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SOME PROPERTIES OF SYMMETRIC STABLE DISTRIBUTIONS

EuceNE F. Fama aNp RicHARD RoLr®
University of Chicego and Carnegie-Mellon Univerdily

This paper takes a few steps toward alleviating problems of data
analysis that arise from the fact that elementary expressions for
density and eumulative distribution funetions {(c.d.f.'s) for mast stahle
distributions are unknown. In section 2 results of Bergstrom {3] are
used to develop numerical approximations for the ¢.d.f.’s and the in-
verse functions of the ¢.d.f.’s of symmetric stable distributions. Tables
of the c.df.s and their inverse functions are presented for twelve
values of the characteristic exponent. In section 3 the usefulness of the
numerical c.d.f.'s and their inverse functions in estimating the parame-
ters of stable distributions and testing linear models involving stable
variables is diseussed. Finally, section 4 presenta a Monte Carlo study
of truncated means as estimates of location. In every case but the Gaus-
sian, some truncated mean is shown to have asmaller sampling dispersion
than the full mean.

1. STABLE DISTRIBUTIONS!

HE class of symmetric stable distributions may be defined by the log
Tcharacteristic funetion,

loge ¢:(t) = logg\:f e»‘f»dp(x)] =6t — y|t|e =48t — | et|e (1)
where { is a real number, and F is the c.d.f.

A symmetric stable distribution has three parameters,? @, § ,and y=c¢=. The
parameter a(0 < a <2) is called the characteristic exponent. The normal distribu-
tion is stable with =2 and iz the only stable distribution far which second
and higher absolute moments exist. When a< 2, absolute moments of order
less than « exist, while those of order equal to and greater than « do not.

The parameter § (§=any finite real number) is the location parameter of a
stable distribution, while ¢, {y=¢*), is the scale parameter. When «=2 (the
normal distribution), v is one-half the variance. For the Cauchy distribution
(a=1), y=c is the semi-interquartile range.

Stable distributions have two important properties:

1) By definition, stable distributions are invariant under addition. That is,
2 sum of independent stable variables with characteristic exponents o, will be
stable with the same exponent.

2) A distribution possesses a domain of attraction if and only if it is stable
{ef. [7], or [8]). Thus the stable non-Gaussian distributions generalize the

# We have henefited from the comments of the editor, an assodiate editor, and several referees of this Journal
as well as from the comments af our colleagues, . J. Gould, R. Graves, 8. L Press, and especizlly H. V. Raberts,
The research was supported in part by a grant from the Ford Foundation to the Graduate School of Busineas,
Univeraity of Chicaga and in part by 2 grant from the National Séience Foundation.

| The definition and original treatment of the class of atable distributions is due to Lévy [9]. Reterences [7],
(8], and [12] provide compact treatments of the available statistica) theoty, ineluding derivations of the properties
of stable distribumtions surmmarized bere,

1 The stable class also includes agymmetric distributions, A fourth parameter (for skewness) s zero in the
symmetrie case.
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Central Limit Theorem to the case where the seeond moments of the under-
lying variables do not exist.

This Generalized Central Limit Theorem accounts for the growing interest
in stable distributions as data models, especially in economics. It says that if
a sum of independent, identically distributed random variables has s limiting
distribution, the limiting distribution will be a member of the stable class
[7, p. 168, pp. 302-806]. Under these conditions, empirical variables which
are sums of randam wvariables may be expected to eonform to stable laws.
Some examples of such variables are common stock price changes, changes in
ather speculative prices, and interest rate changes. These have already been
shown to have properties that conform closely to those of stable distributions,
and in most eases to stable non-Gaussian distributions (c¢f. {6], [12], and [13]).

2. TABLER OF S¥YMMETRIC STABLE DIRTRIBUTIONS

Congider the standardized variable?

(2)

w =
c

If z is symmetric stable with parameters e, 8, and y=c, it follows from (I)

by application of standard properties of characteristic funetions that « is

stable with parameters « (unaffected by the transformation), =0, and

y=c=1. The log characteristic function for this “standardized” symmetric

stable variable is

log. gu(t) = — | ¢t= 3)

Elementary expressions for the density and cumulative distribution fune-
tions of symmsetric stable variables are unlnown, except for the normal
(a=2} and Cauchy (a=1) cases, but Bergstrom [3] presents series expansions
which c¢an be used to approximate densities correspondlng to (3}. When a>1,
his results yield the convergent series*

2k 41
*(5)

M¢ -— —1)* H—“—-“-—-——u*". 4
o) = = 3 (- @)
For e>1 Bergstrom also provides a finite series, which for 4> 0 is
1 & {(=1* Flak + 1) (Fomx)
o) = — — sin{ — ) 4+ R{u), 5
fulw) = = — 3 S i @,  ®

where the remainder
R(uw) = 0ly—et1], {6)

That is, for some positive constant MM,

i In the remainder of thin paper, “standardized” will always refer to the tranaformation of (2), In the normal
vgae whan -y i3 one half the variance; the atandardization (2} does not sorrespand to the usual narmal standardizsation
of unit variznee. Instead, (2) resultsin the “standardized " normal variable having o =2,

1 [t ia important g tote that Bergatrom's definition of a standardized atabla varizble is only equivalent to (2}
in the symmetric sase. For 4 discussion see Lukacs [10], pp. 102-105.
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|R(u)| < Mystnti—1, (N

For large © equation (5) is asymptotic in the sense that for every n the error
of approximation, R(x), has smaller order of magnitude than the last term
in the partial sum [3, p. 376].

Term by term integration of (4) ylelds a convergent series for the ¢.d.f. of
a standardized, symmetric stable variable with a> 1.

]_ U
Folu) = By + fo fal2)dz

2% — 1
1 1 F( & )
B m,; D Ty ®

Similarly, integration of (5) yields, for large u, the asymptotic series

P =1~ [ e

o kra
iy k)sm( ) fR(u)du, )

T k=1

where the remainder,

g al{nt1)
f R{u)du = o(a(n n 1)) (10}

Table 1 presents the e.d.f.’s of “standardized,” symmetrie stable distribu-
tions for twelve different values of & in the interval 1 <a<2. The numbers are
aceurate to three decimal places and accurate except for rounding error in the
fourth. Problems that arise in camputing (8) or (9} and deciding which is better
for given values of 4 and a are discussed briefly in the Appendix.

Table 1 provides a direct comparison of the shapes of symmetric stable dis-
tributions standardized aceording to (2). The distributions for <2 depart
from the corresponding normal distribution in the following ways. (a) For some
range of u close to §, a stable distribution with « <2 is more peaked (has higher
densities) than the normal. (b) For 1u| “large,” the stable distributions for
<2 have hlgher densities than the normal distribution, i.e., for |uq| large,
Prf |u | > |uq]) is larger the smaller the value of @. (¢) For some intermediate
range of |u|, stable distribution with e<2 have lower densities than the
normal distribution. These properties are illustrated in Figure 1 which presents
the density finections of the normal and Cauchy distributions, standardized
aceording ta (2).

The differences between symmetric stahle distributions with different values
of a are further illustrated in Table 2 and Figure 2. Table 2 shows, for many
levels of cumulative probability F, the fractiles u(e, F). For example, for the
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TABLE 1. CUMULATIVE DISTRIBUTION FUNCTIONS

.08
.10
.15
.20
.l 25
.30
‘35
W40
W45
‘50
.55
<40
65
.70
75
180
‘85
.90
<95

1.00

1.10

1.20

1.30

1440

1.50

1.60

1.76

1.80

1.96

2.00

2.20

2440

2460

2.80

3.00

.20

3440
J.60
3.80
4.00
4.40
.80
5.20
S.60
6400
7.00
8.00
10.00
15.00
20.00

.5159
+5317
5474
«5628
+5780
6072
6211
. 6346
(6476
16601
+6720
16835
<6944
«7048
47148
.7242
<7333
7418
+7500
+ 7651,
«7789
«7913
«8026
.B128
.8222
+8307
+8386

_«B458

8524
8642
<8743
8831
8976
‘9036
9089
<9138
+9181
9220
9289
9346
«9395
<9438
<9474
<9548
9604
<9683
9788
9841

«5153
+«5306
«2458
5608
27586
5902
6045
<6183
+.H63l8
6449
6576
6698
«B817
6930
. 7039
7244
7432
. 7519
« 7682
«7831
« 7965
8088
«8194
«8300
+8393
8477
« 8554
«8625
8750
«8856
8948
<9027
+.90%a
+9156
«9209
9257
«9299
«9338
9403

<9458

«+ 9504
«9543
+9576
<9643
«3692
+9760
9847
+98848

Foe (U}

L5150
45299
5447
+5594
5740
.5883
6162
6297
<6557
6681
6802
<6919
<7031
.7140
7244
7345
7441
7534
+7865
«8010
8142
.8261
<8370
L8470
<8560
8719
<8850
8961
+9055
«9136
«9205
+9265
.9318
.9365
<9406
L9442
<9504
+9597
.9633
+9663
9721
9764
+9820
9891
.8923

<5147
5294
+5439
<5584
+5728
5869
<6009
(6146
6281
6413
<6542
«6668
«6790
16909
.7025
,7136
244
L7348
«T448
+ 7545
7727
<7894
+8048
<8168
L8316
8433
<8539
<8635
8723
8802
<8941
+9057
.9155
<9236
<9306
.9365
9417
9462
49501
.953§
«9593
<9640
<9678
«9709
.9736
«9786
.9821
<9868
.9923
<9947

5145
.5290
5434
5577
5719
+5860
.5998
6135
<6270
<6402
<6532
6658
6782
<6902
.7020
(7134
J72044
£7351
7455
7555
7744
7919
8080
8228
<8364
«8487
8600
8702
<8795
8879
<9025
<9146
<9246
+9329
9399
<9457
<9507
. 9550
9587
<9619
<9672
9714
$9747
<9774
.9797
.9839
<9868
9905
<9947
<9965

1.5

aSL44
«5287
5430
«8572
«57L3
«3853
5931
« 6127
«6262
«6394%
+6651
4776
<6898
7017
« 7133
7249
« 7355
7461
7563
« 7759
«7O40
« 8108
«B263
«8406
«8536
+ 8655
«B87563
8861
«8950
9103
9228
«+9331
9415
3484
9542
« 25490
«9631
«3665
«9694
9742
.9778
+9807
« 9830
9848
.9882
«9390%
.9934
«956%
«9977
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FOR STANDARDIZED SYMMETRIC STABLE DISTRIBUTIONS

821

25143
<5285
5427
45568
5709
.5848
+5985
6122
«6389
<6519
L6647
4772
6895
+7015
-7133
27247
.7358
«Tu67
+7572
.7959
.8133
8294
28443
+8579
8703
«8817
«8920
<9013
<9174
<9304
+9409
19495
+ 9564
49620
<9666
.9704
«9736
«9762
.9804%
<9834
«9858
<9876
+ 989},
«9918
+9935
<9956
«9977
+9986

1.7

«5142
«528Y4
«5425

<5566

+5706
5844
«5982
6118
6252
«6385
«6516
«6770
«BA9Y
« 7015
« 7134
« 7250
7363
7472
7579
« 7784
7978
«8155
84785
«8617
8747
«8973
«9071
«9238
9374
+9482
« 9569
+9638
«+9736
«9771
+ 9800
+ 9823
«9859
«9883
«9502
«9916
«9927
«9944
9958
«9986
09992

«5142
«2283
5424
« 3564
5704
« 5842
«5979
«6115
«6250
6383
6514
«6B43
6770
« 6894
«7016
«7136
« 7253
« 7367
« 7THT79
« 7587
« 7795
« 7991
«8175
« 8346
« 8505
« 8651
8786
+8509
9021
«9123
.92598
« 2438
+9550
+9638
«9707
«39760
<9802
«3834
«9859
3879
+9908
9927
«993%9
<9549
+9356
» 9964
«9976
+9985
« 9993
«9936

1‘9

«5141
<5282
« 5423
«5583
«5702
«5841
«5978
6114
«62459
«6382
«6513
6643
«&T770
«6895
«7018
«7139
« 7257
«7372
« 7485
« 7535
« 7806
<8006
«8193
«8369
«8531
8682
8821
« 8949
« 9065
«9352
«9497
+9612
<9702
«9823
9862
«9892
«9914
«9930
+ 9951
«9964
«9977
«9980
« 9986
«2990
«9994
«9997
«9998

1.95

«5141
« 5282
«S5423
5563
« 5702
« 5840
«5978
6114
62048
«6382
«6513
« BEYF
«6770
6896
«7019
« 7140

« 7259

« 7375
« 7488
«7811
+8013
«8202
8379
« 8344
+ 8697
.8838
<8967
« 9085
«9377
«9525
«9642
9732
«9801
+ 9883
«9919
«993%
+ 9954
9972
«9981
+ 9986
«9989
« 9991
9994
«9995
« 8397
«9999
«9999

2.0

5141
«5282
«5422
«5562
«S5702
«3840
« 5977

6114

«6382
«6513
«6643
6771
«6897
«7021
« 7142
« 7261
« 7377
« 7491
« 7602
« 7817
«8019
+8210
«8389
« 8556
+8711
« 8853
» 8985
9104
9214
»3401
« 9552
« 3670
« 9761
« 3831
«9882
«9919
« 9945
« 99464
9977
«9991
49997
9999
1.0000
1.0000
i1.0000
1.0000
1.0000
1.0000
i.0000
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TABLE 2. FRACTILES OF STANDARDIZED SYMMETRIC
STABLE DISTRIBUTIONS

ol 1e0 lel 1e2 13 1a 145
F
«5240 o053 0B 2047 048 2059 «07d
«5400 124 «13] el3y 134 «138 «139
«5600 19| 197 202 «20% «208 210
+58040 «257 285 «271 2275 279 ¢281
60040 «325 334 «34] 2347 350 3523
«&200 1394 a4Gg s q14 si420 a2 427
4400 471 a4E1 «48% 495 499 «502
<5600 550 «54Q 547 «573 577 580
6800 b35 43 E§9 454 chBE 640
« 7000 727 732 Y] + 739 742 T4
+7200 «82¥ «g28 829 <830 «83g5 «830
7400 9219 532 928 924 924 921
« 7604 12045 IXTIRY] 14037 1+0230 LeG24 1a18
17800 14209 e 79 o158 1e143 14131 1e122
«8000 12374 1e327 19293 14268 1e249 1235
8200 1:57& l1egkg 1ed47 1+40% 1¢380 {4358
=8400 L+819 1709 1428 14671 14528 LT
«5600 2+¢125 l+964 10847 16742 1+700 14452
«8BOD 24524 242590 2122 1:99% 1.%05 {aB837
9000 3078 24729 24480 24297 24161 2061
+9200 deE95 ERELY Z2e984 2708 2+503 24381
5400 54242 He17% 34774 34331 3.002 2+7643
15800 be3l 4y Be1s5 4e370 34798 3.349 34053
«9600 7e91& 61319 54230 4e453 34882 EYLLEL]
«5700 16579 64189 645%4 S.474 4,459 44049
«%750 12706 %ee5 74445 44251 Se240 44485
«9800 154895 1148G2 Felby 7435¢ TR 5«099%
«9850 21208 154300 114589 74100 7341 6043
9900 3le820 224G7] 164140 12313 9.459 74737
9950 634657 “]a358 264630 20775 154595 i1«983
9595 b36e409 1344658 193:989 1204952 79+586 443237

99 fractile of the standardized normal distribution,’ (2, .99) = 3.29 whereas for
the standardized Cauchy, w(1, .99) = 31.82. Figure 2 presents the c.d.f’s as
normal probability plots.

3. THREE APPLICATIONS OF THE NUMERICAL C.D.F.’§
AND THEIR INVERSE FUNCTIONS

The numerical approximations of the ¢.d.f. and of the inverse function of
the c.d.f. have many potential uses in data analysis. Here we discuss three such
uses.

a. Bstimating the Scale Parameler, ¢

In Table 1 for u=1 we have F.(d+c). Over the range 1<a<2, F,(6-+¢)
increases monotonically, but only from .75 for a=1 to .76 for «=2. Since the
distributions are symmetrie, F.(5—c¢) will decrease monotonically from .25
for =1 to .24 for a=2. Thus the interval § + ¢ of a symmetric stable distribu-
tion is approximately the interquartile range, so that the standardization of

& Note again that the .99 fractile of the normal variable standardized ascording to (2) ia 3.29 rather than the
2.326 it would be with the ordinary unit varianee standardization,
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TABLE 2. (Continued}

116 l.c? 1-3 109 1195 2‘”
+070 670 07} 071 071 a7l
140 aj41 aib4i o142 142 (142
.21 212 +213 213 «214 214
!233 ﬂza"l + 285 + 2854 « 28B4 1284
355 3567 +1587 «358 #3548 358
2429 430 4432 1432 a432 432
004 504 504 «507 «507 1507
+58] «5B3 y583 w583 +583 +583
vaé] "542 642 shb2 eb&] 7Y}
!7"" 744 «7H3 « 743 742 |7‘|2
«g30 29 823 e826& 825 824
919 o317 +915 912 «711 +310
1a0l 1¢0140 1¢006 {003 1+004 +999
ie1l5 jel8 1eigd2 14097 i+095 l.c?2
1e223 1e2l3 te20% 1e197 1el%4 lej70
13491 10326 1edi 1304 je2%9 14295
ted471 fed450 1¢433 taylsd lett}3 ieda7
AL jvs87 Le544 IFERE! 14538 1e528
je785 pe744 14711 11684 1eb72 iegd2
1+985 14927 IRL:E] leB43 14827 1«813
24237 2+15Q 2+:084% 2.030 2+007 1.9688
2458 2e444 22344 212&] 24228 2199
2488 zeb38 24505 24404 24363 24327
3s127 2+687 2.+708 24874 24522 24477
34677 30234 2+980 24795 24722 24441
3901 3478 3«180 24933 24844 2372
44357 3799 3¢3%94 34304 2+994 2%08
EET) ye2B83 3728 34330 d417} ‘30070
4a2B5 Eas1bd 44291 34470 J.84) 3«l7Q
94332 74290 B+633 Ha375 JeF47 J4643
174947 2bebbb 184290 11333 74790 445653

(2) and (3) is equivalent to making the interquartile ranges approximately
equal for stable distributions with different o's.

Though the semi-interquartile range provides a rough-and-ready measure
of ¢, in large samples other interfractile ranges are less biased. When o> 1.8,
Table 3 shows that
- ula, 75) < .96¢.

Thus the asymptotic bias of the semi-interquartile range as an estimate of ¢
can be more than 4 per cent of the true value. Now consider the estimator

¢ = ——— |dle, .72) — 4(e, .28)], 11

.827(2)[ (e, .72) ( )] (11)
where 4 is the sample fractile. In Table 3 the fractiles u{a, .72) all fall within
the interval .824 <1< .830, so that for 1 <a<2 the asympiotie bias in estimat-
ing ¢ by means of the .72 and .28 sample fractiles is less than .4 per cent of the
true value.t

§ From Table 3 the minimurm value of [ute, (72) —ula, 28)]/2 is 824, obtained when o« =2.0. Since sumple
fractiles are asymptatically unbiased and donaistent estimates of population fractiles, for o =2.0 the “large sampla”
value of 2, computed according to (11}, is thus .824/.827 =.9963. Sinee ¢ =1, the asymptotic bias of # in this case is
less than .4 per cent. Similarly, the maximum asymptotia value § =.820/.827 = 1.0036 occurs when 1.3 Za 51,8, and
again the asymptotic bias is lesa than 4 per cent,
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Density

Cauch Normal
.30 B N

\ -

:
A 1N
% <

.007' b u

-4,0 -3,0 -2.0 -1.0 =-.0 1.0 2.0 3.0 4.0

Fia. 1. Cauchy and Gaussian Density functions, standardized
according to (2) and (3).

This discussion 1llustrates the usefulness of the numerical c.d.f. and the
inverse of the c.d.f. Until now, measures of ¢ were unavailable except for the
noermal and Cauchy cases. Of course, (11} may not ultimately be judged a
“good” or “best” estimator. But later studies that will deeide this interesting
question are made possible by the availability of the numerical c.d.f. and its
inverse function.

b. Linear Functions of Stable Variables

Table 1 is also useful for making probability statements about linear fune-
tions of syrmmetric stable variables. Let z;, j=1, 2, - - -, N, be independent,
identically distributed with Jog characteristic function given by (1}. Then

»
b= 3 o (12)
i=1
is symmetric stable with log characteristic funetion

¥ » '
log. ¢:(t) = i(& Za_,-)t — Z [aj-|°| £|‘*. (13)

i=1 J=1

For example, the sample mean # is a random function in the form of (12} with
a;=1/N for all j. Thus its distribution is symmetric stable with the same a,
with 8(2) =4, and with v=+/N=>"1,
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Cum, Prob. o = 2,0 1.95 . 1.9

550 [ _—

.997 é//;///l/’;//

.995 ]

.99 /A///A%/?
—

.98 P et
——

.95

.90

.50

F1c. 2. Normal probability plots of standardized

A

8

12

symmaetric stable distributiona.

16

TABLE 3. FRACTILES OF STANDARDIZED SYMMETRIC STABLE

E¥y VARIABLE FOR VALUES OF THE C.D.F. IN THE INTERVAL

825

- e

.

et el i ol R
COrHrMNWLWPRLe

JOLF L5,
ule, F)
o
1.4 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.4
F

70| 727 | 732 | .736 | (739 | (742 | 743 | (744 | 744 | (743 | .T43 | 742
.71 776 | 779 | 782 | (784 | 785 | (786 | 786 | .786 | 785 | .784 | .783
72 | .827 | .828 | 829 | 830 | .830 | .830 | .830 | .829 | .828 | .B26 | .824
.73 | .882 | 879 | .878 ) .877 | .87G | .875 | .B74 | 872 |. 871 | .865 | .867
.74 | 939 | .932 ; .928 ! 926 | .924 | .921 | .919 | .917 | .915 | .912 | .910
.75 |1.000 | .980 | 982 | 977 { 973 ] 969 | 966 | .963 | .960 | .957 | .954
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Wise [15] considers the class of estimators of the form (12} for the coeffi-
cients by in

i
= 2 bypt+e F=1,2+-,N C(14)
k=1
where the y; are non-gtochastic and the ¢; are independent, identically dis-
tributed with charaeteristic function given by (1), but with (¢} =0. All such
estimators (including least squares as a spegial cagse) have symmetric stahle
distributions and their scale parameters are simple functions of v{e) and the
weights @;. Thus when «(¢) is known, Wise’s results, along with Table 1, can
be used in standard ways to make inferences abaut the coefficients b, in (14).
When (¢} is unknown, of course, such probability statements will only he
approximate, with the error of approximation smaller the larger N.

¢. Rough Measures of Skewness and of o

Finally, in empirical work one would usually want to cheeck (at least in a
rough way) the assumption that the data are generated by a symmetric stable
distribution. The following procedure suggests itself. First, the data points are
standardized according to (2), using the sample mean, or, better, one of the
other measures to be discussed in the next section to estimate & and (11) to
estimate ¢. Both tails of the standardized data distribution can then be plotted
on Figure 2. The coincidence of the data plots with the theoretical curves of
Figure 2 will provide a cheeck on symmetry as well as a rough measure of o
(and thus of the degree of departure from normality in the data distribution).

4. SAMPLING PROPERTIES OF TRUNCATED MEANS AS ESTIMATES OF §

The stability or invariance under addition of stable variahles makes it easy
to derive the distributions of random functions of the form (12). But there are
many interesting functions that do not have this form and the absence of
elementary expressions for the density and c.d.f.’s of stable variables malkes it
difficult to derive analytically the properties of such functions. Given the
numerical c.d.f. and its inverse function, however, it is possible to study these
functions with Monte Carlo techniques.” Here we shall use the Monte Carlo
approach to examine the sampling properties of truneated means? as estimators
of the location parameter 6.

a. The Data

The data for the Monte Carlo study were generated as follows. First,
30,401 “cumulative probabilities” (i.e., random numbers from the uniform
distribution U0, 1)} were generated. For each randomly chasen cumulative
probability ¥/, the numerieal inverse function u(e, U)=F,~ ({7} was used to
obtain the seven standardized, symmetric stable random deviates corresponding
to e=1.0, 1.1, 1.3, 1.5, 1.7, 1.9, 2.0. The result is seven samples of 30,401

7 A limitation of the Monte Carlo approach is that it will usually not suggest good methods of estimation.
Rather it is limited to establishing sampling properties of estimates chosen by the experimenter.

? The g truncated sample mean s the average of the middle 100y per cent of the ardered observations in the
aample. That is, in computing the mean, 100{1 —g} /2 per cent of the ahservations in each tail of the data datribution
are discarded.
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observations, but the samples are not independent since the ¢'th obsetrvation
in each corresponds to the same cumulative probability. This is actually an
advantage since it facilitates comparisons of the sampling properties of a given
estimator for different values of a.®

To study the sampling properties of truncated means, the gseven samples
were subdivided, first into samples of size 15 and then into samples of sizes
21, 51, and 101. For each value of « there are 2026 subsamples of 15, 1447 sub-
samples of 21, 536 subsamples of 51, and 301 subsamples of 101 observations
each. Next, the sample mean, median and three truncated means, caorrespond-
ing approximately to the middle 25, 50, and 75 per cent of the ordered sample
abservations, were caleulated for each of the subsamples. For each combina-
tion of & and sample size n the frequency distribution of each estimator was
tabulated and various summary statistics for the distributions were computed.

The results are presented in Tables 4-7. Each line of Table 4 summarizes
the Monte Carlo distribution obtained when samples of size n=15 from a
stable distribution with characteristic exponent o were used to get N =2026
estimates of § by a particular estimation proecedure E. Columns (2) and (3)
show two measures of location: the mean (E) and the median (Mz) of the
Monte Carlo distribution of E. Columns (4)-(8} present five measures of
dispersion: the standard deviation s{(E), and the four interfractile ranges,
R.5, R.8, R.9 and R.98, which correspond respectively to one-half of the range
of the estimates covering the middle 50, 80, 90 and 98 per cent of the Monte
Carlo distribution of E. Thus, R.5 is one-half the difference between the esti-
mated values of F at the .75 and .25 fractiles of its empirical distribution. In
column (1} of Table 4 we see that for each of the seven values of &, five esti-
mators (E’s) are examined—the median, truncated means corresponding to
the averages of the middle 3, 7, and 11 observations in each sample of =15,
and the sample mean. Tables 5-7 present the same analysis of Monte Carlo
sampling distributions as Table 4, but for samples of size n=21 (Table 5),
n=>51 (Table 6), and n=101 (Table 7). The numbers of abservations used in
caomputing truneated means also change with the sample size, but for each n
the numbers chosen correspond approximately to the .25, .50, and .75 trun-
cated means.

b. Analysis of Results

Execept for the mean in the Cauchy case (e=1) all of the estimators in
Tables 4-7 are at least asymptotically unbiased. Thus it is not surprising that

» The Maonte Carlo results will depend on whether the 30,401 sumulative prababilities {a} were independently
generated and (b) conform well to I7(0, 1}. Both sonditions seem to be met by the data, The firat order serial corrala-
tion coefficient of the cumulative prohabilities ia —.00%, The population maan, variance, second mament and third
matnent far IF{0, 1} ave, respectively, .5, .0833, .3323 and .25; the smple values sre 5013, 0830, .2343, and 2506,
Finally, the interval (0, 1} has been divided into twenty equal subintervals of length .05, If #;, =1, 2, « «, 20,1a
the aetial number of observations in exch interval, 2nd if the data are in faet 2 random sample from I7(0, 1), then

20
2
D (ni—1520.08)
fml
X =
1520.05

has a chi-square distribution with 19 degrees af freedam, The observed value i 19.457—just alightly above the
median (18.3) of the chi-aquare distriblition.
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TABLE 4. SUMMARY STATISTICS FOR DISTRIBUTIONS
OF ESTIMATORS OF &: n=15, N=2026

(1} (2} (33 (k) (5} (6) (7 (8)
Sampling Dist - N
N B M, S(E) R5 | 2.8 | R.9 | R.98
Median L0098 4 LG16k R 276 .535 730 1.166
3 3 0096 0079 A3k ¥ 2ahs]  us10%| L7a3#{ 1.116%
0 T 008 L0007 A6g 270 550 b 1.239
3 11 L0108 0038 B45 35 728 959 1.797
Mean -.1399 { «.0225 | 21810 | 1.018 | 3.103 | 4.205 | 30,708
Median L0099 L0170 iy 25 5h5 735 1.1k
3 3 .00g7 L0083 32 evo SesE| o c7ize| 1.0
i T L0083 L0020 L1548 26l 538 726 1.153
LA L0100 0024 562 .38 654 868 1.523
Mean - .12143 -.0193 § 12.588 787 | 2.7 | h.oog | 18.101
Median 0100 .0178 51 294 559 N 1.110
:”.l 3 0099 L0087 g 27T 534 STk 1.043%
p T 0082 .0018 Jdas*l adss] 52| .698#]  1.o5h
¥ 1 L0089 L0022 468 288 571 32 |o1.196
Mean <1890 | -.0070 | 5.001 | .s19 { 1.20n ] 2.010 | €.813
Median 0102 L0183 g2 .30 566 76 | r.oooe
o 3 0099 | .00 Lag 281 | 538 Fo.7ak | .02k
';‘ 7 0081 001 A13¥] Labex|  s16xF LE72%|  1.000%
s 11 0084 | ~.0007 Jyep 269 .529 688 | 1.028
Mesn -.0625 L0023 1..886 3590 815 ) 1.e1h 3.309
Median L0102 0185 Lsa 305 569 T4 1,080
~ 3 0100 | 0093 do7 | 28 | sbo | 720 | 2.035
'I'I‘ T .0080 | .0029 Bos | o259 | 512 | .66 976
3 11 L0080 0ol 397+ Leshxy 505%) A5 953%
Mean -.0058 | -.0032 740 313 607 861 1.692
Median L0102 .0185 450 306 569 g 1.070
o 3 .0099 0093 425 .28k 541 ST06 1.005
1 0080 | o028 Moo | .e58 | Lsor | o657 957
3 11 L0078 L0005 382+ L2UB%)  (HB7x| LE33% 17
Mean 007 | -.0056 Ll ,063 g7 £537]  1.023
Median L0102 L0185 Lk .306 .569 ST 1,065
o 3 L0099 .0003 ol .285 .5L0 .T03 1.000
ST 0080 | .0028 398 | 257 ) o505 ] .65k 951
a 1L L0077 L0008 77 245 483 Ha2 905
Mean, 00L8 t o-.0026 L26hx) L2hes] JLe1x | L586% 806
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TABLE 5. SUMMARY STATISTICS FOR DISTRIBUTIONS
OF ESTIMATORS OF &: n=21, N=1447
(1) | {2} (3) {8y (5) (6} (N (8)
Sampling Dlst - ~ . s
N E My, s(E) R.5 R.8 R.9 R.98
Median L0080 0102 360 235 R SRa% 505
a 5 L007Y -.00ez Nclred RS K M35 584" Ba5%
r"' 11 L0101 0015 391 20 KiBs 632 1.006°
o i7 0131 - 007k Ha7 385 ST 963 1.597
Mean -, 1400 L0065 | 18,287 | 1.051 2.976 6.3 31.522
Hedian Relalix) L0105 368 2ho st 592 .001
:.: 5 00Tk - 0021 J357%] W235% Mo 586+ B8y
u 11 0097 0012 .375 237 hég 605 953
(] 17 L0113 ~.0058 .516 298 509 832 1.313
Mean ~. 3243 .00l ] 10.582 780 2.061 3.971 17.397
Median L0086 L0110 374 252 468 ok 897
o 5 L0077 -.0022 359 .2ho 50 587 574
': 11 L0091 Walarid o5 | 230 453 .58k 867
H 17 0052 -.00L6 413 260 507 Narly 1.01k
Mean -.18q1 -.0007 L.210 501 1.183 1.878 6.914
Median LO08T Ja113 377 | Lesy 75 LA11 ok
S 5 o079 | 002y 359 | .2hh b5y 548 BlL5
t 11 L0088 LQ0AG 1% L Te A 570% B2l
8 17 Q08 Q020 £363 237 R 599 861
Mean -.0625 -.0053 1.584 .359 765 1.099 3.087
Median 0088 L0114 .378 260 78 613 A1
- 5 0080 | ~.0005 359 [ .24 Jis7 589 839
N 1 L0087 L0016 .338 | L2209 436 560 708
8 7 .0o7h | -.0005 J335¢ | .eals L8 553 T
Mean -.,0058 ~.0051 518 278 Al S752C 1420
Median L0089 0115 378 261 Mg B2k .887
» 5 L0081 - 0026 .358 2k Mar 587 833
Toon 0085 | L0028 | .33k | .28 | k32 553 780
o] 17 L0071 «.0025 geox | 216 BT 523% «735%
Mean LOQk6 -.00ak .356 203 431 571 835
Median 008g L0015 .378 262 480 61 .‘8_85
g 5 0081 -.0026 .358 245 L57 .585 830
‘: 11 L0085 L0022, .332 207 L30 551 S5
<] 17 L0070 ~.0a11 .31k 21 Jiok 515 TR0
Mean L0048 -.00h2 307t | L207¢ 350 503¥ 708+
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TABLE 6. SUMMARY STATISTICS FOR DISTRIBUTIONS
OF ESTIMATORS OF &: n=151, N =596

{1} - (=), {3} (4 () {6} (7} (8}
E R ¢l E i ${8) .5 R.8 R.9 R.98
Median L0111 L0159 223 k1 279 .380 J53g%
3 13 L0120 L0119 218« L137% 256% 346 570
f 25 +0109 L0138 232 PULT IRl Y 367 601
o 37 L0103 JOLkT 283 .186 Wb sk 721
Mesn -.1398 -.0f22 11.838 1.017 3.291 6,65 | 38,563
Medien L0k LO16L 230 .1k4 287 391 slgs
,1 13 L0118 01a2p JSR2 1kox LT0% L3652+ 571
': 25 L0106 L0138 228 A3 270% .159 590
o 37 L0038 .008L 26T 176 323 Ll2o 665
Mean -.32k1 -.0h&T 6.843 JT09 2.055 3.768 { 2L.766
Median L0117 0172 237 153 298 ol H62%
2 13 011k 0132 226 1k5 2T .359 573
[ 25 .0103 L0118 Loy L% 2674 L3563 ST
8 37 .0089 L0119 238 160 .293 .38y 587
Mean ~.1892 0105 2.721 .03 .976 1.617 | 10.190
Median .0120 L0177 2k 156 .30L A1 569
') 13 L0115 L0135 228 L1438 280 361 Sk
s L0101 L0116 2B1¥ Rise) 26Ly .350%|  .968
fa) 37 0085 L0145 .223 151 27l 363 5T
Mean -.0625 L0104 1.030 256 585 518 3.590
Median 0120 0178 243 .158 L3097 L1k 572
- 13 L0115 Nakt 229 .1kg 282 362 .57k
T: 25 L0100 0110 219 IS Rl L3hoe 563
] 37 L0083 L0155 A1k N 267 L3hgr SR
Mean, ~. 0057 L0136 Lo6 180 .383 L526 1.128
Median L0121 0179 2hk 159 .309 k18 573
@ 13 L0115 0136 829 kg 282 J362 573
T 25 +0093 Naki 217 AL 260 348 .559
B 37 L0081 L0153 200 % L1k1% 250% 337+ 511
Mean L0048 Rk o Bk x| L1 281 375 Tid
Median L0121 L0179 2l .159 309 s 573
Q 13 -0115 .0137 229 W48 282 362 573
(:,J 25 L0059 L0115 216 Butite] 259 OhT 55T
=} 37 0080 L0150 207 139 .258 332 50k
Mean 00kg 0087 L200% L1304 253 .325% JLgks
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TABLE 7. SUMMARY STATISTICS FOR DISTRIBUTIONS

OF ESTIMATORS OF §: n=101, N =301

831

{2) (3) () (3} {5) [B) (8)
S 'gampling Disl .. e . . .
b £ & ) M, 818 R.5 R.8 R.9 R.94
Median L0085 L0108 kg LO98’ 199 250 .330
3 25 L0079 .0138 b L092% 177 238 .325%
t 51 0100 L0039 kg L1037 L1797 255 23h3e
o 75 0096 0106 184 L1116 240 315 A6
Mean ~.1397 - 0020 8.359 874 3089 5.777 25.721
Median 0088 JOLIL .155 Loz 204 254 .3ho
A a5 L0081 0138 - 1b6x RoTES .81 2k 331
’; 51 009G .0052 LT .103 JAT7E 2h3x .35
a 75 .0ng2 .008L 171 109 el 288" .383
Mean -.32k3 .0103 4.813 L57L 1.707 3.221 15.7L8
Medisn 0092 0117 162 .106 214 268 352
o0 ' 25 L0084 L0132 150 L0964 87 251 W338
': 51 L0094 006G b 102 176t 2L 381
b 75 0085 0088 154 103 19g 258° 3h2
Mean -, 1897 -, 0000 1.902 P 766 1.330 £.338
Median . Q09 0120 .165 109 219 A4 .359
1 25 .0086 0129 .152 LOgT 190 293 .33
'] 51 L0095 L0078 e 101 JATE% 236% 317
2l 5 L0081 L0075 WS 099 185" 2437 .321.
Mean -,0628 -, 0061 713 185 RS 656 2,256
Median 0096 .a121 167 110 221 2T .362
s 25 0087 .0126 .153 097 .191 255 I
': 51 L00g4 L0077 .1hk3 L1600 AT5* 234 315
s} 5 L0079 L0040 S Ok .178° 38 308
Mean - .0058 Q160 275 \133° 271 375 765"
Median 0096 0121 16T 110 223 278 364
~ 25 L0087 0125 153 Q97 Jdg2 255 348
- 51 0093 L0076 Lbe 100 ATh 231 314
;; 75 0077 0059 a3 L0 AT73F o5 «300%
Mean 004§ L0112 .15k Lagh 185 242" 361"
Median L0096 .12l 168 W11 023 278 L3684
o 25 Q087 0125 .153 097 .192 255 35
f 51 0093 L0073 kg 099 L7 230 .313
3 75 .Qa77 L0046 135 Q90 171 222 296%
Mean L0050 .0086 13 082 JET# 211% 297
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the Joeation parameters B and Mg of the Monte Carlo distributions of the
estimators examined are trivially different from the true value §=0.19

-We turn now to the question: Among the estimators of the location param-
eter 4§ examined in Tables 4-7, whieh is “best” for given values of & and n?
By “best,” we mean that the Monte Carlo distribution of the estimator has
minimum dispersion as measured by the four inferfractile range, B.5, R.8, R.9,
and .98, reported in columns (5)—(8) of Tables 4-7. To facilitate identification
of the “best” estimators in the tables, for each & and n the lowest value of
each interfractile range is starred.

For the Cauchy distribution («=1), the “best” estimator of those considered
is the .25 truncated mean.!! For n=15 and n=101, the .25 truneated roean is
uniformly less disperse (i.e., has smaller R.5, R.8, R.9, and R.98} than any of
the other estimators. For n=21 and n=>51, three of the four interfractile
ranges in the Monte Carlo distributions of the .25 truncated mean are less than
the corresponding ranges for any of the other estimators. For higher values of
the characteristic exponent «, however, it is better to average an increasingly
larger proportion of the central abservations in estimating §, When a=1.1,
the .25 truncated means are still dominant for all »n. For «a=1.3 and a=1.5
the .50 truncated means are generally better than the other estimators, but
when o=1.7 the .75 truncated means are generally best, and when a«=1.9
the distributions of the .75 truncated means are uniformly less disperse than
those of the other estimators. Finally, when the generating process is Gaussian
{a=2), the mean is the “best” estimator. Of eourse, it is also minimum-vari-
anee, unbiased in this case.

But in applications, « is likely to be unknown. Fortunately, the .5 truncated
mean performs very well over the entire range 1 €a<2. If it were used exclu-
sively to estimate §, the inereases in sampling dispersion relative to a “hest”
truncated mean would oceur at the extremes, i.e., when the true value of a is
either 1.0 or 2.0. Even for these values of &, the interfractile ranges of the dis-
tributions of the .50 truncated mean are on average less than 10 per cent larger
than the corresponding ranges of the “best” estimators (the mean when o =2
and the .25 fruncated mean when «=1). For intermediate values of o, increases
in sampling dispersion (if any) from using the .50 truncated mean are trivial,
usually less than 2-3 per cent.

9 Any ohaerved consistency in the deviations of B and Afp fram 0 can he traced to the underlying sample of
cumulative probabilities whish departs slightly from T{0, 1) in ways that any randem sample feven ane of 30,401)
can he expected to depart from the population distribution from which. it is drawn, For example, exeept for the
mean, £ and ifz are generally positive for all the estimatera. In the sample of 30,401 from 1700, 1), 15,344 obser-
wvations are greater than .5, while 15,057 are less. Moreover, the intervals in the range .5-.65 agcount for much of the
Yexceas” of shaervations to the right of .5, and thess intervals have heavy representation in computing medians and
truncated means.

On the other hand, there are 1530 cumulative probabilities in the interval 6-.05, an excess of 18,95 aver the
expected number 1520005, while the interval .95-1 contains 1535 observations, just 4.95 mare than expected. Far
low walues of » this very alight asyrametry in the extreme tails of the randem sample fram L¢Q, 1) ia sufficient to
swing the losation pararmeters of the distributions of the mean to the left of 0. That this phenomenon ia due to
a very few observations in the extrame left tail of the sample from U{0, 1] is also indieated by the fact that for low
values of & the medians ¢ £ &) of the Monte Carla distributiona of the mean are mueh elaser to 0 than the meana (£.)

U This agrees with the analytic results of Rothenberg, ef al. [14] for the asymptotic ease. The reaults in [14]
for truncated means in Cauchy satnplea have recently been extended in [2] and [4], whieh eonsider more genersl
estimatora based on the arder statistics. Since our purpose is simply to illustrate the usefulness of the Mante Carlo
approach in studying sampling propertiea of estimatars involving stable variahles, we feel justified in limiting atten-
tion to the clags of truncated means.
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Finally, of the estimators considered in Tables 4~7, the sampling distribution
of the mean is most sensitive to the value of . Also, when «<1.7 the sample
mean is dominated in rather striking fashion by each of the other estimators
considered. This is not the case, however, when « is close to two.

c. The “Asymptotic” Normality of the Estimators

Finally, medians and truncated means of samples from symmetric stable
distributions are asymplotically normal. But, it is not known how fast nor-
mality is approached nor how large a sample size is necessary for the limiting
property to hold, ai least as an approximation. This section presents some
answers to these problems.?

For each combination of « and n the Monte Carlo frequency distributions of
the median and each of the truncated means have been tabulated. The Monte
Carlo distributions were subdivided into 22 intervals. The middle 20 intervals
are each of length .25 s(E) and cover the range E+2.5 s(E), where E and
s(E) are the sample mean and standard deviation of the estimator for the par-

TABLE 8. CUMULATIVE CHI-SQUARE DISTRIBUTION
FOR 19 DEGREES OF FREEDOM

Fix?) ‘ 950 | .s00 | .7s0 | .e00 | .9s0 ‘ 975 | .900 | .99s

X ‘ 146 | 183 | 227 | 227 | s0.1 ‘ 32.9 | 36.2 | 38.6

ticular combination of « and n being considered. The two remaining intervals
cover, of course, the ranges E<E—2.5 s(E) and E>E+2.5 s(E). For each
frequency distribution the chi-square statistic
yro 3 ez
i=1 €

was computed. A;is the actual number of values of the estimafor in interval ¢
of its frequency distribution and e, is the expected number if the distribution
were Gaussian. Since two parameters [E and s(E)] estimated from the data
were used in computing ¢;, there are 22—2-—1=19 degrees of freedom. The
cumulative ¢hi-square distribution for 19 degrees of freedom is shown in Table
8. The values of the chi-square statistic for the Monte Carlo distributions
of estimators of & are shown in Table 9.

The results in Table 9 indicate that distributions of medians and truneated
means are close to normal even in small samples. The .95 fractile of the chi-
square distribution with 19 degrees of freedom is 30.1. For 2>>15 the sample
chi-square statistics for the medians and .25 truncated means are all less than
30.1, and even for 1= 15 high chi-square values occur only for the lowest values
of . In general, for n>> 15 the remaining sample values of the chi-square statis-
tie for the medians and .25 truncated means are close probabilistically to 18.3,
the median of the chi-square distribution with 19 degrees of freedom. Similar

12 These experiments can tell us nothing new abaut the aample mean. Its distribution ia known exactly. See aee-
tion 3-b.
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TABLE ¢. SAMPLE VALUES OF CHI-SQUARE STATISTICS TESTS OF
NORMALITY OF TRUNCATED MEANS WHEN UNDERLYING
VARIABLES ARE SYMMETRIC STABLE

Medlang

[+
n 1.0 1.1 1.3 1.5 1.7 1.9 2,0

15 {2026 54,31 39.96 19.17 12.13 15.30 17.32 18.31
a1 {alhy a4.88 £3.15 17.45 16.69 16.18 19.16 17.h2
51 (596) 22,19 21.53 | 2b.8 | 24.59. ] 24.30 25,9k 25,94
201 {301 1g.41 19.48 17.84 17.02 17 .02 17.02 17.08

25 Trunestsd Meods
n. (% 1 10 1.1 1.3 1.5 1.9 1.9 2.0

15 2026; 63.65 Yr.23 | 31.60 | 22.78 | 21.53 | 20.63 19.06
21 (kb7 26.95 1905 | 16.52 r1.92 | 19.459 15.01 17.52
51 (596 25.58 28.05 | 25.5 25,36 | 26.69 25,60 25.60
101 {301 15.66 19.62 | 19.83 | 16.8% | 16.61 | 16.61 17.13

S0 Truncated Means

n 21 1.0 1.1 1.3 1.5 1.7 1.9 2.0
15 2026} 87.64 72,03 1 Lo.r8 | 28.1a | 2172 | 23.33 21.90
21 (17) | 56.36 L1.6 25.9 1821 17.99 | 16.93 17.57

5L 5596 21,15 23,791 2478 | 29.18 | 2h.77 | 27.59 29,21,
101 (301 2k .34 2g9.49 | 21.60 19.83 18.67 16.20 18,74

.75 Trunceted Means

n @r~—a | 1.0 1.1 1.3 1.5 1.7 1.9 2.0

15 2026; 16o.5% | 117.34% | WB.00 | 23.28 ;7 21.01 ) 19.75 20,50
21 (A4kT) jloo.72 60.73 | 2T 43 | 12.65 { 12.03 9.6 7430
51 596} 15.50 16.17 | .ok | 15.48 1 20.02 1643 17 .94
o1 {301) | 23.7% 18.03 1 2. 9.k0 6.96 5.80 5.95

statements hold for the .50 and .75 truncated means, but here a combination of
small « and n results in a greater departure from normality.”®

APPENDIX

This appendix briefly discusses the numerical fechniques used fo approxi-
mate the e¢.d.f.’s and the inverse funetions of the ¢.d.f.’s of symmetrie stable
distributions, standardized according to (2). The actual FORTRAN IT com-
puter subroutines are available on request.

12 We thank the editor for pointing aut that our caleulation of the x? atatistic results in underestimating the
prohability of & Type I error. This ia 0 because the mean and varianee were estimated fram the original sample
rather than from grouped data. The size of this error ia evidently very small with cur sample #izes and numbers of
classes [5 ] Additionally, eince the defect increases the probahbility that the hypothesia of normality will be rejected,
it strengthens our canclusion that moat of the sample mediana and truncated means are normally distributed,



STABLE DISTRIBUTION PROPERTIES 835

Bergstrom [3] indicates that the finite series (9) is appropriate for large
absolute values of the standardized stable variate «, while the convergent for-
mula (8) is appropriate for u close to zero. The only numerical analysis prob-
lems we had to consider were (a) increasing the accuracy of the formulas in the
intermediate ranges of 4, and (b) determining which formula to use for different
combinations of « and wu.

Problems in obtaining accurate approximations of the e.d.f’s arose pri-
marily because for large arguments the value of the gamma funetion T'( ),
which appears in both (8) and (9), exceeds the maximum allowed by the IBM
7084. We circumvented this difficulty in the following way. Note that the &'th
term in the infinite sum of (8) can he written as

1
[Tl T (—)]
44

(2k — 1)
r
T T ( u? ) o

¢ ek - nek - 2) . (2& — 3) ’
The ratio of gamma functions may be caleulated from the asymptotic expan-
gion!4

I‘(z-{—a)m1 {a —bila+b—1)

b—a
T(z+b) 2z
+ l(a#b)[s( Fh—1—(@tb— D]+
12\ 2 ¢ ¢ W
This allowed us to use (8} to estimate the e.d.f.’s to a very high level of ac-
Curacy.

The problem of deciding exactly when to use (8), which is good when |u| is
“small,” and (9}, which is good when |u[ is “large,” was solved by examining
estimated cumulative probabilities produced by the two series for a wide
range of values of « and u. Except for « close to 1, the estimates agreed to at
least five decimal places over a wide range of values of 4. For a close to 1, the
agreement extended only over a narrow range of u, along theline [u|= —4+50.
Binee this was also within the range of averlap for higher values of «, the eutoff
criterion chosen is to use (9) if |u | > —4 45 and (8) elsewhere.

Finally, the iterative procedure used to determine ule, F) is as follows.

1. Make a first approximation Z to u{e, F) by taking a weighted average of

the F fractiles of the Cauchy and Gaussian distributions.

2. If |Z|> —4+5a refine it by using the polynomial inverse of the first four

terms of the finite series (9).
3. Tterate as follows:
(a} Compute F—F,(Z).
(b) Change Z according to
F — P(%)

d

AZ =

u Formula 6,147 in Abramowitz and Stesun [1, p. 257]. The second set of parentheses insida the bracketa are
missing in the formula Abramowitz and Stegun raport.
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where d is a weighted average of the Cauchy and Gaussian densities
evaluated at the point Z.

{¢} Return to (a) and repeat the process until P—F,(Z)<.0001. The
procedure rarely requires more than three iterations,
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