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Abstract

Recent evidence suggests that the young update beliefs about macro outcomes more

in response to aggregate shocks than the old. We embed this experiential learning bias in

a general equilibrium macro-�nance model where agents have recursive preferences and

are unsure about the speci�cation of the exogenous aggregate stochastic process. The

departure from rational expectations is small in a statistical sense, but generates quanti-

tatively signi�cant increases in risk, as well as substantial and persistent aggregate over-

and under-valuation. Consistent with the model, the price-dividend ratio is empirically

more sensitive to macro shocks when the proportion of young vs. old is high.
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1 Introduction

The macro-�nance literature typically assumes agents have Rational Expectations and use the

entire history of events and Bayes rule to form statistically optimal beliefs. The psychology

literature, however, argues that personal experience is more salient and therefore exert a

greater in�uence on agents�decision making than summary information available in historical

records.1 Consistent with the latter view, recent empirical evidence suggests that individual

macroeconomic belief formation is in fact subject to age-related experiential learning bias.

For instance, Nagel and Malmendier (2013) present direct evidence from survey data that

the sensitivity of agents�in�ation beliefs to a shock to in�ation is decreasing with the age of

the agent. In other words, when learning about the economic environment, the young update

more in response to shocks than the old, consistent with the notion that the young have more

dispersed prior beliefs due to their shorter personal history.2

While intriguing in itself, it is not a priori clear that such cross-sectional evidence on

belief biases has �rst-order relevance for models of aggregate asset prices and macroeconomic

dynamics. Consistent with the view that individual biases wash out in the aggregate, Ang,

Bekaert, and Wei (2007) document, also using survey data on in�ation expectations, that the

median in�ation forecast outperforms pretty much any other forecast they construct from

available macro and asset price data. Thus, the median belief across agents appears to be

quite �rational.� Further, if agents disagree about states that are particularly important for

asset prices and marginal utilities, such as a Depression state, there are large gains to trade

and an optimistic agent may be willing to provide ample insurance to a �rational� agent.

Indeed, Chen, Joslin, and Tran (2012) show that only a small fraction of optimistic agents

are needed in order to eliminate most of the risk premium associated with disaster risk. Thus,

allowing for belief heterogeneity can a¤ect the asset pricing performance of standard models,

but often in a way that reduces risk and thus makes it harder to �t the stylized facts.

In this paper, we �nd that generational biases of the form discussed above can have a

signi�cant impact on the joint dynamics of macro aggregates, asset prices, and risk premia

that helps account for stylized asset pricing moments. We do so by embedding agents with

recursive utility that have an experiential learning bias and overlapping generations into

otherwise standard macro-�nance models. We consider models with and without severe crisis

events, in order to assess the e¤ects of the bias on aggregate asset prices in a variety of

settings.

1e.g., Nisbett and Ross (1980), Weber, Boeckenholt, Hilton and Wallace (1993), Hertwig, Barron, Weber,
and Erev (2004).

2 In other work, Nagel and Malmendier (2011) argue that investors who experienced the Great Depression
are more pessimistic about stock returns than (younger) investors who did not. Generational learning bias
also present for investor return expectations over the dot-com boom (Vissing-Jorgenssen, 2003), for mutual
fund managers (Greenwood and Nagel, 2009), in Europe (Amphudia and Ehrmann, 2014).
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We calibrate the magnitude of the belief bias to the micro estimates of age e¤ects in

macroeconomic expectation formation in Nagel and Malmendier (2013), and assume agents

are Bayesian when they update beliefs based on data realized in their lifetime. Together, these

restrictions ensure that the average agent�s beliefs about macro outcomes such as consumption

or GDP growth are very close (in a likelihood ratio sense) to being �Rational.�The experiential

learning bias in the model arises as the Young, when born, are endowed with prior beliefs that

are more dispersed than the dying Old�s posterior beliefs. One can think of this either as an

inability to e¢ ciently process information from before one�s lifetime or as some information

about the economic environment that cannot be communicated from previous generations to

the new Young. Thus, the Young su¤er from a �This Time is Di¤erent�-bias in that they treat

their birth e¤ectively as a structural break in terms of forming expectations about the future.

That is, relative to what the full historical record indicates, the Young will see a sequence of

positive shocks as evidence of a higher average growth rate, they will see the occurrence of a

severe crisis as a signal that such crisis are more likely to occur again in the future, and so

on.

Speci�cally, agents have Epstein-Zin preferences and are uncertain about the speci�cation

of the exogenous aggregate stochastic process. There are two generations alive at each point in

time, young and old. Each generation lives for 40 years, so there is a 20 year overlap between

generations. When born, agents inherit the mean beliefs about the model speci�cation from

their parent generation (who die and are the previously Old), but with a prior variance of

beliefs that is higher than the posterior variance of their parent generation�s beliefs. We

consider the particular cases where agents are unsure about the mean growth rate of the

economy or the probability of a severe crisis state. A fully rational, Bayesian agent would

eventually learn the true model, but due to the �this time is di¤erent�OLG feature of the

model, parameter learning persists inde�nitely in this economy.

First, even though agents beliefs�are close to rational, the generational nature of the bias

implies that mistakes are highly persistent. For that reason, the aggregate market typically

displays over- and undervaluation of the order of �20% relative to the rational expectations

versions of the models we consider, with the 99% interval of misvaluation from about �50%
to +100% of fundamental value. Aggregate beliefs �uctuate around the true values, which

leads to long-run excess return predictability.

Second, this excess volatility helps resolve standard asset pricing puzzles when agents have

Epstein-Zin preferences. Indeed, as pointed out in Collin-Dufresne, Johannes and Lochstoer

(CJL 2015) revisions in beliefs due to learning generate subjective long-run risks that can

dramatically amplify macroeconomic shocks and lead to high ex-ante prices of risk even

though agents have low risk aversion and consumption growth is actually i.i.d.. As in Bansal

and Yaron (2004) these long run risks are priced only if agents have a preference for the early
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resolution of uncertainty.

A central prediction of the model is that the aggregate valuations are more sensitive to

macroeconomic shocks when the young control more of the total wealth (including human

capital) in the economy. Consistent with this, we document in the data that the annual

change in the price-dividend ratio is more sensitive to annual contemporaneous GDP growth

when the fraction of young vs. old in the economy is high. Further, 10-year changes in

the price-dividend ratio are signi�cantly negatively correlated with 10-year changes in the

fraction of young vs. old, again consistent with the model where the young perceive more

risk as they are more unsure about the speci�cation of the data generating process.

Even though agents in the model are learning only from fundamentals (macroeconomic

shocks), past stock market returns can positively impact investors�assessment of future re-

turns in the model. It is well-documented that investors tend to extrapolate from recent past

stock returns when forming expectations of future stock returns (see Greenwood and Shleifer

(2014) for a survey)� a feature of the data that is hard to match in a model where agents

use only fundamental information when forming beliefs (see Barberis, Greenwood, Jin, and

Shleifer (2014)).

Further, we show, in the case of learning about the probability of a Depression, that belief

uncertainty combined with recursive preferences decreases the impact of optimists on asset

prices. In particular, we �nd that while the risk premium is decreasing in the fraction of

optimists, the e¤ect is much smaller than in the case where agents are certain about their

beliefs, as is the case in Chen, Joslin, and Tran (2012). In particular, optimists are less willing

to provide disaster state hedges as a disaster realization leads to an adverse update in beliefs

about the disaster probability. This parameter uncertainty risk makes agents less willing to

speculate based on their current average beliefs.

In terms of the dynamics that arise from having heterogeneous agents, the optimal risk-

sharing in the Epstein-Zin model tends to exacerbate the impact of biased beliefs on asset

prices as the more optimistic (pessimistic) agents hold more (less) stock. A positive (negative)

shock is therefore ampli�ed in terms of the wealth-weighted average belief in this model. This

endogenous ampli�cation of shocks is much stronger when agents have Epstein-Zin preferences

as there is a larger di¤erence in the impact of model risk on utility across the generations

when agents are averse to model uncertainty (when they have a preference for early resolution

of uncertainty). This means the average di¤erence in portfolio holdings across generations

is also large. This is very di¤erent from the power utility case where model uncertainty has

much less impact on utility.

There are four state-variables in each of the models. Solving the endogenous risk sharing

problem is non-trivial when agents have Epstein-Zin preferences. We solve the model using

a new robust numerical solution methodology developed by Collin-Dufresne, Johannes, and
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Lochstoer (2013b) for solving risk-sharing problems in complete markets when agents have

recursive preferences. This numerical method does not rely on approximations to the actual

economic problem (e.g., it does not rely on an expansion around a non-stochastic steady-

state) and therefore provides an arbitrarily accurate solution (depending of course on the

chosen coarseness of grids and quadratures).3

Related literature. There is a large literature on the e¤ects of di¤erences in beliefs on
asset prices. Harrison and Kreps (1978) and Scheinkman and Xiong (2003) show how over-

valuation can arise when agents have di¤erences in beliefs and there are short sale constraints.

Dumas, Kurshev, and Uppal (2009) consider a general equilibrium, complete markets model

where two agents with identical power utility preferences disagree about the dynamics of the

aggregate endowment. Bhamra and Uppal (2014) consider two agents with heterogeneous

beliefs, di¤erent risk aversion and �catching up with the Joneses��preferences. Baker, Hol-

li�eld, and Osambela (2014) consider a general equilibrium production economy where two

power-utility agents have heterogeneous beliefs about the mean productivity growth rate,

where the agents agree-to-disagree and do not update their beliefs (static beliefs). The au-

thors show that speculation leads to a counter-cyclical risk premium and that the investment

and stock return volatility dynamics are counter-cyclical when agents have high elasticity of

intertemporal substitution.

The main contribution of our paper is to consider agents with Epstein-Zin preferences as

well as overlapping generations, which together with the experiential learning bias generates

the cross-sectional heterogeneity in beliefs. It turns out that allowing for preferences for early

resolution dramatically changes the quantitative predictions of the model because, as shown in

CJL 2015, learning generates subjective long-run risks for an agent with preferences for early

resolution of uncertainty. We illustrate this in the paper by comparing with the standard time

separable CRRA utility case. In contrast to CJL 2015 who only consider learning in a rational

representative agent model, the small deviation from rationality we introduce here generates

long-term (stationary) deviations of prices from fundamentals, which in turn generates excess

return predictability. These price deviations are driven by small, but persistent mistakes

in cash �ow expectations. However, an econometrician with a long sample, who therefore

estimates i.i.d. cash �ow growth, would attribute all of the variation in the price-dividend

ratio to discount rate shocks. Thus, the joint dynamics of consumption and asset prices

in the model are, from the perspective of the econometrician, similar to those in the habit

formation model of Campbell and Cochrane (1999)� even though from the perspective of the

agents within the model, risk and price �uctuations are driven by long-run cash �ow risk as

3Accurate solutions do require e¢ cient coding in a fast programming language, such as C++ or Fortran,
and extensive use of the multiprocessing capability of high-performance desktops. Such technology is, however,
easily available.
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in Bansal and Yaron (2004) and CLJ 2015.

A new feature of our model is that agents are not only heterogeneous with respect to

their mean beliefs, but also with respect to the con�dence they exhibit in their beliefs. This

is an important feature when agents have recursive preferences as the level of con�dence (the

precision of posteriors) determines the magnitude of updates in beliefs, which are priced with

these preferences. Bansal and Shaliastovich (2010) present an asset pricing model with con-

�dence risk in a representative agent setting. In our model, the di¤erent levels of con�dence

are strong determinants of the optimal risk sharing.

In contemporaneous work, Ehling, Graniero, and Heyerdahl-Larsen (2013) consider a sim-

ilar learning bias in an OLG endowment economy framework, but with log utility preferences.

These authors present empirical evidence that the expectations of future stock returns are

more highly correlated with recent past returns for the young than the old, consistent with

the overall evidence given by Malmendier and Nagel (2011, 2013). Nakov and Nuno (2015)

consider an OLG economy where agents have power utility preferences and learn about both

the mean growth rate in market equity prices and in dividends using a constant gain learning

rule. In order to solve the model, the agents face constraints on the minimum and maxi-

mum asset exposure such that the stock price equals the reservation price of the marginal

stock bidder. In other recent work, Choi and Mertens (2013) solve a model with two sets of

in�nitely-lived agents with Epstein-Zin preferences, where one set of agents has extrapolative

beliefs, in an incomplete markets setting with portfolio constraints. These authors estimate

the size of the belief bias by backing it out from standard asset price moments, whereas

we calibrate the bias to available micro estimates as given by Malmendier and Nagel (2011,

2013) and solve an OLG model. Both these authors and Dumas, Kurshev, and Uppal (2009)

have only one set of agents with biased beliefs, while the generational �this time is di¤erent�-

bias leads to multiple agents with biased beliefs. Thus, the nature of the OLG problem we

solve has more state variables as we need to keep track of the individual beliefs of multiple

generations (the young and the old in our case). Barberis, Greenwood, Jin, and Shleifer

(2014) propose a model where there are two sets of CARA utility agents�extrapolators and

rational�where the former form beliefs about future asset returns by extrapolating past real-

ized returns, consistent with survey evidence on investor beliefs. In terms of heterogeneous

agent models with Epstein-Zin preferences, Garleanu and Panageas (2012) solve an OLG

model with Epstein-Zin agents with di¤erent preference parameters, while Borovicka (2012)

shows long-run wealth dynamics in a two-agent general equilibrium setting where agents have

Epstein-Zin preferences and di¤erences in beliefs. Finally, Marcet and Sargent (1989), Sar-

gent (1999), Orphanides and Williams (2005a), and Milani (2007) are prominent examples

of the e¤ects of perpetual, non-Bayesian learning in macro economics.
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2 The Model

General equilibrium models with parameter learning and heterogenous beliefs are di¢ cult to

solve as the state space quickly becomes prohibitively large. For that reason, we focus on

settings that are not only simple and tractable, but also quantitatively interesting and which

can be easily calibrated to the microeconomic evidence presented in Malmendier and Nagel

(2013).

We assume there are two sets of agents alive at any point in time, young and old. A gen-

eration lasts for T periods, and each agent lives for 2T periods. Thus, there is no uncertainty

about life expectancy. All young and old agents currently alive were born at the same time,

and agents born at the same time have the same beliefs. These assumptions imply that (a)

there are no hedging demands related to uncertain life span, and (b) there is a two-agent

representation of the economy. The latter is important in order to minimize the number of

state variables. The former is a necessary assumption for the latter to be true given our

learning problem, as shown below.

When an old generation dies, the previously young generation becomes the new old gen-

eration and a new young generation is born. The old leave their wealth for their o¤spring. In

terms of beliefs, the new young inherit their parent�s mean beliefs in a manner that will be

made precise below.4 The bequest motive is similar to that in a Dynasty model, that is, the

parents care as much about their o¤spring as themselves (with the usual caveat that there

is time-discounting in the utility function). Thus, there are two representative agents from

each Dynasty, A and B. Figure 1 provides a timeline of events related to the cohorts of each

dynasty in the model.

2.1 Aggregate dynamics and cohort belief formation

The agents in the economy are not able to learn the true model speci�cation for aggregate con-

sumption dynamics due to an experiential learning bias. In particular, we assume agents are

Bayesian learners with respect to data they personally observe, e.g., aggregate consumption

growth realized during their lifetime. However, they downweight data prior to their lifetime

in the following way: the young inherit the mean beliefs about the model of consumption

growth from their parents (the dying old), but they are endowed with more dispersed initial

4The labels �old�and �young�in this model refer to the two generations currently alive. A new generation
could be born, say, every 20 years, which implies the investors in this economy live for 40 years. When the old
�die�they give life to new �young,�and so �death�may be thought of as around age 70 and the new �young�as
around 30 years of age. In other words, the model is stylized in order to capture a �this time is di¤erent�-bias
related to personal experience in a quantitatively interesting and tractable setting.
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Figure 1 - Model timeline

Dynasty A

Dynasty B

t = 0 80q 160q 240q 320q …

Young

Old

Old

Old

OldYoung

Young Young

The “Old” die and leave
their wealth (and mean
beliefs) to the new
“Young.”

Figure 1: The plot shows the timeline of the model over an 80 year period (the model is an in�nite
horizon model, so the pattern continues ad in�nitum). Model time is in quarters, and a generation
lasts for 20 years (80 quarters), while agent�s "investing lives" are 40 years. Upon death, represented
as an arrowhead in the �gure, the Old leave their wealth to their o¤spring� the new Young. The
Young also inherits their parent generations mean beliefs about model parameters, but start their
lives with a prior variance of beliefs that is higher than their parents posterior dispersion of beliefs.
It is the latter "This Time is Di¤erent" bias that makes experiential learning important for belief
formation.

beliefs or uncertainty than their parents had at the end of their life. This is the source of the

�This Time is Di¤erent�-bias.

We assume aggregate consumption growth is i.i.d., with both standard normal shocks and

�disasters,�a small probability of a large negative consumption drop:

�ct+1 = �+ �"t+1 + dt+1; (1)

where "t+1
i:i:d:� N (0; 1) ; and dt+1 = d� 0 with probability p and zero otherwise, similar to

the speci�cation in Barro (2006). We calibrate the size of the consumption drop to the U.S.

Great Depression experience. We assume � and d are known and that both �ct+1 and dt+1
are observed, but that � and p are unknown.5

The time t posterior beliefs of agent i about � are N
�
mi;t; Ai;t�

2
�
, where beliefs are

5 In continuous-time, � would be learned immediately. The constant d would be known with certainty after
its �rst realization. Since we consider large jumps, it would be easy for the agent to assess whether dt+1 = 0
or not. Thus, we lose little by assuming dt+1 is directly oberved, but gain tractability. It is, however, hard to
learn � and p, which is why we focus on these parameters.
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updated according to Bayes rule:

mi;t+1 = mi;t +
Ai;t

1 +Ai;t
(�ct+1 � dt+1 �mi;t) (2)

and

Ai;t+1 =
Ai;t

1 +Ai;t
: (3)

Agent i�s time t posterior beliefs about p are Beta distributed, with p � �
�
ai;t; A

�1
i;t � ai;t

�
.

The properties of the Beta distribution and Bayes rule then imply that:

Eit [p] = ai;tAi;t and V arit [p] =
Ai;t

1 +Ai;t
Eit [p]

�
1� Eit [p]

�
(4)

and

ai;t+1 =

(
ai;t + 1

ai;t

if dt+1 = d

if dt+1 = 0
, (5)

where the updating equation for Ai;t is as in Equation (3). Agent i�s mean belief of the

likelihood of a disaster event thus evolves as:

Eit+1 [p] = Eit [p] +
�
1dt+1=d � Eit [p]

� Ai;t
1 +Ai;t

: (6)

First, note that if agent i were to live forever, Ai;1 = 0 and the variance of her subjective

beliefs about both � and p would go to zero. Further, mean beliefs would converge to the

true parameter values, mi;1 = �, and Ei1 [p] = p. However, the generational �This Time

is Di¤erent�-bias implies that learning persists inde�nitely. In particular, for a time t that

corresponds to the death of the current old generation, let the posterior beliefs of the old

be the su¢ cient statistics mold;t, aold;t and Aold;t. The new young are then assumed to be

born and consume at time t + 1 with prior beliefs myoung;t = mold;t, Ayoung;t = kAold;t,

where k > 1, and ayoung;t = kaold;t (i.e., Eoldt [p] = Eyoungt [p]). Thus, the mean parameter

beliefs are inherited by the young, but the prior dispersion of the beliefs of the young is

higher than the posterior dispersion of the old. The constant k determines the amount of

the experiential learning bias, and we set k = A0=
�
A�10 + 2T

��1
such that the prior belief

dispersion parameter of the young is always 0 < A0 < 1, which ensures that the beliefs process

is stationary. Finally, we assume that the young and old generations living concurrently do

not mutually update, that is, they �agree to disagree.�

As should be clear from the preceding discussion, the updating scheme with the �This

Time is Di¤erent�-bias implies that the Young place too much weight on personal experience

relative to a full-information, known parameters benchmark case, consistent with the micro
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evidence presented by Malmendier and Nagel (2011, 2013). We compare the relation to their

evidence in more detail in the calibration section.

2.2 Utility and the bequest motive

We assume agents have Epstein and Zin (1989) recursive preferences. In particular, the value

function Vi;t of agent i alive at time t who will �die�at time � > t+ 1 is:

V �i;t = (1� �)C
�
i;t + �E

i
t

�
V �i;t+1

��=�
: (7)

Here, � = 1�1= where  is the elasticity of intertemporal substitution (EIS) and � = 1�,
where  is the risk aversion parameter.

In terms of birth and death, an agent�s last consumption date is � , and at �+1 the agent�s

o¤spring, i0, comes to life and starts consuming immediately. The o¤spring have di¤erent

beliefs about the aggregate endowment, as described earlier. We consider a bequest function

of the form:

Bi
�
Wi0;�+1

�
= �i0 (X�+1)Wi0;�+1; (8)

where �i(�) will be de�ned below, Xt is a vector of state variables and Wi;t is the agent i�s

wealth at time t. State variables include all agents�beliefs as well as a measure of the time

each class of agent has been alive.

With this bequest function, we have that:

V �i;� = (1� �)C
�
i;� + �E

i
�

�
�i0 (X�+1)

�W�
i0;�+1

��=�
: (9)

Substituting in the usual budget constraint, we have:

V �i;� = (1� �)C
�
i;� + � (Wi;� � Ci;� )�Ei�

�
�i0 (X�+1)

�R�wi;�+1
��=�

: (10)

The �rst order condition over consumption implies that

� (1� �)C��1i;� = �� (Wi;� � Ci;� )��1 ��i;� ;

(11)

equivalently,

�i;� =

�
1� �
�

�1=��Wi;�

Ci;�
� 1
�(1��)=�

; (12)

where the certainty equivalent is �i;� = Ei�
�
�i0 (X�+1)

�R�wi;�+1
�1=�. Inserting this back into
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the value function,
Vi;�
Wi;�

= (1� �)1=�
�
Wi;�

Ci;�

�1=��1
: (13)

The W=C ratio is a function of the state variables Xt. Let:

�i (Xt) = (1� �)1=�
�
Wi;�

Ci;�

�1=��1
: (14)

Then, Vi;t = �i (Xt)Wi;t for each t during the life of agent i. Since i was a general agent, it

follows that Bi
�
Wi0;�+1

�
= Vi0;�+1. In this sense, the bequest function is dynastic, where the

agent cares �as much�about their o¤spring as themselves. Note that the expectation of the

o¤spring�s indirect utility is taken using the parent generation�s beliefs. Thus, each dynasty

can be represented as an agent that has the dispersion of beliefs reset every 2T periods as in

the generational belief transmission explained in Section 2:1.

When there is no model/parameter uncertainty (that is, a full-information or the rational

expectations case corresponding to k = 1 and t = 1), the model reduces to an in�nitely-
lived Epstein-Zin representative agent with the same preference parameters as those assumed

above (�, ,  ). This agent, together with the maintained assumption of i.i.d. consumption

growth, implies that the risk premium, the risk-free rate, the price-dividend ratio, and the

price of risk are all constant in this benchmark economy.

2.3 The consumption sharing rule and model solution

We assume markets are complete, so each agent�s intertemporal marginal rates of substitution

are equal for each state (�ct; dt) : We index the two agents in the economy as belonging to

Dynasty A or Dynasty B, where as explained above a Dynasty consists of a lineage of parent-

child relations. Given Equations (7), (8), and (14), and the assumption of complete markets,

we have that the two representative agents�ratios of marginal utilities are equalized in each

state (i.e., the stochastic discount factor is unique and both agents�IMRS price assets given

the respective agent�s subjective beliefs):

�A (�ct+1; dt+1jXt)
�
cA;t+1
cA;t

���1� vA;t+1
�A;t (vA;t+1Ct+1=Ct)

����
= :::

�B (�ct+1; dt+1jXt)
�
1� cA;t+1
1� cA;t

���1� vB;t+1
�B;t (vB;t+1Ct+1=Ct)

����
: (15)

Here, Xt, which will be de�ned below, is the vector of state variables for the economy, includ-

ing the su¢ cient statistics for each agent�s beliefs. The conditional beliefs about the joint state

(�ct+1; dt+1) can be further decomposed as �i (�ct+1; dt+1jXt) = �i (�ct+1 � dt+1jmi;t; Ai;t)�
i (dt+1jai;t; Ai;t)
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given the independence between "t+1 and dt+1 and the assumption that agents agree-to-

disagree. Further, in Equation (15), we set ci;t � Ci;t=Ct, vi;t � Vi;t=Ct and impose the goods

market clearing condition cA;t + cB;t = 1() CA;t + CB;t = Ct for all t.

With recursive preferences the value functions appear in the intertemporal marginal rates

of substitution. Thus, unlike in the special case of power utility, Equation (15) does not

provide us with an analytical solution for the evolution of the endogenous state variable�

the relative consumption (or equivalently, wealth) of agent A. This complicates signi�cantly

the model solution. We solve the model using the numerical solution technique given in

Collin-Dufresne, Johannes, and Lochstoer (2013b) using a backwards recursion algorithm

that solves numerically for the consumption sharing rule starting at a distant terminal date

for the economy, ~T . The solution corresponds to the in�nite horizon economy when the

transversality condition is satis�ed and ~T is chosen su¢ ciently far into the future (e.g., 500+

years). The solution technique does not approximate the objective function and thus, with

the caveat that it is numerical, provides an exact solution to the model. See the Appendix

for further details.

The state variables in this model are mA;t, mB;t, aA;t, aB;t, cA;t, and t. Time t is a

su¢ cient statistic for A(i=A;B);t as Ai;t is deterministic. We note that for general � and �, the

prior distributions for the mean growth rate � and the jump probability p must be truncated

in order to have existence of equilibrium. The truncation bounds do not a¤ect the updating

equations, but mi;t and ai;tAi;t in general no longer equal the conditional mean beliefs of �

and p.

2.4 Model Calibration

2.4.1 The belief process

The belief process of the stationary equilibrium in the model is governed by A0� the parame-

ter that controls the severity of the �This Time is Di¤erent�-bias. We calibrate this parameter

to be consistent with the micro-evidence documented by Malmendier and Nagel (2013). In

particular, Malmendier and Nagel (2013) estimate the sensitivity of the young (at age 30)

to updates in beliefs from model learning to be about 2:5% of the size of the macro shock

(in their case, quarterly in�ation). Towards the end of their life (at age 70), the old have

a sensitivity of about 1%. The estimates provided are based on in�ation data and survey

forecasts using available data in the post-WW2 period, and so these do not correspond to

more extreme periods like the Great Depression. We therefore calibrate the value of A0 to be

0:025, such that the updates in beliefs of the young from a �regular�quarterly macro shock

(" in our model) is about 2:5% of the size of the macro shock, consistent with the estimate
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of Malmendier and Nagel (2013).6 This implies that k = 0:025=(1=0:025 + 160)�1 = 5, when

T = 80.

Figure 2 plots the weights that are put on lagged consumption data implied by our

Bayesian-based learning scheme and the survey-implied estimates of Malmendier and Nagel

(2013). The two learning schemes are quite close, though Bayesian learning has longer mem-

ory and is more e¢ cient in that our agents more quickly put a lower weight on recent evidence.

We choose Bayesian within-generation learning as a parsimonious way of ensuring that learn-

ing is consistent across di¤erent dimensions of uncertainty. We �nd this particularly useful

since we consider learning both about the quarterly mean growth rate and about rare disas-

ters. Note that Malmendier and Nagel�s estimates imply a zero weight on data from before

one is born, which seems inappropriate for learning about rare events. Indeed, it seems more

plausible that agents alive today put some weight on the Great Depression when valuing the

stock market, even if they were not alive during the thirties. Our within-generation Bayesian

agents do not forget past events, they just put lower weights on past events if they did not

experience these.

To gauge how irrational our representative agents are we measure how long it would

take on average to reject at the 5% level one Dynasty�s agents� average subjective model

(given by Equations 2)�(5)) relative to the true model (given by Equation (1)). We compute

the sequential model probabilities over time, averaged across 100,000 simulations, given an

initial model probability of 50/50 where the initial mean beliefs of the agent is centered

around truth.7 Figure 3 gives the average evolution of the model probability of the agents�

model over time. When agents are learning both about � (upper plot), it takes on average

6This calculation is based on the following. With a prior � � N
�
m0; A0�

2
�
, the subjective consumption

dynamics for the next period are:
�c1 = m0 +

p
A0 + 1�~"t+1;

and the update in belief can be written:

m1 = m0 +
A0p
A0 + 1

�~"t+1:

Thus, the sensitivity of the update in mean beliefs to the macro shock when A0 = 0:025 is 0:025p
0:025+1

� 0:025.
The old then have a posterior sensitivity to shocks of 0:5% of the size of the shock, somewhat lower than that
estimated by Malmendier and Nagel. Note that a di¤erent learning problem, for instance learning about a
persistence parameter, would lead to slower learning relative to the simple learning about the mean case that
we consider here. The micro estimates from Malmendier and Nagel do not correspond directly to the learning
problem we consider, both since they allow for a non-Bayesian learning scheme and because they consider a
di¤erent model (not just learning about a mean parameter). A more general learning model leads to many
more state variables and is left for future research.

7The sequential updating of the probability of the �This Time is Di¤erent�learning model versus the true
iid model, pM;t+1, is:

pM;t+1 =
L (�ct+1; dt+1jMTTiD; at;mt; At) pM;t

L (�ct+1; dt+1jMTTiD; at;mt; At) pM;t + L (�ct+1; dt+1jMiid) (1� pM;t)
:
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Figure 2 - Belief formation:

Weights on lagged data
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Figure 2: The top plot shows the weights the agent puts on increasingly lagged data when forming
beliefs, as estimated by Malmendier and Nagel (2013). The solid line shows the weights corresponding
to a 35-year old agent, the dashed line a 50-year old agent, and the dashed-dotted line a 65-year old
agent. The weights are in this case zero for observations before the agent was born. The lower plot
shows the corresponding weights for the Baysian agents in the "This Time is Di¤erent"-model. The
kink corresponds to a generational shift, assuming the agent is born as �Young�at age 30. The weights
for the preceding years are calculated using Bayes rule with the assumed increase in prior variance at
each generational shift. The belief-weights are in this case �at within a generation due to Bayesian
within-generation learning.

about 400 years before the �This Time is Di¤erent�-bias is detected at the 5% level, while if

the agent is learning about p it takes about 350 years (lower plot). Thus, it is very hard to

learn, using only time series data, that the belief formation process of a representative agent

is not correct. On the other hand, it is immediate to discover this from the the cross-section

of agents as the Young update beliefs di¤erently from the Old, even though they observe the
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same shock.

Figure 3 - Model Probability: Agent Beliefs vs. Truth
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Figure 3: The top plot shows the probability of the subjective consumption dynamics as perceived
by each agent, averaged across agents, versus the true model speci�cation. The probabilities are in
each case the mean outcomes across 20,000 simulations. The upper plot shows the case of "Learning
about the Mean" and the lower plot shows the case of "Learning about a Depression Probability."
The initial model probability is set at 50% and the x-axis is the observed sample length in quarters.

2.4.2 Preference and consumption parameters

We assume a generation lasts for 20 years (i.e., T = 80 quarters). We separately consider

models with learning about the mean parameter � or the jump probability p.8

8 It is useful to analyze separately both models to understand the di¤erent economic implications of learning
about frequent vs. rare events. Further, there is a computational advantage since it reduces the number of
state variables. The general model (learning about both p and �) would require about a month to solve with
reasonable accuracy given our current computing capabilities.
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In the �Uncertain mean�-calibration, we let the preference parameters be  = 9,  = 1:5

and � = 0:994, the true mean � = 0:45% and � = 1:35%, while d = 0:, i.e., there are no

Depressions in this calibration. In the �uncertain probability�-calibration, we let  = 4:5,

 = 1:5 and � = 0:994. Thus, the risk-aversion is half of that in the former case, but

otherwise the preference parameters are the same. We set the risk aversion parameter in

both models so that the Sharpe ratio on the equity claim is similar to that in the data. The

true quarterly probability of a Depression, p = 1:7%=4, is set consistent with the estimate

used in Barro (2006), while the consumption drop in a Depression, d, is -18%. Finally, we

let � = 0:53% and � = 0:8% in this calibration so as to match the mean and volatility of

time-averaged consumption growth also in this case.

In the Great Depression, per capita real log consumption dropped by 18% from 1929

through 1933 (using data from the National Income and Product Accounts data from the

Bureau of Economic Analysis). Of course, this four-year decline is quite di¤erent from a

quarterly drop of 18%. However, since agents have Epstein-Zin preferences with  > 1= ,

the risk-pricing is related to the overall drop in consumption, so unlike for the power utility

case, this distinction is not as important.9 We also consider power utility versions of the

economies to assess the role of the EIS,  . Table 1 shows all relevant model parameters.

In order to ensure the existence of equilibrium, we truncate the priors for the mean growth

rate and the Depression probability for the respective models. In particular, the upper (lower)

bound for the prior over � are 1:35% (-0:45%), while the upper (lower) bound for the prior

over p are 0:04 (0:00001). Given that the prior standard deviations of beliefs when born

are 0:21% for the mean and 0:01 for the probability, the truncation bounds are quite wide

and therefore typically will not strongly a¤ect the update in mean beliefs relative to the

untruncated prior cases.

The equity claim is a claim to the exogenous dividend stream

�dt+1 = ��ct+1 + �d�t+1; (16)

where � = 3 is a leverage parameter (as in e.g., Abel (1999), Bansal and Yaron (2004)). The

idiosyncratic shock, �t+1, is normally distributed with mean �d and volatility �d set to match

the mean and volatility of dividend growth in the data.

9Modeling true consumption as i.i.d. signi�cantly simpli�es the learning problem (in particular, it reduces
the number of state variables relative to a more realistic, persistent Depression state).
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Table 1 - Parameter values for Exchange Economy

Table 1: The top half of this table gives the preference parameters used in the two calibrations of
the model. �Uncertain Mean� refers to the calibration where log consumption growth is Normally
distributed and agents are uncertain about the mean growth rate, while �Uncertain Probability�refers
to the case where log consumption growth also has a �Depression�shock and where agents are uncertain
about the probability of such a shock. The bottom half of the table gives the value for the parameters
govern the consumption dynamics and agents beliefs. The numbers correspond to the quarterly
frequency of the model calibration.

Preference parameters: Uncertain Mean Uncertain Probability

 (risk aversion parameter) 9 4:5
 (elasticity of intertemporal substitution) 1:5 1:5
� (quarterly time discounting) 0:994 0:994

Priors and consumption parameters: Uncertain Mean Uncertain Probability

A0 (�This Time is Di¤erent�-parameter) 0:025 0:025
T (length of a generation in quarters) 80 80
� (volatility of Normal shocks) 1:35% 0:80%

� (true mean in �normal times�) 0:45% 0:53%
m (upper truncation point of � prior) 1:35% n=a
m (lower truncation point of � prior) �0:45% n=a

p (upper truncation point of p prior) n=a 0:04000
p (lower truncation point of p prior) n=a 0:00001
p (true probability of Depression) n=a 0:00425
d (consumption shock in Depression) n=a -18%

3 Results

We �rst describe the dynamic portfolio allocations and implied risk-sharing of the two agents

and thereafter focus on the asset pricing implications of the model.

3.1 Portfolio allocation and risk-sharing

As is typical in models with heterogeneous beliefs, we would expect that the more optimistic

(pessimistic) agent will tend to hold a larger (smaller) portfolio share in risky assets. Below,

we discuss how this equilibrium risk-sharing is a¤ected by some of the novel features of our

model, and in particular by (a) agents�di¤erences in con�dence in, or uncertainty over, their

mean beliefs (AA;t vs AB;t) and (b) recursive utility and therefore high perceived risk (and

bene�ts from risk-sharing) arising from model uncertainty and learning.

Before we describe the portfolio allocations a couple of de�nitions are in order. First,

total wealth in the economy is the value of the claim to aggregate consumption. Second,
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since we solve a discrete-time, complete markets problem where one of the shocks has a

continuous support ("), the complete portfolio choice decisions of agents involve positions

in principle in an in�nite set of Arrow-Debreu securities. To convey the portfolio decisions

of the agents in a simple (�rst-order) manner, we de�ne the weight implicit in the total

wealth portfolio of agent i as the local sensitivity of the return to agent i�s wealth to a

small shock to total wealth (as arising from an aggregate " shock close to zero). In the

continuous-time limit for the �Uncertain mean�-calibration, this local sensitivity is exactly

the current portfolio allocation of agent i in the total wealth portfolio (because in this case,

markets would be dynamically complete with two assets). When evaluating the �Uncertain

Probability�-calibration, we evaluate changes in relative wealth resulting from whether a

Depression shock occurred or not.

3.1.1 �Uncertain Mean�-case

Figure 4 shows how risk-sharing operates in the �Uncertain mean�-economy. In particular,

the change in the relative wealth share of the Young is plotted against realizations of the

aggregate shock (log aggregate consumption growth).10 The current wealth of the two agents

is assumed equal and both agents are in the middle age of their respective generations (age

10yr and 30yr). In addition, the current mean beliefs of the Old are assumed to be unbiased,

mOld;t = �.

Two features of the model stand out. First, in the upper left plot, the case where the

beliefs of the Young are also unbiased (the solid line) shows that the Old are in fact insuring

the Young against bad states even when the mean beliefs coincide. This happens also when

agents have power utility preferences ( = 1=9; see the lower left plot) because the Young

perceive the world to be more risky than the Old as they are more uncertain about their mean

beliefs about � than the Old. Second, it is clear in the unbiased case that when  > 1= the

Old are insuring the Young to a larger extent than in the power utility case. This is because

unlike power utility, recursive utility leads to a preference for early resolution of uncertainty

that makes model uncertainty a priced risk. Therefore, the di¤erence in con�dence leads

the Young to perceive the world as more risky, unconditionally. If the Young are su¢ ciently

optimistic (here, about 2 standard deviations above the mean over a life time), the Young

are in fact insuring the Old who are more pessimistic, and vice versa for the case where the

Young are pessimistic (about 2-standard deviations below the mean over a life time).

The right-hand plots of Figure 4 show the portfolio weight of the Old versus the Young

over the span of a generation (80 quarters). The wealth is held equal across the two agents
10To be precise, the plot shows the log return on the wealth of the Young minus the log return to total

wealth.

17



Figure 4 - "Uncertain Mean"-case: Risk-sharing and portfolio allocations
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Figure 4: The left plots show the change in the wealth share of the Young for di¤erent realizations of
the aggregate shock (consumption growth). The current wealth of the agents is set equal, the current
age of the Young and the Old are in the middle of their generations (at 10 and 30 years, respectively),
and the current beliefs of the Old are unbiased. The solid line shows the change in the relative wealth
share when the current beliefs of the Young are also unbiased, whereas the red dashed line shows the
case where the Young are pessimistic (the belief of the mean growth rate 2 standard deviations below
the true mean), and the dash-dotted line shows the case where the Young are optimistic (2 standard
deviations above the true mean)). The right plots show the portfolio allocation of the Young and the
Old agent over time (from 1 to 80 quarters), where beliefs are held unbiased and the wealth-share is
held equal across agents. The top plots show the result from the �EZ�case whereas the bottom plots
show the result from the �Power�case.

and the beliefs of both agents are assumed to be unbiased over time. With recursive utility,

the Old start with a portfolio allocation of about 1.5 (150%) to the total wealth portfolio,

while the Young starts with 0.5. Subsequently both are pulled towards 1 as the di¤erence in

the dispersion of beliefs decreases over time. This is because with Bayesian learning, as can be
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seen from Equation (3), the variance of beliefs decreases more rapidly when prior uncertainty

is high than low. Right before the generational shift, there is still a substantial di¤erence,

about 1.2 versus 0.8. This implication of the model is consistent with microevidence on

portfolio holdings. In particular, Lucas and Heaton (2000) show that risky assets as a fraction

of agents�total wealth (including human capital) is strongly increasing with age.

With power utility preferences, however, the portfolio choice is markedly di¤erent. First,

portfolio weights barely budge over time and they are quite close, about 1.1 versus 0.9.

Second, it is the Young who are more exposed to the total wealth �uctuations and thus have

a higher portfolio weight. This somewhat counter-intuitive result is due to the fact that total

wealth covaries positively with marginal utility in this case due to the low level of the elasticity

of substitution. For instance, an upward update in the mean belief of the growth rate, due

to a positive consumption shock, lowers the price/consumption ratio as the wealth e¤ect

dominates (as now  = 1= < 1). This e¤ect is strong enough to make the return to total

wealth positively related to marginal utility. The Young still perceive model risk as higher

than the Old (remember, the subjective consumption dynamics in the �Uncertain mean�-case

are �ct+1 = mi;t +
p
1 +Ai;t�"t+1, so this follows since AY oung;t > AOld;t), but given the

negative correlation between total wealth returns and aggregate consumption growth and the

resulting negative risk premium on the total wealth portfolio, the Old hedges the Young by

holding less of the total wealth claim.

The reason the portfolio share does not move much over time (holding beliefs and wealth

constant) in the power utility case is because model uncertainty is simply not very important

for total welfare when agents are indi¤erent to the timing of resolution of uncertainty. Thus,

while the Young experience more model uncertainty relative to the Old, neither CRRA agent

cares very much about it. In the recursive utility case however, the agents experience large

utility losses from being faced with model uncertainty. In particular, the amount of long-run

risk is proportional to the size of the update in mean beliefs, which from Equation (2) is At�.

In the middle of their respective generations, the relative di¤erence in perception of short

run risk (
p
1 +At�) between the Young and the Old is 0:3%, while the relative di¤erence

in long-run risk (At�) is 67%. Thus, with recursive utility there is a much bigger di¤erence

in perceived risk between the two agents, which is also why both the dynamics of portfolio

allocation and asset prices (as we show in the next Section) are much more pronounced in

this case.

3.1.2 �Uncertain Probability�-case

In the case where the probability of a Depression is not known to agents, the di¤erences in

portfolio allocation can be illustrated in terms of agents�di¤erent wealth exposure to the

Depression event. Therefore, we plot the log change in the relative wealth of the Young
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Figure 5 - "Uncertain Probability"-case: Risk-sharing
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Figure 5: The left plots show the change in the wealth share of the Young for di¤erent realizations of
the Depression shock (0% or -18%). The current wealth of the agents is set equal, the current age of
the Young and the Old are in the middle of their generations (at 10 and 30 years, respectively), and
the current beliefs of the Old are unbiased. The solid line shows the change in the relative wealth
share when the current beliefs of the Young are also unbiased, whereas the red dashed line shows the
case where the Young are pessimistic (the belief of the mean growth rate 2 standard deviations below
the true mean), and the dash-dotted line shows the case where the Young are optimistic (2 standard
deviations above the true mean)). The right plots show the same but when Young holds 90% of the
wealth in the economy. The top plots show the result from the �EZ�case whereas the bottom plots
show the result from the �Power�case.

(starting from a 50% wealth share) in the relevant cases dt+1 = 0 and dt+1 = �18%. The left
plots in Figure 5 show the case where the agents have the same level of wealth before the shock

for the EZ calibration (top plot) and the power utility calibration (lower plot), where the Old
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have unbiased beliefs (EOldt [p] = p). When the Young also are unbiased, the Old still provide

insurance against the Depression event and, as in the previous case, more so with Epstein-Zin

utility than with power utility. Also as in the previous case, when the Young are optimistic

(EY oungt [p] = 0:0001 < p = 0:00425) they provide insurance to the unbiased Old, while the

reverse holds when the Young are pessimistic (EY oungt [p] = 0:02 > p = 0:00425). Notably,

with Epstein-Zin utility, the trade between optimists and pessimists is substantially tempered

relative to the power utility case as the optimists now also face parameter uncertainty risk.

We revisit this �nding in detail in the section discussing the asset pricing implications of

wealth dynamics and risk sharing.

The right-hand plots show the same for the case when the wealth share of the Young is

90%. As might be expected, the Old provide less insurance to the Young in this case.

3.2 Asset pricing implications

Parameter learning induces subjective long-run consumption risks because the conditional

posterior distribution of future consumption growth varies in a very persistent manner as

agents�update their beliefs. With Epstein-Zin preferences and a preference for early reso-

lution of uncertainty ( > 1= ) agents are averse to long-run risks (see Bansal and Yaron

(2004)). As a result learning can be a tremendous ampli�er of macro shocks� impact on

marginal utility with such preferences and indeed, help resolve asset pricing puzzles even in

a traditional representative agent asset pricing model (CJL 2015).

The same ampli�cation mechanism is at work here, but, importantly, there is (a) specu-

lation and risk-sharing across generations related to the model uncertainty and (b) learning

persists inde�nitely. The former arises as agents that di¤er in their assessment of probabil-

ities of future states will trade with each other to take advantage of what they perceive to

be the erroneous beliefs of other agents. That is, bad states that are perceived as less likely

from the perspective of agent A relative to that of agent B are states for which agent B buys

insurance from agent A and vice versa, thus making each agent better o¤ given their beliefs.

These e¤ects serve to decrease the risk premium and undo some of the asset pricing e¤ects

of the long-run risks that arise endogenously from parameter learning. However, the latter

element of the �this time is di¤erent�-bias works in the opposite direction in that the magni-

tude of belief updates from parameter learning remains high inde�nitely and so agents are

permanently faced with a substantial degree of long-run risk induced by model uncertainty.

Further, because learning persists inde�nitely, we do not expect to observe any �drifts� in

risk-premia in long time series.
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Table 2 - Unconditional Moments: Learning about the Mean

Table 2: This table gives average sample moments from 1,000 simulations of 328 quarters from the
"Uncertain mean"-calibration. The columns labelled "EZ" correspond to the calibrations given in
Table 1. The "Power" columns have the EIS parameter,  , set such that agents have power utility.
the column labelled "Known mean" corresponds to moments from the benchmark case where agents
know the true mean growth rate of the economy and therefore are not subject to the �This Time is
Di¤erent�-bias. The column "One agent" corresponds to the case where there is only one dynasty
in the economy and therefore no e¤ects of risk-sharing across agents. Lower case of variables denote
the natural log of their upper case counterparts. SRT denotes the Sharpe ratio, and the T subscript
denotes sample mean. The �data�column gives the empirical moments from U.S. data from 1929 to
2011.

Data �This Time is Di¤erent� Known mean One agent

EZ:  = 9 Power: =9 EZ:  = 9 EZ:  = 9
 = 1:5  = 1=9  = 1:5  = 1:5

1929� 2011 � = 0:994 � = 0:994 � = 0:994 � = 0:994

ET [rm � rf ] 5:0 5:1 0:18 1:5 5:7
�T [rm � rf ] 20:2 17:6 10:5 12:7 16:7
SRT [Rm �Rf ] 0:35 0:37 0:07 0:12 0:42
�T (pd) 0:44 0:20 0:16 0 0:18
�T (pd) 0:88 0:91 0:88 n=a 0:91

ET [rf ] 0:7 2:2 15:4 3:4 2:1
�T [lnM ] - 0:55 0:22 0:24 0:55
 � �T [�c] - 0:24 0:24 0:24 0:24

ET [�c] 1:8% 1:8% 1:8% 1:8% 1:8%
�T
�
�cTA

�
2:2% 2:2% 2:2% 2:2% 2:2%

3.2.1 Unconditional Moments

Table 2 shows the unconditional moments from 1,000 simulations of length 328 quarters (as

in the data sample) for the "Uncertain mean"-case. The simulations have a 2000 period burn-

in period to avoid the e¤ects of initial conditions. The table gives standard moments from

four versions of the model� two cases where agents su¤er from the �This Time is Di¤erent�-

bias, with Epstein-Zin and power utility preferences, respectively, the benchmark case where

agents know the mean parameter, and the one-agent case where there is only one dynasty

and therefore no e¤ects of risk sharing.11 Table 3 shows the corresponding results for the
11For the power utility speci�cations, it was necessary to tighten the truncation bounds somewhat to ensure

�nite utility. Since consumption growth is i.i.d., Sharpe ratios and risk premiums are the same in the power
utility and Epstein-Zin economies in the known parameter case and we therefore only present for the EZ
known parameter case.

22



Table 3 - Unconditional Moments: Learning about Disaster Probability

Table 3: This table gives average sample moments from 1,000 simulations of 328 quarters from the
"Uncertain probability"-calibration. The columns labelled "EZ" correspond to the calibrations given
in Table 1. The "Power" columns have the EIS parameter,  , set such that agents have power utility.
the column labelled "Known prob." corresponds to moments from the benchmark case where agents
know the true probability of a Depression event and therefore are not subject to the �This Time is
Di¤erent�-bias. The column "One agent" corresponds to the case where there is only one dynasty
in the economy and therefore no e¤ects of risk-sharing across agents.Lower case of variables denote
the natural log of their upper case counterparts. SRT denotes the Sharpe ratio, and the T subscript
denotes sample mean. The �data�column gives the empirical moments from U.S. data from 1929 to
2011.

Data �This Time is Di¤erent� Known prob. One agent

EZ:  = 4:5 Power: =4:5 EZ:  = 4:5 EZ:  = 4:5
 = 1:5  = 1=4:5  = 1:5  = 1:5

1929� 2011 � = 0:994 � = 0:994 � = 0:994 � = 0:994

ET [rm � rf ] 5:0 4:6 0:26 0:35 4:7
�T [rm � rf ] 20:2 16:8 13:2 13:1 16:2
SRT [Rm �Rf ] 0:35 0:42 0:09 0:10 0:43
�T (pd) 0:44 0:31 0:04 0 0:31
�T (pd) 0:88 0:92 0:90 n=a 0:93

ET [rf ] 0:7 1:9 9:6 3:2 1:8
�T [lnM ] - 0:68 0:20 0:12 0:68
 � �T [�c] - 0:12 0:12 0:12 0:12

ET [�c] 1:8% 1:8% 1:8% 1:8% 1:8%
�T
�
�cTA

�
2:2% 2:2% 2:2% 2:2% 2:2%

"Uncertain probability"-case.

Introducing the �This Time is Di¤erent�-bias has strong implications for asset pricing,

when agents have a preference for early resolution of uncertainty. Indeed, the equity risk

premium increases by a factor more than 3, while the Sharpe ratio and price of risk increases

by a factor more than 2, relative to the known parameters cases, matching the data well. In-

stead, when agents have power utility, the risk premium and Sharpe ratio on equity decreases.

This is because a �positive�update in beliefs decreases the price-dividend ratio and therefore

the absolute value of the covariance between the pricing kernel and the equity return.

In addition, the heterogeneity in beliefs generated by the �This time is di¤erent�-bias,

further reduces unconditional Sharpe ratios and risk premiums. For the power utility case

with the �This Time is Di¤erent�-bias and two agents, the unconditional price of risk, measured

as the mean conditional volatility of the log pricing kernel, drops slightly from 0:24 in the

benchmark i.i.d. case to 0:22. We note that with power utility and only one agent, the price
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of risk would have actually increased slightly because of the small increase in risk due to

learning. Thus, the drop in the power utility case is driven by the presence of optimists who

improve risk-sharing in the market which decreases the required average risk compensation.

Instead, in the Epstein-Zin case with learning, the price of risk increases to 0:68. Thus,

the model uncertainty risk channel dominates with these preferences. This is underscored

by noting that the unconditional sample moments corresponding to the �one EZ agent�-

cases in these tables are similar to that of the two-EZ-agent economies. Thus, in contrast

to the �ndings of Chen, Joslin and Tran (2012), risk-sharing does not strongly a¤ect the

unconditional sample moments in an economy with EZ preferences and learning � a feature

we discuss more below.

3.2.2 Wealth dynamics and risk pricing

With heterogenous beliefs the relative wealth of agents in the economy becomes an additional

state variable. In our setting, this endogenous state variable a¤ects asset prices in two distinct

ways. First, consistent with previous literature, if there are optimists (pessimists) in the

market, risk premiums and Sharpe ratios are lower (higher) under the objective measure.

Second, and particular to the belief heterogeneity in the generational �This Time is Di¤erent�

model, the heterogeneity in agents�con�dence in their beliefs matters. As discussed earlier,

this uncertainty has particularly strong e¤ects on asset prices when agents have Epstein-Zin

utility. Thus, even if agents�mean beliefs coincide, an increase in, say, the wealth of the

Young a¤ects asset prices as the wealth-weighted beliefs are now more uncertain.

Figure 6 shows the annualized equity risk premium (under the objective measure) for

the �Unknown probability�-case plotted against the consumption share of the Young� i.e.,

the agent that perceives more model uncertainty. As before, the agents are in the middle of

their respective generations in terms of their age. The dashed blue lines correspond to the

case where the agents�mean beliefs about the Depression probability coincide (and are set

approximately equal to the true value). The bottom right plot shows the main case where

beliefs are uncertain (due to the �This Time is Di¤erent�-bias) and agents have Epstein-Zin

preferences. Here the equity risk premium increases from 4% when all the wealth are in the

hands of the Old to over 10% when the Young hold all the wealth. The consumption share

varies between 0.3 and 0.7 in simulations, so in practice the range of variation in the risk

premium resulting from variation in the relative wealth of agents is from 5% to 8%. The

bottom left plot shows the same economy but where agents have power utility preferences.

Note that the blue line here barely budges, as in this case the model uncertainty has a very

low risk price. That is, the aforementioned source of wealth-dynamics-induced variation in

the price of risk is absent when agents have power utility.

Another source of variation in the risk premium associated with relative wealth shocks
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Figure 6 - Wealth dynamics and the risk premium

Figure 6: The �gure shows the conditional annualized equity risk premium versus the current relative
consumption of the Young, for the case with an uncertain Depression probability. Both the Old and
the Young are assumed to be in the middle of their respective generations. "Power" refers to models
where the agents have power utility, whereas "EZ" refers to models where agents have Epstein-Zin
utility with  > 1= . The dashed lines correspond to the case where the mean beliefs of the agents
coincide. The solid line corresponds to the case where the Young have pessimistic mean beliefs, while
the Old have optimistic mean beliefs. The green line with the long dashes in the bottom right graph
corresponds to the case where instead the Young are optimists and the Old are pessismists.

is, as mentioned, the di¤erence in mean beliefs. The solid red lines show the case where the

Young agent is pessimistic (EY oungt [p] = 0:02) and the Old agent is optimistic (EOldt [p] =

0:001). For both the power utility and the EZ cases, the risk premium is increasing the more

wealth are given to the pessimistic agent (in this example, the Young). However, note that the

sensitivity of the risk premium to the amount of consumption of the optimistic agent is much

higher for the power utility case when the wealth of the optimistic agent is low. In particular,

the risk premium decreases from 6% to close to zero when the relative consumption share

of optimists goes from 0 to 0.5. This echoes the �nding of Chen, Joslin, and Tran (2012),

who document that in terms of the pricing of disaster risk, the risk premium decreases

precipitously when (a small mass, e.g., 10-20% of total wealth) of optimists are introduced in

25



the model. Thus, the disaster model does not seem robust to a reasonable amount of belief

heterogeneity. In the EZ case, however, the same change in the consumption share of the

optimists (the Old in this example), decreases the risk premium by only a fraction of 2, from

about 12% to about 6%.

In other words, the strong nonlinearity found in the power utility case is not present

when agents have EZ preferences and face model uncertainty. Note that in both cases agents

are learning, subject to the �This Time is Di¤erent�-bias. In fact, the two top plots shows

the same graphs for the case where agents do not learn and are perfectly certain about

their (di¤erent) beliefs, as in the model of Chen, Joslin, and Tran (2012). Here, each agent

remains an optimist or pessimist forever, with no updating of beliefs. Since there are no

model-uncertainty-induced long-run risks in this case, both the EZ and the power utility

cases exhibit the strong nonlinearity and fragility of the disaster model with respect to belief

heterogeneity. In sum, allowing for uncertain beliefs, learning, and Epstein-Zin preferences

renders the disaster model more robust along this dimension.

These two sources of excess return predictability, as well as the common movements

in beliefs, also generate a positive relation (for the EZ model) between the dividend yield

and future excess returns, as in the data. We discuss the model�s implications for return

predictability in more detail later in the paper.

3.2.3 Over- and undervaluation vs beliefs

The model features periods of over- and undervaluation, as agents at times become either too

optimistic (after a sequence of positive Normal shocks or a lack of Depression shocks) or too

pessimistic (after a sequence of negative Normal shocks or a recent Depression shock) relative

to the true model. Given that agents�beliefs are close to rational�agents update as Bayesian

during their lifetime and therefore have mean beliefs close to the truth�one may think the

asset misvaluation must be quite small. This is not the case. The reason is that while

the belief updates are quite �small,� they are very persistent. Thus, they a¤ect valuations

strongly. In this section, we analyze the dynamics of mispricing and the implications for the

conditional equity risk premium and risk prices.

�Uncertain mean�-case The left half of Panel A of Table 4 gives the population dynamics

of the log price-dividend ratio. As mentioned earlier, the time-variation in agents beliefs

about the mean parameter, �, cause substantial variation in the price level. This variation

is also highly persistent with an annual population autocorrelation of 0:96. The right half of

Panel A shows that the persistence of the price-dividend ratio is inherited from the persistence
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Table 4 - Dynamics of Mispricing:

Learning about the mean

Table 4: This table gives population moments related to the asset pricing impact of agents�boundedly
rational learning. The left half of Panel A shows the annual volatility (�[:]) and autocorrelation (�[:])
of the log price-dividend ratio, as well as the average amount of equity market mispricing as a fraction
of total market value. The latter is measured as the average absolute value of deviations in the price-
dividend ratio away from the unconditional mean normalized by the unconditional mean. The right
half of Panel A shows the annualized volatility and autocorrelation of beliefs about the growth rate
averraged across the two agents. Panel B shows similar moments for the equity risk premium and
the e¤ective risk aversion, ~t. The latter is the conditional risk aversion an econometrician with an
in�nite sample would assign to the representative agent, as explain in the main text.

Panel A: Dynamic Behavior of:

The Price Level Beliefs

� [lnP=D] 0:25 � [mi] 0:1%
� [lnP=D] 0:96 � [mi] 0:96

E
h
abs(P=D�E[P=D])

E[P=D]

i
20:2%

Panel B: Dynamic Behavior of:

The Risk Premium E¤ective Risk Aversion

E
�
Et
�
rem;t+1

��
5:1% E [~t] 20:4

�
�
Et
�
rem;t+1

��
3:4% � [~t] 7:3

�
�
Et
�
rem;t+1

��
0:84 � [~t] 0:89

in the average mean belief of the two agents, which is also 0:96 due to the generational nature

of the learning bias.

The standard deviation of beliefs about the quarterly growth rate is small (0:1%), but

the mispricings these belief �uctuations induce are substantial. In particular, the mispricing

of the market is typically �20%, as measured by the average absolute deviation of the price-
dividend ratio from its unconditional average. Thus, in a long sample (say, 100 years) one

can expect occurrences of market levels from 0:5 to 2 times the average price level, implying

substantial variation in the long-horizon risk premium under the objective measure.

The left half of Panel B of Table 4 gives the dynamics of the equity premium: its annualized

volatility is 3:4% (i.e., the two standard error bounds of annualized quarterly expected returns

are �1:7% and 11:9%, with an annual autocorrelation of 0:84). The dividend yield and the

risk premium are counter-cyclical as investors tend to be pessimistic (optimistic) in bad
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(good) times, when recent shocks to economic outcomes have been negative (positive).

One implication of the model presented here with an experiential learning bias, is that

an econometrician who uses a long sample to estimate (the dynamics of) risk aversion jointly

with consumption dynamics and assumes Rational Expectations will conclude that investors

exhibit high and time-varying risk aversion. In particular, with a long sample the econome-

trician will conclude that consumption growth is i.i.d. and estimate the mean and volatility

parameters to be equal to their true values. The (conditional) price of risk in the i.i.d. econ-

omy, when agents are assumed to know the true model, is approximately ��� risk aversion
times the quantity of risk. De�ne the estimated conditional relative risk aversion as:

~t � �t (lnMt+1) =�: (17)

Note that the conditional volatility of the pricing kernel, �t (lnMt+1), is approximately the

maximum conditional Sharpe ratio in the �This Time is Di¤erent�-economy, under the objec-

tive measure, and that � is the objective volatility of consumption growth.

The right half of Panel B in Table 4 shows that the average level of the �estimated

conditional risk aversion�is about 20, more than twice as high as the actual risk aversion of

the representative agent (recall,  = 9 in the �Uncertain mean�-model). Further, the estimated

conditional risk aversion, ~t, has a volatility of about 7 and an annual autocorrelation of 0:89.

Thus, an econometrician would �nd strong, counter-cyclical time-variation in the pricing of

macro risks due to the belief �uctuations (it is counter-cyclical as beliefs about � are pro-

cyclical). In fact, the dynamics of this �estimated risk aversion�is reminiscent of an external

habit formation model, such as Campbell and Cochrane (1999), and due to the small but

persistent mistakes agents make in their belief formation as well as the fact that the model

uncertainty is priced when agents have Epstein-Zin preferences.

Cash Flow vs. Discount Rate Shocks. In his presidential address, Cochrane (2011)

argues that historically all variation in price-dividend ratios correspond to variation in dis-

count rates and none to variation in expected cash �ows. In the models we consider here,

however, the variation in the price-dividend ratios is instead mainly due to variation in agents�

expectations of future cash �ows as agents update beliefs about the unknown parameters.

Under the objective measure, however, dividend growth is i.i.d., and so there is in fact

no variation in expected cash �ows under this measure. Thus, historical analysis of the

relationship between the price-dividend ratio and future returns will attribute all variation

in the price-dividend ratio to discount rate variation. In this sense, this paper highlights

how even statistically �small�departures from Rational Expectations can lead to a radically

di¤erent view of the fundamental drivers of price variation.
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Figure 3.2.3 - Predictability Regressions

Table 5: This table gives average results from aggregate log exess return and log dividend growth
forecasting regressions in the data and from 1,000 simulations of 328 quarters from the "Uncertain
mean"-calibration. The table shows results for forecasting horizons of 1, 3, and 5 years, where the
dependent variable is future log excess market returns in Panel A and log dividend growth in Panel
B. The independent variable is the appropriately lagged aggregate log dividend yield. �t-stat�denotes
Newey-West corrected t-statistics for the coe¢ cient on the dividend yield, while R2adj denotes the
adjusted R-squared of the regression. The number of lags in the Newey-West procedure is 1.5 times
the forecasting horizon (e.g.,m 18 for a 3-year horizon with quarterly overlapping observations. The
data columns correspond to corresponding regressions presented in Beeler and Campbell (2012).

Panel A: Returns
Data Model

Forecasting coe¤. coe¤. %-tile
horizon (�sj=1r

e
t+j) (t-stat) R2adj (t-stat) R2adj of data R2adj

1 year �0:09� 0:04 �0:21� 0:03 0:70
(�1:8) (�1:8)

3 years �0:26��� 0:17 �0:58�� 0:09 0:87
(�3:2) (�2:2)

5 years �0:41��� 0:26 �0:92��� 0:15 0:87
(�3:8) (�2:7)

Panel B: Dividends
Data Model

Forecasting coe¤. coe¤. %-tile
horizon (�sj=1�dt+j) (t-stat) R2adj (t-stat) R2adj of data R2adj

1 year 0:07�� 0:09 0:02 0:01 0:99
(2:0) (0:3)

3 years 0:11 0:06 �0:12 0:03 0:81
(1:3) (�0:59)

5 years 0:09 0:04 �0:25 0:06 0:51
(1:2) (�0:90)

Table 3.2.3 shows how standard forecasting regressions perform within the �Uncertain

mean�-model versus the data. We do not show the intercepts from the regressions for brevity.

Panel A shows results from log excess return forecasting regressions, while Panel B shows

results for log real dividend growth forecasting regressions. In all cases, the lagged log Price-

Dividend ratio is the predictor variable. The data columns, which are taken from Beeler

and Campbell (2012) and cover the long U.S. sample, show that the price-dividend ratio

is a signi�cant predictor of future excess returns, especially for long forecasting horizons

(>1 year). The price-dividend ratio only predicts dividend growth at the annual forecasting

horizon, however, and not over long horizons.

The right half of Table 3.2.3 shows the corresponding regressions using simulated data

from the model. In particular, we show the mean coe¢ cient, t-statistics (Newey-West, with
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lags set to 1.5 time the forecasting horizon), and R2adj�s from 1,000 simulated samples of the

same length as the data sample. As in the data, the price-dividend ratio is a signi�cant

predictor of future excess returns over long forecasting horizons within the model. The mean

R2adj�s are not as high as in the data, as might be expected as the model for simplicity ignores

business cycle risks and focuses only on the generational learning bias. The rightmost column

shows the percentile that the R2adj found in the data corresponds to within the model. Over

the 3- and 5-year forecasting horizon, the data R2 correspond to the 87th-percentile of that

from model simulations. Panel B shows that dividend growth is unpredictable within the

model, as is natural given the i.i.d. dividend growth assumption. In sum, the model features

substantial variation in the market price-dividend ratio, which is all attributed to discount

rate variation when running standard forecasting regressions.

Table 6 - Beliefs vs. Returns

Table 6: The table gives the correlation between the conditional expected return on the dividend
claim with lagged returns on the dividend claim. The column denoted "Average subjective" gtives
the average conditional subjective expected return of the agents in the economy, averaged across
agents. The column denoted "Objective" gives the conditional expected return using the true model
parameters (i.e., under the objective, P-measure). The conditional expected return is always the
next quarters�expected return, while the lagged return is measured over di¤erent backward-looking
horizons (s).

Correlation between conditional
expected returns and lagged returns

Lagged return
horizon (�sj=0rt�j) Average subjective Objective

1 quarter (s = 1) 0:07 �0:08

1 year (s = 4) 0:13 �0:15

3 years (s = 12) 0:22 �0:26

5 years (s = 20) 0:30 �0:32

Beliefs vs. Lagged Returns. As discussed in Greenwood and Shleifer (2014), survey

evidence shows a positive relation between lagged stock returns and (some) investors�forward-

looking expected returns. Table 6 gives the correlation between conditional expected returns

and lagged returns on the dividend claim in the �Uncertain mean�model. In particular, the

column �Average subjective�gives the correlation between next quarter�s expected subjective
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returns, averaged across agents of all combination of ages, with increasing backward-looking

windows of realized returns. As the table shows, this positive relation is present in the �This

Time is Di¤erent�-model, both in gross returns and in excess returns. This is notable, as in the

model investors are learning about fundamentals and do not use returns directly in their belief

formation (see Barberis, Greenwood, Lin, and Shleifer (2014) for an analysis of an economy

where investors explicitly extrapolate from lagged stock returns). Thus, the relation between

returns and beliefs is fully endogenous to the model. To understand this outcome, consider a

sequence of positive shocks which yields positive stock returns and increases investors�mean

beliefs about the growth rate of the economy. This would by itself not change risk premiums.

However, since growth rates are uncertain, the higher long-run growth rate makes the dividend

claim more sensitive to future growth rate shocks. For intuition, consider the Gordon growth

formula P=D = 1= (r � �). The price-dividend ratio is more sensitive to shocks to growth
rates when growth rates are high. Since shocks to growth rates are priced risks, the increased

covariance of returns with shocks to growth rates leads to a higher subjective risk premium.

In reality, though, investors update �too much�and so on average high growth rate expec-

tations are too optimistic and prices in fact mean-revert. This is shown in column �Objective�

in Table 6, which gives the correlation between lagged stock returns and conditional expected

returns using the true probabilities to calculate the expectation. This correlation is negative,

as one would expect with mean-reverting price-dividend ratios and given the true, constant

growth rate in the economy.

�Uncertain probability�-case For the "Uncertainty probability"-model, where agents

learn about the probability of a Depression shock, the implications for over- and under-

valuation are in many ways similar to the "Uncertain mean"-case. The top left plot of Figure

7 shows the mean beliefs about the (annualized) probability of a Depression for the two

Dynasties, where both agents start at t = 1 with unbiased beliefs. In this simulation, the

Depression shock occurs at time t = 41, and there are no Depressions thereafter until t = 160

(i.e., the time period considered covers the full life of an agent). The agent from Dynasty

A was again a new Young at t = 1, while the agent from Dynasty B was a new Old. Thus,

at the time of the shock, they are both in the middle of their respective generations. The

Young updates more quickly in the direction of a low Depression probability as long as no

Depression shock occurs. Once the shock hits, it is again the Young that update more and

their mean beliefs �ip from being the optimists in the market to being the pessimists. At

t = 80, the Old die (from Dynasty B) and the previous Young become the new Old (from

Dynasty A), which is why the mean belief of Dynasty B has a kink at this point in time (the

new Young starts updating more quickly).
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Figure 7 - "Uncertain Probability": Simulated paths
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Figure 7: The �gure shows selected time series statistics from the �Uncertain probability�-model. The
relevant shocks are Depression realizations. We simulate a path for one full life-time (160 quarters)
and let the Depression occur only in the 41st quarter in order to illustrate the model dynamics. The
Young generation is assumed to come alive in the �rst quarter (Dynasty A), while the initial Old
generation (Dynasty B) becomes the new Young in the 81st quarter (the dotted, vertical line in each
plot). The subjective mean beliefs in the top left plot refer to the mean belief about the probability
of a Depression event. The risk premiums and volatilities all refer to the aggregate dividend claim.

At t > 80, there is only one of the two generations in the market that has experienced the

Depression personally (Dynasty A). This agent assigns a higher probability to the Depression

state than the Young who have not experienced the Depression, as documented empirically

in Malmendier and Nagel (2011). The upper right plot of Figure 7 shows the model-implied

price-dividend ratio. First, the �uctuations are large, from about 25 to about 45. Further, it

takes about 120 quarters (30 years) after the Depression shock for the price-dividend ratio to

reach its level when beliefs are unbiased, so the e¤ects of the shock are long-lasting. Again, the

benchmark known parameters i.i.d. consumption growth model has a constant price-dividend

ratio, so these �uctuations re�ect misvaluation, as well as the priced model uncertainty.

The bottom left plot of Figure 7 shows three versions of the conditional risk premium�

the objective risk premium, the risk premium using agent A�s beliefs, and the risk premium

using agent B�s beliefs. First, note that the risk premium falls in all three cases as long as a
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Depression does not occur. Once a Depression occurs, the risk premium goes up in all three

cases as agents update the likelihood of a severe consumption drop. However, the conditional

risk premium goes up the least for the Young, who become the pessimists in the market upon

experiencing the shock as they update their beliefs the most. Consider the time t = 100 in

the plot. This is after the Depression shock and after a new generation was born (at t = 81).

Thus, here we can consider the �Depression babies�e¤ect on expected market returns. The

agent (Dynasty A) who experienced the Depression event and is still alive expects a risk

premium that is about 1.5% points below that of the current Young (Dynasty B) who did

not experience the Depression. Thus, consistent with Malmendier and Nagel�s �ndings, the

generation that experienced the Depression have a relatively lower allocation to stocks given

their relatively low expectation of future excess stock market returns.

The bottom right plot in Figure 7 shows the path of the VIX (here, risk-neutral annualized

quarterly conditional equity return volatility) and the variance risk premium (VRP: the

�VIX�minus the actual (objective measure) conditional annualized quarterly equity return

volatility). The Depression event at t = 41 is associated with an increase in the VIX as the

subjective beliefs about the likelihood of a disaster increases. Interestingly, the variance risk

premium increases more. This is due to the fact that the Depression shock causes a wealth-

transfer from the Old to the Young. Thus, the wealth-weighted perceived model uncertainty

increases and claims that pay o¤ in the Depression state (such as a variance swap) become

more valuable hedges, leading to a higher variance risk premium.

3.3 The Empirical Relation between the Price-Dividend Ratio and the
fraction of Young vs. Old

A robust implication of the model is that asset prices are more sensitive to macro shocks

when the Young control more wealth in the economy, since these agents update beliefs more

strongly in response to macro shocks. Further, the price level should on average be lower

in this case, as the young perceive more model risk and therefore on average require higher

returns.

In lieu of data on the aggregate wealth (including human capital) of the old versus the

young, we here use demographic data to proxy for this ratio. In particular, we use Census

data from 1900 to 2013 to calculate the log ratio of the number of people in the 25-44 year

age bracket versus the 45+ age bracket. We obtain the annual real price-dividend ratio from

the Shiller data and annual real, per capita GDP growth from the NIPA tables.

First, as a description of the raw data, we relate the level of the ratio of young to old to

the aggregate price-dividend ratio. Panel A of Table 7 shows a regression of the log price-

dividend ratio (the pd-ratio) on the log ratio of young to old (the yo-ratio from here on).
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Table 7

The Empirical Relation between the P/D-ratio and Fraction of Young vs. Old

Table 7: The table shows various regressions relating the log price-dividend ratio (pd) to the log ratio
of the population of Young (25-44 years) to Old (45+ years), yo. The sample is annual from 1900
to 2013. � denotes an annual di¤erence and �10 denotes a 10-year di¤erence. In Panels A and B,
t-statistics are computed using Newey-West standard errors with 20 lags. In Panel C, t-statistics are
computed using White standard errors. The regression with header "Time-Trend" uses the deviations
from the full-sample time trend of yo, "40-year di¤erence" uses the di¤erence between yot and yot�40,
while "40-year moving average" uses the di¤erence between yot and the lagged 40-year moving average
of yo. * denotes signi�cance at the 10%-level, ** denotes signi�cance at the 5%-level, *** denotes
signi�cance at the 1%-level.

Panel A:
Regression: pdt = �+ � � yot + "t

� � R2adj

Coe¢ cient 3:58��� �1:08��� 41%

(t-stat) (20:9) (�3:13)

Panel B:
Regression: �10pdt = �+ � ��10yot + "t

� � R2adj

Coe¢ cient �0:002 �1:02�� 7:3%

(t-stat) (�0:02) (�2:05)

Panel C:
Regression: �pdt+1 = �0 + �1yo

detrended
t + �0�gdpt+1 + �1�gdpt+1 � yodetrendedt + "t+1

�0 �1 �0 �1 R2adj

Time-Trend:
Coe¢ cient �0:04� �0:40 0:82��� 8:30�� 14%

(t-stat) (�1:93) (�1:34) (3:26) (2:06)

40-yr di¤erence:
Coe¢ cient �0:07 �0:21 3:19�� 8:32�� 5:9%

(t-stat) (�1:38) (�1:51) (2:18) (2:21)

40-yr moving average:
Coe¢ cient �0:13��� �0:47�� 2:46��� 9:49��� 18%

(t-stat) (�3:41) (2:04) (3:93) (2:75)

Over the sample, the pd-ratio is trending up, while the yo-ratio is trending down, yielding

a strong negative relation (an R2adj of 41%) that admittedly may be spurious given the high

persistence of the series. Given the high persistence, we also look at 10-year changes in the

pd-ratio versus 10-year changes in the yo-ratio, in annual overlapping observations regressions

34



in Panel B. Here, the R2adj is 7% and the relation is negative and signi�cant at the 5%-level

using Newey-West standard errors and 20 lags, again suggesting the relation between the

amount of wealth controlled by the young relative to the old is indeed a factor in determining

the level of asset prices.

In Panel C of Table 7 we test whether asset prices are indeed more sensitive to macro

shocks when the yo-ratio is high. Here, we can run annual regressions of changes in the

pd-ratio, so these regressions have more power and should be better behaved. In particular,

Panel C shows results from the regression:

�pdt+1 = �0 + �1yo
detrended
t + �0�gdpt+1 + �1yo

detrended
t ��gdpt+1 + "t+1; (18)

where yodetrendedt are detrended versions of the yo-ratio. We use three di¤erent detrending

methods. The �rst is simply to remove the full-sample time-trend from the raw yo-ratio.

The other two are motivated by the model, and we normalize the ratio at a generational

frequency. In particular, the second version of yodetrendedt is simply the di¤erence between the

current yot-ratio and that 40 years ago, while the third is the di¤erence between the current

yot-ratio and the current 40-year lagged moving average of the yot-ratio.

All three versions yield positive and signi�cant �0- and �1-coe¢ cients. Thus, the con-

ditional sensitivity of the pd-ratio to GDP shocks, �t � �0 + �1yo
detrended
t is indeed higher

when the fraction of young vs. old is high, as predicted by the model.

4 Conclusion

We have proposed a relatively simple, but quantitatively realistic model that incorporates the

�this time is di¤erent�-bias across generations documented by Malmendier and Nagel (2011,

2013). Importantly, consistent with Ang, Bekaert, and Wei (2007) agents�beliefs are very

close to truth in a likelihood ratio sense. Thus, the calibration of the bias is not excessive.

In this framework, model-uncertainty persists inde�nitely and is an added risk factor

due to the combination of learning and a preference for early resolution of uncertainty. This

learning-induced long-run risk helps the model match standard asset pricing moments despite

the heterogeneity in beliefs. This is because when agents have recursive preferences and are

uncertain about their beliefs, the amount of speculative activity stemming from disagreement

in mean beliefs is tempered. Agents that are optimistic about the Depression probability

refrain from hedging pessimistic agents against this state as they know they will adversely

update their beliefs if the state occurs, which will signi�cantly lower their continuation utility.

Despite the small departure (in a statistical sense) from the rational expectations as-

sumption, the conditional asset pricing implications that arise from the experiential learning
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bias are large. In particular, the model generates persistent periods of signi�cant over- and

underpricing. These price �uctuations are related to the small, persistent mistakes in cash

�ow expectations on the part of the agents in the economy. An econometrician would, how-

ever, attribute almost all of the variation in the price-dividend ratio to discount rate shocks

and time-varying risk prices, consistent with the data (see, e.g., Campbell (1991)). That is,

the joint behavior of consumption and asset prices is reminiscent of external habit formation

models such as Campbell and Cochrane (1999), where risk prices are time-varying and cash

�ows are i.i.d., even though at the individual level it is time varying expected cash �ow risk

and a preference for the early resolution of uncertainty that drive consumption and portfolio

choices.
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5 Appendix �Model Solution

We here brie�y describe how we solve the model. Denote aggregate consumption Ct. There

are two agents with Epstein-Zin preferences and di¤erent beliefs about the exogenous aggre-

gate consumption dynamics. The resource constraint is:

Ct = CA;t + CB;t. (19)

The preferences of agents A and B are given by:

VA;t = VA (CA;t; VA;t+1) =
h
(1� �)C�A;t + �E

A
t

�
V �A;t+1

��=�i1=�
; (20)

VB;t = VB (CB;t; VB;t+1) =
h
(1� �)C�B;t + �E

B
t

�
V �B;t+1

��=�i1=�
; (21)

where Eit [�] denotes an expectation taken with respect to agent i�s beliefs.
With complete markets, the Pareto problem can be written:

max
fCA;t;CB;tg1t=0

�VA;0 + (1� �)VB;0 s.t. CA;t + CB;t = Ct for all states and time. (22)

Even though the invidivual utility functions are recursive, the social planner function is not

recursive. However, there exists a recursive formulation (see Lucas and Stokey (1984), Kan

(1995), Backus, Routledge and Zin (2009)):

J (Ct; VB;t) = max
CA;t;VB;t+1

h
(1� �)C�A;t + �E

A
t [J (Ct+1; VB;t+1)

�]�=�
i1=�

s:t: VB;t � VB (Ct � CA;t; VB;t+1) : (23)
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Note that the values VB;t+1 we are maximizing over in this problem are for all possible states

of nature that can occur at t+1. Thus, we are solving for the consumption-share of agent A

and promised utility for agent B for each possible state over the next period. Since preferences

are monotonic, the utility-promise constraint will bind and with optimized values we have

VA;t = J (Ct; VB;t) and VB;t = VB (Ct � CA;t; VB;t+1).
The �rst order and envelope conditions for the maximization problem imply that for each

state, the marginal intertemporal rates of substitution of the two agents must be equal:

�A;t (!t+1)�

�
CA;t+1
CA;t

���1� VA;t+1
�A;t [VA;t+1]

����
= �B;t (!t+1)�

�
CB;t+1
CB;t

���1� VB;t+1
�B;t [VB;t+1]

����
;

(24)

where �i;t (!t+1) is agent i�s conditional probability assessment of state !t+1 being realized

next period, determined by agent�s current beliefs as summarized in the posteriors from the

learning problem. Equation (24) is of course a familar requirement for equilibrium in a

frictionless complete markets economy and, as usual, the agents�probability measures must

be equivalent measures for this condition to hold.

The problem with solving the recursion in Equation (23) is that the evolution equation for

the endogenous state variable (relative wealth, or relative consumption, of the two agents)

is not known. In particular, for power utility preferences, where � = �, Equation (24)

provides analytically the evolution equation for the relative consumption of the two agents

as a function of the aggregate state. With � 6= �, however, this is no longer the case, as the

value functions of the agents appear and since these value functions are unknown (they are,

in fact, what we are trying to solve for). One can start with a guess for the value functions

as a function of the aggregate state variables and then try to apply Equation (24) to solve

for the consumption sharing rule, but this is highly unstable as one of the state variables is

the relative consumption share. One typically needs to e¤ectively guess the equilibrium value

functions as the initial value functions in order for the recursion to be well-behaved. In other

words, while the recursion in Equation (23) technically provides a value function iteration

solution to the risk-sharing problem, it is very hard to implement in practice.

We instead solve the model using the approach outlined in Collin-Dufresne, Johannes,

and Lochstoer (2013b). Here, we suggest a new numerical approach to solving these types

of problems. The approach relies on two steps. Step 1: solve, in a backwards recursion, the

risk-sharing problem in a T -period economy. Step 2: increase T until value functions of both

agents no longer change (i.e., has converged according to a convergence criteria) and verify,

using the recursion in Equation (23) that the solution indeed corresponds to the solution

to the in�nite horizon problem. The latter is done by iterating on the recursion given in

Equation (23) using both the value functions and the evolution dynamics for the endogenous

state variable as obtained in the backwards recursion solution to the T -period problem where
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T is large. Note that we do not need the economy to be stationary. I.e., there could be

degenerate wealth dynamics. This should be clear from the following discussion, where we

outline the approach in detail.

It is convenient to solve a normalized version of this model, where all variables are divided

by aggregate consumption. Let lower case of variables denote the normalized counterpart.

Thus, for an arbitrary variable Zt we have that zt = Zt=Ct. In this case, the value functions

can be written:

vi;t =
h
(1� �) c�i;t + ��

�
i;t

i1=�
; (25)

where �i;t � Eit

h
v�i;t+1 (Ct+1=Ct)

�
i1=�

and where the resource constraint is cA;t + cB;t = 1.

The stochastic discount factor under agent i�s probability measure can then be written (see

Epstein and Zin (1989)):

Eit

h
M i
t+1R

j
t+1

i
= 1 for all t and j

M i
t+1 = �

�
ci;t+1
ci;t

���1�Ct+1
Ct

���1�vi;t+1
�i;t

����
: (26)

The aggregate state variables in this economy are the ones governing the agents�subjective

consumption dynamics (xt = [mA;t;mB;t; aA;t; aB;t; T � t]0) and the relative wealth of the two
agents. Since the relative consumption of agents is monotone in the relative wealth of agents,

we use the relative consumption of agent A as the endogenous state variable, cA;t. Thus,

vi;t = fi (xt; cA;t).

If the endogenous evolution equation of cA;t is known, we can now easily solve a standard

value function iteration problem on a grid for xt and cA;t 2 (0; 1):

fA (xt; cA;t) =
h
(1� �) c�A;t + �E

A
t [fA (xt+1; cA;t+1)

� (Ct+1=Ct)
�]�=�

i1=�
; (27)

fB (xt; cA;t) =
h
(1� �) (1� cA;t)� + �EBt [fB (xt+1; cA;t+1)

� (Ct+1=Ct)
�]�=�

i1=�
: (28)

Thus, the crux of the risk-sharing problem is �nding the endogenous evolution equation for

cA for all points in the state-space.

Solving the model at T � 1:
At time T , when the economy ends, the value functions reduce to:

vA;T = (1� �)1=� cA;T ; (29)

vB;T = (1� �)1=� (1� cA;T ) : (30)

Equations (29) and (30) give the boundary conditions for the value functions as a function of

42



the relative consumption of agent A, cA: As mentioned earlier, it is convenient to use cA;t as

the endogenous state-variable (one could equivalently use relative wealth of, say, agent A),

in addition to the exogenous state variables, xt:

At time T � 1, the complete markets requirement that agents IMRS are equalized across
states implies that:

�AT jT�1�

�
cA;T
cA;T�1

���1� CT
CT�1

���1� vA;T
�A;T�1 (vA;TCT =CT�1)

����
= :::

�BT jT�1�

�
1� cA;T
1� cA;T�1

���1� CT
CT�1

���1� vB;T
�B;T�1 (vB;TCT =CT�1)

����
: (31)

Here �iT jT�1 denotes the probability agent i assigns to a given state at time T given agent

i�s beliefs at time T � 1. First, de�ne:

kT�1 =
�B;T�1 (vB;TCT =CT�1)

���

�A;T�1 (vA;TCT =CT�1)
���

=
EBT�1 ((1� cA;T )

� (CT =CT�1)
�)�=��1

EAT�1

�
c�A;T (CT =CT�1)

�
��=��1 ; (32)

where the dependence of kT�1 on the current state variables in the economy is implicit. Next,

imposing the boundary values as given in Equations (29) and (30), we have that:

�AT jT�1�

�
cA;T
cA;T�1

���1� CT
CT�1

���1
c���A;T = :::

kT�1�
B
T jT�1�

�
1� cA;T
1� cA;T�1

���1� CT
CT�1

���1
(1� cA;T )���

m�
cA;T

1� cA;T

���1
= kT�1

�BT jT�1

�AT jT�1

�
cA;T�1

1� cA;T�1

���1
: (33)

Note �rst that Equation (33) implies that, for a given state of the world at time T and

value of state variables at time T � 1, cA;T 2 (0; 1) is decreasing in kT�1 (since � � 1 < 0).

Thus, for a given kT�1, Equation (33) uniquely determines cA;T for each state of the world

at time T and a, say, higher kT�1 implies that cA;T is lower in each state of the world.

Of course, from Equation (32), we only know kT�1 as a function of cA;T . However, the

right-hand side of Equation (32) is monotone in cA;T , which means it is monotone in kT�1.

In particular, since a lower kT�1 means that cA;T is higher in each state of the world,
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EAT�1

�
c�A;T (CT =CT�1)

�
�
is decreasing (increasing) in kT�1 if � > 0 (� < 0). The oppo-

site relation holds for EBT�1 ((1� cA;T )
� (CT =CT�1)

�). Since, kT�1 is the ratio of these two

expectations (taken to the power of �=� � 1), we have that the right hand side of Equation
(32) is indeed monotone in kT�1. In other words, Equations (32) and (33) provide unique

solutions for kT�1, and thus for cA;T for each state of the world at time T . It is also immediate

from these equations that a solution exists where cA;T�1 2 (0; 1) and kT�1 > 0.
While the �xed point problem for �nding kT�1 implicit in Equations (32) and (33) must

be solved numerically for each point on a grid for the state variables, this is very fast given

the monotonicity (e.g., a routine like zbrent works very fast). For a particular choice of �,

one can solve analytically for cA;T as a function of kT�1 and the state variables at T � 1. In
sum, using cA;T�1 as the endogenous state variable, we now have numerically the conditional

evolution equation for cA, from T � 1 to time T .
Next, we can now solve numerically for the normalized value functions at time T � 1 on

a grid for the relevant state variables at time T � 1, using:

vi;t =
h
(1� �) c�i;t + �E

i
t

�
v�i;t+1 (Ct+1=Ct)

���=�i1=� ; (34)

where the state variables are xt and cA;t. Note that solving numerically for the certainty

equivalent of next period�s value function requires the use of the evolution equation for cA.

The second backwards iteration is then at time t = T � 2. Again, we start with the
requirement that the IMRS is equalized for each state for the two agents:

�At+1jt�

�
cA;t+1
cA;t

���1�Ct+1
Ct

���1� vA;t+1
�A;t (vA;t+1Ct+1=Ct)

����
= :::

�Bt+1jt�

�
1� cA;t+1
1� cA;t

���1�Ct+1
Ct

���1� vB;t+1
�B;t (vB;t+1Ct+1=Ct)

����
:

Note that vi;t+1 = fi (xt+1; cA;t+1) is known from the previous step in the backwards recursion.

Now, rewrite the above equation as:

�
cA;t+1

1� cA;t+1

���1�vA;t+1
vB;t+1

����
= kt

�Bt+1jt

�At+1jt

�
cA;t

1� cA;t

���1
; (35)

where kt =
�B;t(vB;t+1Ct+1=Ct)

���

�A;t(vA;t+1Ct+1=Ct)
��� . It is clear that the left hand side of Equation (35) is

monotone in kt. Since
vA;t+1
vB;t+1

is known as a function of xt+1 and cA;t+1, it is easy to numerically

�nd the value of cA;t+1 corresponding to a particular outcome (xt; "t+1), given a value for kt.

It is clear from Equation (35) that the value of cA;t+1 given kt is unique when ��� < 0, which
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is the relevant case in our calibrations. In particular, vA;t+1=vB;t+1 is obviously increasing

in cA;t+1 given the state xt+1, and cA;t+1= (1� cA;t+1) is trivially increasing in cA;t+1. Since
both �� 1 < 0 and �� � < 0; we have that the left hand side of Equation (35) is decreasing
in kt for all states xt+1.

Finally, we need to solve for kt. Note that the previous equation gives the evolution

equation for cA;t+1 as a function also of kt (cA;t+1 = g (Xt; cA;t; kt; "t+1)). Thus, we again

�nd kt as a �xed point of the equation:

kt =
EBt [(vB (xt+1; 1� cA;t+1 (kt)))

� (Ct+1=Ct)
�]�=��1

EAt [(vA (xt+1; cA;t+1 (kt)))
� (Ct+1=Ct)

�]�=��1
: (36)

Again, Equations (35) and (36) provide a unique solution to the evolution equation for cA;t
to cA;t+1 as a function of the aggregate exogenous state variables at xt and xt+1, using the

corresponding logic as that for kT�1. The normalized value function at time t can then be

found using Equation (34).

Further backwards recursions follow the same algorithm as that given for the case t =

T � 2. In practice, we �nd that having T > 2400 is su¢ cient for convergence of typical

calibrations (clearly, the time-discount factor � is particularly important in this regard).

Note that we do not impose nondegenerate wealth dynamics as the relative wealth of agents

implicitly is a state variable (we just chose the relative consumption for convenience).
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