

In Proposition 5.2, we showed that agents who are better connected with the market, in the

sense of having more links or being more centrally located, may have larger price impact. Example

7 shows that the agents who face larger price impact may also have greater equilibrium utility.

Example 7 In the markets from Example 3, consider exchange n with at least two assets traded,

and agents j1 and j2 with identical risk aversions, non-zero initial endowments q̃0
j1

= q̃0
j2
> 0 and no

aggregate risk (Q̃ = 0), so that the agents only receive negative utility from the residual idiosyncratic

risk exposure. Then, there exists participation such that N(j1) ⊃ N(j2) and agent j1 has a larger

price impact than j1, and yet agent j1 attains a higher equilibrium utility.

Proof of Proposition G.2. If all matrices commute, we can diagonalize them in a common

basis, and the required inequality is equivalent to verifying monotonicity of the scalar function

δ(λ) = 3λ2b− λ3b2for λ ∈ (0, 2b−1). This follows by direct calculation.

Without commutativity, consider a small one dimensional perturbation Λ̃j2 = Λ̃j1 + αP with

P = 〈·, y〉y for some y ∈ Rκ(n) and a small ε > 0. Then,

〈(∆j1 −∆j2)q, q〉 ≈ ε〈(3ΛBP + 3PBΛ− PBΛBΛ− ΛBPBΛ− ΛBΛBP )q, q〉

= 3〈q, y〉〈BΛy, q〉+ 3〈q, y〉〈BΛq, y〉 − 〈BΛBΛq, y〉〈q, y〉 − 〈BΛq, y〉〈ΛBy, q〉

−〈q, y〉〈ΛBΛBy, q〉.

This is monotone decreasing in α for any q ⊥ y unless y is an eigenvector of BΛ, which precisely

guarantees that P and BΛ commute.

59 Although the term “dealer” carries some legal distinctions in certain markets, the main difference
between a dealer and other market participants is that, by convention, an OTC dealer is usually expected to
make “two-way markets”; a dealer usually has less difficulty in adjusting inventories. Central dealers hold
larger and more volatile (risky) inventories on average and keep bonds longer than peripheral dealers (Li and
Schürhoff (2012)). In the market for CDSs, Atkeson, Eisfeld and Weil (2013) document a relation between
order imbalances and trader position in the network; Shachar (2012) finds that order imbalances of end-users
in the CDSs market are associated with significant price impact, which depends on their direction relative
to the direction of dealers’ inventory.
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Proof of Example 7. For simplicity we consider the case when there are only two classes, 1

and 2, that initially have access to the same liquid exchange and normalize their risk aversion to

1. Then,

Λ1 = Λ2 =
1

M1 +M2 − 2
Ṽ ≡ Λ(0).

Now, suppose that agents of class 1 get access to an additional exchange for an asset that has

covariance ε {yk} = εy ∈ RK(n) with assets k ∈ K(n) and whose variance is normalized to 1. Then,

Ṽ1 = Ṽ − ε〈·, y〉y ≡ Ṽ − εP.

Substituting conjectured Taylor expansions Λi = Λ(0) + εΛ
(1)
i , we have

Λ1 = ((M1 − 1)(Ṽ1 + Λ1)−1 +M2(Ṽ + Λ2)−1)−1, Λ2 = (M1(Ṽ1 + Λ1)−1 + (M2 − 1)(Ṽ + Λ2)−1)−1.

We get the system

Λ
(1)
1 ≈ Λ(0)((M1 − 1)(Λ(0) + Ṽ )−1(Λ

(1)
1 − P )(Λ(0) + Ṽ )−1 +M2(Λ(0) + Ṽ )−1Λ

(1)
2 (Λ(0) + Ṽ )−1)Λ(0)

Λ
(1)
2 ≈ Λ(0)(M1(Λ(0) + Ṽ )−1(Λ

(1)
1 − P )(Λ(0) + Ṽ )−1 + (M2 − 1)(Λ(0) + Ṽ )−1Λ

(1)
2 (Λ(0) + Ṽ )−1)Λ(0).

Substituting the expression for Λ(0), we get that both Λ
(1)
i = −ζiP for some 0 < ζ1 < ζ2 that

only depend on M1, M2. Consequently, Λ1 and Λ2 differ from each other by a one-dimensional

projection and the arguments in (G) apply.

Proof of Proposition G.1. For simplicity, we normalize all risk aversions to 1. Let j1 = 1, j2 =

2. We first show that, for any Ṽ1, Ṽ2 and B̃ there exists a market in which they are realized. To

prove this, consider a market with three classes and let us show that we can pick Ṽ3 accordingly.

First, equation Λ̃−1
i + (Ṽi + Λ̃i)

−1 = B̃ implies (by Lemma D.2) that

Λ̃i = Ṽ1/2
i f(Ṽ1/2

i B̃Ṽ1/2
i )Ṽ1/2

i

and

(Λ̃i + Ṽi)−1 = Ṽ−1/2
i g(Ṽ1/2

i B̃Ṽ1/2
i )Ṽ−1/2

i .

Denote

A ≡ (Ṽ1 + Λ̃1)−1 + (Ṽ2 + Λ̃2)−1.

Then, Λ̃3 satisfies

Λ̃3 = (A+ (M3 − 1)(Ṽ3 + Λ̃3)−1)−1 = (B̃ − (Ṽ3 + Λ̃3)−1)−1

and therefore, to complete the proof, it suffices to show that there exist positive definite matrices

Λ̃3, Ṽ3 satisfying

Λ̃−1
3 − (M3 − 1)(Ṽ3 + Λ̃3)−1 = A, Λ̃−1

3 + (Ṽ3 + Λ̃3)−1 = B̃.
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Solving this system, we get

(Ṽ3 + Λ̃3)−1 = M−1
3 (B̃ −A), Λ̃−1

3 = M−1
3 (A+ (M3 − 1)B̃−1) .

Since A+ (M3 − 1)B̃−1 > B̃−1 −A whenever M3 > 1, the matrix

Ṽ3 = (M−1
3 (B̃ −A))−1 − (M−1

3 (A+ (M3 − 1)B̃−1))−1

is positive definite. Finally, B̃ > 2Ṽ−1
1 > Ṽ−1

1 + Ṽ−1
2 > A, completing the proof of existence.

Lemma G.5 None of the functions f, f1, g is matrix monotone.

Proof. By the Löwner Theorem (Donoghue (1974)), it suffices to show that none of these functions

can be analytically continued to the whole upper half-plane. This follows directly from the fact

that 2i is a branching point for all these functions.

By Lemma, f1 = 2−a+
√
a2+4

2 is not matrix monotone on any interval and, consequently, for any

positive definite matrix X1 of sufficiently high dimension, there exists a matrix X2 ≥ X1 such that

f1(X2) 6≤ f1(X1) . Let X1 = B̃−1/2Ṽ1B̃
−1/2. Then, define Ṽ2 ≡ B̃1/2X2B̃

1/2 .

Now, by Lemma D.2,

Λ1 = B̃1/2f1(X1)B̃1/2 6≥ B̃1/2f1(X2)B̃1/2 = Λ2,

and the proof is complete.

Example 8 builds on Proposition G.1.

Example 8 Within Example 3, consider exchange n with at least two assets traded and agents j1

and j2 with identical risk aversions and zero initial endowments q̃0
j1

= q̃0
j2

= 0. Then, there exists

participation such that agent j1 is better connected than agent j2, that is, N(j1) ⊃ N(j2), and agent

j1 attains lower equilibrium utility.

Proof of Example 8. Suppose that agent j1 participates in a greater number of liquid exchanges

than agent j2 so that his perceived covariance matrix Ṽj1 satisfies Ṽj1 ≤ Ṽj2 . Pick Ṽj1 , Ṽj2 and B̃

satisfying the conditions of Proposition G.1. Then, there exists a vector π such that

〈Λj1π, π〉 < 〈Λj2π, π〉.

Now, pick a distribution of initial holdings so that Q̃ = B̃−1π. Denote by Ui the utility of agent

ji, i = 1, 2. Then, by Lemma G.1,

U1+〈B̃Q̃, Q̃〉 = 〈0.5B̃Λ̃j1B̃Q̃, Q̃〉 = 0.5〈Λj1π, π〉 < 0.5〈Λj2π, π〉 = 〈0.5B̃Λ̃j1B̃Q̃, Q̃〉 = U2+〈B̃Q̃, Q̃〉.
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H Additional Results

A. Decentralized Market CAPM. Denote by Qkn the coordinate of Q ∈ RK̄ corresponding to

asset k traded in exchange n. Let Σκ(n) be the covariance matrix of the assets that are traded in

exchange n and let Γn ≡ Σ−1
κ(n){Q

k
n}k∈κ(n) = {Γkn}k∈κ(n) ∈ Rκ(n). By the linearity, there exists a

vector µn,k = {µi,ln,k}i,l ∈ R
I×K such that

Γkn = 〈µn,k, Q0〉 =
∑
i,l

µi,ln,kQ
0,l
i ,

where Q0 = {Q0,k
i }i,k is the vector of initial holdings. Let Rn =

∑
k∈κ(n) ΓknRk denote the random

payoff of the portfolio that contains Γkn units of asset k, k ∈ K.

Proposition H.1 (Decentralized CAPM) For any exchange n, the price at which asset k ∈
κ(n) is traded in exchange n is equal to the expected payoff net the risk premium, given by the

covariance of the asset payoff with the payoff of the exchange-specific market portfolio, Rn,

pn(k) = δk − Cov(Rk,Rn).

Proposition H.1 implies that exchange-specific market portfolios depend in a nontrivial way on

the market structure. Even in a public exchange, the market-capitalization-weighted portfolio may

not command the highest risk premium if some agents have access to other exchanges.

B. Comparative Statics of Price Impact. Example 9 illustrates the interdependence in price

impact Λi between exchanges with disjoint sets of traders.

Example 9 (Indirectly Connected Markets) Consider partition {N1, N2} of the set of ex-

changes N and assume that there exist nonempty sets I1 and I2, such that I1 = {i ∈ I;N(i) ∈ N1}
and I2 = {i ∈ I;N(i) ∈ N2}. If we define another set of agents, I3 = I − (I1 ∪ I2), then {I1, I2, I3}
is a partition of the set of agents I. For instance, agents I3 are dealers who trade assets in a

centralized exchange with one another and two sets of clients, I1 and I2, who trade a disjoint set

of assets. Let Ml be the number of agents in Il, l = 1, 2, 3, M1,M2 ≥ 2. We assume that all agents

in Il, l = 1, 2, 3, have the same risk aversion αl and trade assets in exchanges Nl, where N3 = N .

Equation (4) implies that price impact Λl is identical for all agents in Il. Thus,

B =

(
3∑
l=1

Ml

(
αlV̄Pl

+ Λ̄l
)−1

)
.

When I3 = ∅ (i.e., the network is disconnected), then

B =

(
M1 (α1VP1 + Λ1)−1 0

0 M2 (αlVP2 + Λ2)−1

)
,
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and, hence, Λl = (B11 − (αlVPl
+ Λl)

−1)−1 = (M1 − 1)−1(αlVPl
+ Λl). The price impact of i ∈ Il

does not depend on the price impacts, risk aversion, or number of traders in N \Nl, as expected.

Assume now I3 6= ∅, M3 ≥ 1, so that exchanges N1 and N2 are connected via I3. The market-

wide liquidity is

B =

(
M1Σ1 +M3Σ3,11 M3Σ3,12

M3ΣT
3,12 M2Σ2 +M3Σ3,22

)
,

where Σl ≡ (αlVl + Λl)
−1, l = 1, 2, 3 and

Λ3 ≡

(
Λ3,11 Λ3,12

ΛT3,12 Λ3,22

)
, Σ−1

3 =

(
Σ3,11 Σ3,12

ΣT
3,12 Σ3,22

)−1

=

(
α3V1 + Λ3,11 α3V12 + Λ3,12

α3VT12 + ΛT3,12 α3V2 + Λ3,22

)
.

Then, in particular, the price impact of agents in I1 is

Λ1 = ((M1 − 1)Σ1 +M3Σ3,11 − (M3Σ3,12)(M2Σ2 +M3Σ3,22)−1(M3Σ3,12)T )−1.

Assume that Λl is a positive definite matrix for all l = 1, 2, 3. We consider three comparative statics

for Λ1 and one for Λ3.

(1) Price impact in exchanges N1 depends positively on the price impact in the indirectly con-

nected exchanges N2: Consider a matrix Λ̃2 ≥ Λ2, such that (Λ̃2 − Λ2) is a positive semidefinite

matrix. By the properties of positive definite matrices, we have Σ̃−1
2 ≡ α2V2 + Λ̃2 ≥ Σ−1

2 and, thus,

Σ̃2 ≤ Σ2 and

Λ̃1 ≡ ((M1 − 1)Σ1 +M3Σ3,11 − (M3Σ3,12)(M2Σ̃2 +M3Σ3,22)−1(M3Σ3,12)T )−1 ≥ Λ1.

(2) The more risk averse the traders in exchanges N2, the greater the price impacts in exchanges

N1: For any α̂2 ≥ α2 > 0, Σ̂−1
2 ≡ α̂2V2 +Λ2 ≥ Σ−1

2 and Σ̂2 ≤ Σ2. By the same argument, Λ̂1 ≥ Λ1.

(3) The price impacts of traders in exchanges N1 increase when the number of traders decreases

in N1 or in the indirectly connected exchanges N2: Consider an increase in the number of traders

M3 in the linking classes on the price impact,

Λ1 ≡ (M1 − 1)Σ1 +M3(Σ3,11 − Σ3,12(
M2

M3
Σ2 + Σ3,22)−1ΣT

3,12).

When M3 increases, (Σ3,11 −Σ3,12(M2
M3

Σ2 + Σ3,22)−1ΣT
3,12) decreases. However, by Proposition 5.2,

if α3 < min{α1, α2}, the more connected agents of class I3 have larger price impact. This also

illustrates how the equilibrium effects of market segmentation (i.e., traders in exchanges N1 and N2

are disjoint) differ from those of the absence of lack of payoff correlation (between the assets traded

in N1 and N2).

(4) Cross-exchange effects: The dealers’ price impacts in exchanges N1 and N2 are not inde-

pendent,

Λ3 =

(
(M3 − 1)

(
Σ3,11 Σ3,12

ΣT
3,12 Σ3,22

)
+

(
M1Σ1 0

0 M2Σ2

))−1

,
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as long as the assets traded in N1 and N2 are not independent. Depending on the substitutability

or complementarity of assets N1 and N2, the dealer’s liquidity is higher or lower, relative to the

case of independent assets in N1 and N2 (ΛT3,12 ∼ α3VT12).

C. Relative Price Impact: Multiple Assets. We have

Λi =

((
(B−1)N(i)

)−1 − (αiVN(i) + Λi)
−1︸ ︷︷ ︸
)

Residual liquidity of i’s in exchanges N(i)

−1

. (32)

where

B ≡
∑
j

(αjV̄N(j) + Λ̄j)
−1 , (33)

We can restate it in the following form.

Lemma H.1 (Equilibrium Price Impact) In equilibrium, a trader’s (gross) liquidity in ex-

changes N(i),
(
(B−1)N(i)

)−1
, is the Schur complement of B−i,−i in B,

(
(B−1)N(i)

)−1
= S(B,N(i)) ≡

Bi,i −Bi,−iB−1
−i,−iB

T
i,−i.

Hence, the equilibrium price impacts of different market participants are linked through the

aggregate liquidity measure B. Namely, let

Φ(Λi, αiVN(i)) ≡ (Λ−1
i + (αiVN(i) + Λi)

−1)−1 (34)

be the harmonic mean of two matrices Λi and Λi + αiVN(i). By Equation (32), Φ(Λi, αiVN(i)) =

(B−1)N(i), for any trader i. In particular, the price impacts of two traders i and j who are connected

(i.e., N(i) ∩N(j) 6= ∅) are related as follows

(
Φ(Λi, αiVN(i))

)
N(i)∩N(j)

=
(
Φ(Λj , αjVN(j))

)
N(i)∩N(j)

= (B−1)N(i)∩N(j). (35)

Suppose that N(i) ⊃ N(j); for instance, trader i is better connected than j. A concavity

property of the harmonic mean (34) implies the following relationship among the price impacts in

the exchanges in which both traders i and j participate, (Λi)N(j) and Λj .

Proposition H.2 Suppose that trader i has greater market participation than trader j, N(i) ⊃
N(j). Then,

Φ
(
(Λi)N(j), αiVN(j)

)
≥ Φ

(
Λj , αjVN(j)

)
. (36)

Proof of Proposition H.2. By (32),

(Φ
(
Λi, αiVN(i)

)
)N(j) = Φ

(
Λj , αjVN(j)

)
.

By Theorem 5 in Anderson (1971),

(Φ
(
Λi, αiVN(i)

)
)N(j) ≤ Φ

(
(Λi)N(j), αiVN(j)

)
,
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and the claim follows.

Function Φ(Λ, αV) is monotone increasing in Λ and, therefore, for the case of scalar Λj , in-

equality (36) immediately yields Lemma 5.2.

Let us explain why, unless price impact matrices commute, Proposition 5.2 does not carry over to

multiple assets by using (36) to conclude that (Λi)N(j) ≥ Λj . Let A1 ≡ Φ
(
(Λi)N(j) , αiVN(j)

)
and

A2 ≡ Φ
(
Λj , αjVN(j)

)
. Then (using Lemma D.2),

(Λi)N(j) = αiV1/2
N(j)f(αiV1/2

N(j)A
−1
1 V

1/2
N(j))V

1/2
N(j), Λj = αjV1/2

N(j)f(αjV1/2
N(j)A

−1
2 V

1/2
N(j))V

1/2
N(j) ,

where f(a) = (1/2a)/(2− a+
√
a2 + 4), is monotone decreasing in a. Inequality A1 ≥ A2 (Propo-

sition H.2) implies X1 ≡ V1/2
N(j)A

−1
1 V

1/2
N(j) ≤ V

1/2
N(j)A

−1
2 V

1/2
N(j) ≡ X2. However, given two non-

commuting symmetric matrices X1 and X2 and a monotone decreasing function f(x), inequality

X1 ≤ X2 does not generally imply f(X1) ≥ f(X2). A function f that satisfies f(X1) ≥ f(X2) for

any X1 ≤ X2 is called matrix monotone. In particular, to conclude that (Λi)N(j) ≥ Λj , function f

in (28) must be matrix-monotone, which is not the case.60

One can still compare price impacts through an eigenvalue order instead of the (weaker) positive

semidefinite order, using that with positive semidefinite matrices, there is a min-max interpretation

of eigenvalues. For the eigenvalues of a symmetric m × m matrix A ordered to be decreasing,

eig(A) = {µ1(A) ≥ · · · ≥ µm(A)}, we write eig(A) ≥ eig(B) if µi(A) ≥ µi(B) for all i = 1, · · · ,m.61

Proposition H.3 (Relative Price Impact: Many Assets) Suppose that trader i has greater

market participation than trader j, N(i) ⊃ N(j). Then, if αi ≤ αj, equilibrium price impact of

trader i in exchanges N(j) is larger than that of trader j in the following sense:

eig
(
α−1
i V

−1/2
N(j) (Λi)N(j)V

−1/2
N(j)

)
≥ eig

(
α−1
j V

−1/2
N(j) ΛjV−1/2

N(j)

)
.

If the matrices V−1/2
N(j) (Λi)N(j)V

−1/2
N(j) and V−1/2

N(j) ΛjV−1/2
N(j) commute, then the stronger inequality (8)

holds.

Proof of Proposition H.3. Let W1 = α−1
i V

−1/2
N(j) (Λi)N(j)V

−1/2
N(j) and W2 = α−1

j V
−1/2
N(j) ΛjV−1/2

N(j) .

Then, Wk = f(αiV1/2
N(j)A

−1
k V

1/2
N(j)), k = 1, 2. By Lemma H.2, eigenvalues are increasing in the

positive semi-definite order and hence, by Proposition H.2

eig(αiV1/2
N(j)A

−1
1 V

1/2
N(j)) ≤ eig(αjV1/2

N(j)A
−1
2 V

1/2
N(j)) .

60 In fact, f is not matrix monotone on any interval. This noteworthy property does not have any scalar
analogues. This implies that, with sufficiently many assets, for any A ≥ 0 there exists B, B ≤ A, such that
B is sufficiently close to A and the monotonicity fails (by the Löwner’s Theorem). A function f(z) is matrix
monotone on some (even an arbitrarily small) interval if, and only if, it can be approximated by convex
combinations of simple hyperbolic functions α

z+β , α ∈ R+, β ∈ R. For the general theory of monotone

matrix functions, see Donoghue (1974).
61 The eigenvalue functional is not a linear functional (except in dimension one), but it is a minimax

expression of linear functionals. Eigenvalue order and the positive semidefinite order are equivalent for com-
muting matrices. We also use techniques from the theory of monotone matrix functions to prove Proposition
6.2 in the welfare section.
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Therefore,

eig(W1) = f(eig(αiV1/2
N(j)A

−1
1 V

1/2
N(j))) ≥ f(eig(αjV1/2

N(j)A
−1
2 V

1/2
N(j))) = eig(W2) .

If W1 and W2 commute, diagonalizing them in the same basis implies that eigenvalue order and

the positive semi-definite order are equivalent.

In particular, if agents are equally risk averse, αi = αj , liquidity in exchanges N(j) is lower for

the more connected agents i (e.g., dealers or intermediaries) than their less connected counterparties.

(In contrast, in a centralized market with assets from exchanges N(j) and agents i and j, the agents

would have the same price impact.) This can be understood through Lemma H.1: Since the price

impact of each agent in a given exchange is determined by the risk exposure of other agents in that

exchange, trader i’s ability to diversify risk in exchanges N(i) \N(j) lowers their risk exposure in

exchanges N(j) relative to trader j’s exposure and, thus, the price impact of trader j in exchanges

N(j).

The eigenvalues of matrix V−1/2
N(j) ΛjV−1/2

N(j) have a clear economic interpretation based on the

min-max representation of eigenvalues.

Lemma H.2 (Courant-Fisher Theorem) Let U ⊂ RN(j) be a subspace. For any symmetric

matrix A ∈ RN(j)×N(j), the eigenvalues of V−1/2
N(j) AV

−1/2
N(j) , µ1 ≤ ... ≤ µN(j) satisfy

µk = min
dimU=N(j)−k+1

{
max

{
yTAy | y ∈ U, yTVN(j)y ≤ 1

}}
(37)

= max
dimU=k

{
min

{
yTAy|y ∈ U, yTVN(j)y ≤ 1

}}
.

D. Conditional Riskiness. The following corollary of Proposition 5.3 demonstrates that, in a

decentralized market, depending on the market structure, an introduction of an asset (e.g., through

an increase in participation) may give rise to essentially arbitrary62 heterogeneity in conditional

riskiness, and consequently, in the cross-exchange price impact.

Corollary H.1 Consider a market with K assets with the covariance matrix Σ and I agents with

risk aversion {αi}i. Let Zi, i ∈ I be an arbitrary collection of positive semidefinite matrices

satisfying Zi ≤ Σ for all i and such that either
∑

i(Σ − Zi) > Σ, or Z1 ≤ Z2 ≤ · · · ≤ ZI . Then,

one can increase participation {N(i)}i that introduces additional assets available for trading such

that effective riskiness for trader i for the K assets is given by Zi.

62 Specifically, the diagonal elements (Vi\j)nn of the effective riskiness matrix Vi\j are lower than those
for V, whereas the off-diagonal elements (Vi\j)nm, n 6= m, (i.e., effective cross-exchange covariances) can

take any values satisfying |(Vi\j)nm| < (VnnVmm)1/2 (the Cauchy-Schwartz inequality).
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