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INTRODUCTION

A marketable security is one which can be sold by a security holder at
any point in time. Thus, a security is nonmarketable from the perspective
of a security holder if it can only be sold after a delay, or if the security
cannot be sold at all for some fixed period of time. The question of how
marketability affects security prices has become one of the most impor-
tant and central issues in valuation theory as empirical research reveals
a growing number of liquidity-related anomalies which cannot be rec-
onciled with existing asset-pricing models. In addition, the recent col-
 lapse or near-collapse of a number of highly-levered financial
institutions because of event-related illiquidity of securities has also
made this issue of key importance to regulators, rating agencies, ex-
changes, auditors, and other market participants.

The empirical evidence suggests that less-marketable securities are
often valued at large discounts to marketable securities. For example,
Daves and Ehrhardt (1993) and Grinblatt and Longstaff (1995) show that
thinly-traded stripped coupon payments from Treasury bonds can sell for
more than three percent below the price of stripped principal payments,
even though both have identical cash flows, tax treatment, and bid-ask
spreads. Boudoukh and Whitelaw (1991) find that Japanese government
bonds can sell at prices more than eight percent below the price of the
intensively-traded benchmark issue with a similar coupon rate and
maturity date. Pratt (1989) and Silber (1992) find that Rule 144 or letter
stock is typically placed privately at thirty to forty percent discounts to
the value of otherwise identical unrestricted stock.

Critics of efficient markets often argue that discounts for lack of
marketability are too large to be consistent with rational price setting,
and view them as clear evidence that investor sentiment determines
security values. In contrast, previous research by Mayers (1972, 1973),
Brito (1977), Boudoukh and Whitelaw (1993), and others shows that
discounts for nonmarketability can occur in equilibrium models. The size
of the discount, however, depends on how closely the optimal portfolio
strategy for an investor approximates the buy-and-hold strategy. In fact,
Mayers (1976) and Stapleton and Subrahmanyam (1979) show that
equilibrium discounts for nonmarketability do not occur for a large class
of preference functions. This leaves open the issue of whether observed
discounts are too large to be consistent with market rationality.

This paper derives analytical expressions for the upper bound on the
value of the discount for lack of marketability in a no-arbitrage frame-
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work. If the discount exceeds this bound, then a contingent claim could
be written which would guarantee an arbitrage profit from holding the
nonmarketable security. Intuitively, this upper bound reflects the present
value of the greatest possible loss that an investor could experience by
foregoing the right to sell the security at any point in time. This upper
bound can also be viewed as the largest spread or market-impact cost an
investor would be willing to pay to obtain immediacy.

We first examine the case where the security cannot be sold for some
fixed period of time. Examples of this type of marketability restriction
include letter stock which cannot be sold for two years after its issuance,
securities which have been loaned via reverse repurchase agreements or
pledged as collateral since these securities cannot be sold by the original
owner until returned, and shares acquired in an IPO where the investor
has an implicit obligation not to resell the shares immediately in the
aftermarket. Using a continuous-time framework, we derive a no-arbi-
trage upper bound for this type of marketability restriction. The upper
bound is a function of the volatility of the security and can vary signifi-
cantly across assets. To address the rationality issue, we compare these
bounds to the prices of restricted stock. The results suggest that the
average discounts reported in the literature for restricted stock approxi-
mate or exceed the upper bound.

We then examine the thinly-traded case where the security holder may
only be able to sell the security after a delay. Examples of this type of
marketability restriction include stock issued by small-capitalization
firms and off-the-run Treasury notes and bonds. We derive an upper
bound for the thin-trading discount and illustrate its dependence on both
the volatility and average selling time for the security. We contrast the
thin-trading discounts reported in the literature for less-liquid fixed
income securities to the upper bound on the thin-trading discount. We
find that the reported discounts appear to be much larger than the upper
bound.

It is important to acknowledge that this analysis does not constitute a
formal test of the hypothesis that illiquid securities are rationally priced.
Nevertheless, these results are difficult to reconcile within the context of
traditional asset pricing paradigms. In any event, these results indicate
that these no-arbitrage bounds can provide useful tools for studying
prices in financial markets. In addition, these bounds also provide a
number of important insights into the potential costs of trading restric-
tions such as price limits, trading halts, and circuit breakers.
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The remainder of this paper is organized as follows: the second section
reviews the empirical evidence about discounts for lack of marketability,
the third section considers the case where securities are completely
nonmarketable for a fixed period of time, the fourth section considers
the thinly-traded case where the investor generally experiences a delay
in selling the security, and the fifth section discusses the implications of
the results and presents concluding remarks.

THE EMPIRICAL EVIDENCE

 To motivate the derivation of the upper bounds, we first briefly review
the evidence in the empirical literature about discounts for different types
of marketability restrictions. These estimates can then be compared
directly to the analytical bounds derived in later sections.

Discounts for Nonmarketability

Much of the empirical evidence about discounts for nonmarketability
is based on the pricing of SEC Rule 144 restricted or letter stock. This is
stock issued by a firm which is not registered for public trading but is
otherwise identical to publicly traded stock. The primary limitation of
Rule 144 stock is that the recipient cannot sell the shares for a two-year
period. After two years, the shares become marketable, subject to several
minor trading-volume limitations. Restricted shares are typically 1ssued
by firms via private placements instead of the usual public offering
mechanism. By comparing the price at which the restricted stock is
privately placed to the market price for the firm’s registered shares, the
discount for nonmarketability can be directly measured.

Pratt (1989) summarizes the evidence from eight different studies of
restricted stock spanning the 1966—1984 period. The studies include the
Institutional Investor Study Report of the Securities and Exchange
Commission 1971; Gelman 1972; Moroney 1973; Maher 1976; Trout
1977; and SRC Quarterly Reports 1983. The mean or median percentage
discount found in these studies ranges from 25.8-45.0%. This is consis-
tent with the results of a recent study by Silber (1992) who finds that the
mean discount for nonmarketability is 33.75% in a sample of 69 private
placements of stock during the 1981-1988 period.l In contrast, Wruck
(1989) studies a sample of 37 privately placed equity issues by NYSE
and AMEX firms and reports an average discount of only 13.5%. Taking
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the average of the discounts reported in these studies suggests an overall
average of roughly 35%.

The evidence also suggests that discounts for nonmarketability can be
extremely large for some firms. For example, Silber (1992) shows that
the discount can exceed 80% for some firms. Moroney (1973) reports
the ranges of discounts for a sample of restricted stock issues privately
placed with a number of registered investment companies. Of the 11
funds in the sample, 10 purchased restricted stock at discounts in excess
of 50%, and four purchased restricted stock at discounts of more than
"15%. The practice of acquiring blocks of restricted stock is very common
among .closed-end mutual funds which have little need of immediate
liquidity. These holdings of restricted stock may provide a partial expla-
nation for closed-end mutual fund discounts. For example, Barclay,
Holderness, and Pontiff (1994) find that closed-end funds that have
restricted securities typically have discounts that are about 2% larger than
other funds, although the difference is not statistically significant.

Thin-trading Discounts

Perhaps the most direct evidence about the value of the thin-trading
discount comes from the fixed income markets. This is because it is often
possible to observe prices for fixed income instruments which have
identical cash flows and differ only in terms of their liquidity.

In an important recent paper, Amihud and Mendelson (1991) compare
the prices of Treasury notes and bonds with no remaining coupon
payments to those of Treasury bills with similar maturities. In the absence
of liquidity effects, the prices for the two types of securities should be
identical. Amihud and Mendelson, however, find that the less-actively-
traded Treasury notes and bonds yield an average of 43 basis points more
than the corresponding Treasury bills. Given that the average maturity
for the Treasury notes and bonds in their sample is 97 days, this translates
into an average price discount for the less-marketable Treasury notes and
bonds of about 0.12%. Kamara (1994) finds similar results for the
percentage price differences between Treasury notes and bonds and
Treasury bills.

Boudoukh and Whitelaw (1991) document the benchmark effect in the
Japanese government bond market. In this market, a specific bond issue
is designated as the benchmark issue by the market participants. Typi-
cally, the benchmark issue has a maturity of 9-10 years. Even though
there are more than a hundred different issues of Japanese government
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bonds outstanding, trading in the benchmark issue constitutes 90-95%
of the total trading volume for all Japanese government issues. Boudoukh
and Whitelaw find that the difference in yields between the highly-liquid
benchmark issue and the more-thinly-traded adjacent-maturity issues
averaged about 50 basis points during the 1984-1987 period, and was as
high as 120 basis points. This implies that the pricing discount for
non-benchmark bonds typically was in the 4-8 % range during the sample
period.

Daves and Ehrhardt (1993) and Grinblatt and Longstaff (1995) study
the pricing of Treasury Strips. These zero-coupon bonds are the stripped
coupon and principal payments from specific Treasury issues which are
identified as strippable. Currently, there are more than 40 Treasury issues
which are eligible to be stripped in book entry form. Since each eligible
Treasury bond pays its last coupon simultaneously with the terminal
principal payment, the cash flow from the last coupon Strip is identical
to that of the principal Strip. The only substantive difference between the
two securities is that there is a larger dollar amount of the principal Strip
outstanding than of the last coupon Strip. Consequently, the greater
supply of principal Strips makes them more liquid or marketable than
the coupon Strips. The bid-ask spreads for the two types of Strips are
typically the same. Daves and Ehrhardt (1993) show that the average
percentage pricing difference between the principal and coupon Strips is
0.86%, but find that some percentage differences are as large as 2.3%.
The average maturity of the Strips examined in their study is roughly 15
years. Using a more extensive sample, Grinblatt and Longstaff (1995)
find that percentage differences for 20 to 30-year Strips can be as high
as 4%.

Finally, the fact that the on-the-run or most-recently-issued Treasury
notes and bonds trade at higher prices than those of older and less-liquid
bonds with similar maturities has been extensively documented. Typical
estimates of the difference between the yields of on-the-run and off-the-
run 30-year Treasury bonds are about 3-5 basis points. This implies a
percentage thin-trading discount for off-the-run 30-year bonds of
roughly 0.30-0.50%. The off-the-run discount can be considerably
larger, however. For example, Cornell and Shapiro (1990) find that the
yield difference for the 30-year 9.25% Treasury bond issued in February
1986 was about 20 basis points, which implies a percentage thin-trading
discount of about 2%.

To summarize, the markets for Treasury obligations imply estimates
of the thin-trading discount ranging from 0.12% for three-month Treas-
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ury notes and bonds, to 0.3 to 0.5% for 30-year off-the-run bonds, and
to 0.86% for Strips with an average maturity of 15 years. The average
thin-trading discount in the Japanese bond market for the 10-year bench-
mark issue is on the order of 4%. Clearly, however, these ranges are
sample specific and are only approximate. Hence, comparisons made
between these estimates and the upper bounds should be viewed as
illustrative rather than as formal tests of the hypothesis of market
rationality.

NONMARKETABLE SECURITIES

In this section, we derive bounds on the discount for lack of marketability
in the case where securities are completely nonmarketable by the security
holder for a fixed period of time. In deriving pricing bounds, our
approach is to identify a contingent claim that would compensate an
investor for the largest loss he could incur by foregoing the right to sell
the security for a fixed period of time.

Let V denote the current or time-zero price of an asset or security that
is continuously traded in a frictionless market in which there are a large
number of investors, all of whom can buy, sell, or short sell the asset as
well as trade contingent claims on the asset. We assume that the equilib-
rium dynamics of V are given by the stochastic process

dV = uvdt + cVdz, ¢))

where |1 and G are constants and Z is a standard Wiener process. We also
assume that all investors can borrow or lend at the constant interest rate
r. With these assumptions, standard methods for pricing contingent
claims on V are applicable.

Now assume that a specific investor is offered an amount ¢ to forego
the right to sell the security prior to some fixed horizon T.% Let R denote
the investor’s reservation price for the security with this marketability
restriction. If ¢ > V— R, then the investor would accept the offer. In
general, however, the amount ¢ that would need to be offered would vary
from investor to investor. Thus, to obtain an upper bound, we must
identify a value ¢ such that the offer would be accepted by any investor

who prefers more wealth to less. To do this, we identify a contingent
* claim that when combined with the restricted security results in a pattern
of cash flows that dominates the cash flows the investor would receive
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by retaining the right to sell the security. The market value of this
derivative security then provides the appropriate value of ¢.3

Observe that nonmarketability is investor specific rather than security
specific in this framework. This differs from the equilibrium models
presented in Amihud and Mendelson (1986) and Boudoukh and
Whitelaw (1993) in which the security is assume to be illiquid from the
perspective of all investors in the market. We use this approach since our
objective is to derive an upper bound rather than to model the equilibrium
value of liquidity. It is important to observe, however, that many forms
of illiquidity are actually investor specific. For example, Rule 144
restrictions apply only to certain investors, rather than to all stockholders
of a firm. This notion of marketability is more in the spirit of the
definition of liquidity given by Lippman and McCall (1986).

Table 1 compares the cash flows from two investment strategies. The
first strategy represents the cash flows to an unrestricted investor from
purchasing the security at time zero for an outlay of V and then selling
at some arbitrary time ¢ < T for a cash inflow of V,. In the second strategy,
the restricted investor pays R for the security at time zero, borrows V, at

Table 1. Cash Flows from the Unrestricted and Restricted Strategies
When the Unrestricted Security is Sold Before the End of the
Marketability Restriction Period

Strategy ' Time-0 Cash Flow Time-t Cash Flow Time-T Cash Flow
Strategy 1

Buy Security -V

Sell Security +Vi

Total -V +Vi 0
Strategy 2

Buy Security -R

Sell Security +Vr
Borrow +Vi

Repay Loan : —Ve T
Buy Claim -D

Claim Payoff max(Vee "% - V1)
Total - -R-D +Vi =0

Notes: The first strategy represents the cash flows to an unrestricted investor from taking a position
in a marketable security at time zero and selling at some arbitrary time ¢. The second strategy
represents the cash flows to an investor from taking a position in the same security but with
the restriction that the investor cannot sell the security prior to time T, where t <T. V denotes
the market value of the security. R is the value of the security to the investor given the
marketability restriction. D denotes the market value of a contingent claim with the indicated
payoff function at time T, where the maximum is taken overall 1, 0<t<T.
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time ¢, and then sells the security at time 7 when the restriction lapses
and repays the loan. Since the investor can borrow at time ¢, the time-¢
cash flows for both strategies are identical. At time 7, there is no residual
cash flow associated with the first strategy, while the second strategy
results in a cash flow of V,— VeI,

The residual cash flow for the second strategy illustrates why illiquid-
ity may be costly to an investor. Even though the restricted investor can
duplicate the time-z cash flow from a fully-marketable security position
by borrowing, the investor remains vulnerable to subsequent price
changes. If the value of the security increases from time ¢ to time 7, the
residual cash flow V- V,¢"7™ is positive, and vice versa. It is easily
shown that the expected value of this cash flow is zero under the
risk-neutral measure. Despite this, however, the restricted investor may
not be indifferent to bearing this residual price risk. For example, the
restricted investor may believe that he has market-timing ability and
would consider the mean of the residual cash flow V;— V,e"T™) to be
negative, conditional on his private information. Note that the largest
possible loss to the restricted investor from this strategy is
max, V"7 — V., where the maximum is taken over all values of
1,0<1t<T.

To provide an upper bound on the value of the discount for lack of
marketability V — R, observe that the sum of the residual cash flow
V= V'™ and the largest possible loss max, Ve "™ — V,.is always
greater than or equal to zero. This means that if the restricted investor
were given a cash flow at time T equal to max, V,e"T™ — V,, then the
total cash flow received by the restricted investor at time 7 would always
be greater than or equal to zero. Intuitively, since this cash flow is equal
to the greatest possible loss that the investor could experience; receiving
this cash flow fully compensates the investor for any actual realized loss.
Let D(V,T) designate the present value of a contingent claim with time-T
payoff max, V"7 — V.. Table 1 shows that when the contingent claim
is incorporated into the second strategy, the cash flows from the second
strategy dominate the cash flows from the first strategy. Thus, the
inequality V < R + D(V,T) must hold in order to avoid arbitrage. Hence,
V=R £ D(V,T) and the value of D(V,T) provides an upper bound on the
value of the discount for lack of marketability for any investor. Table 2
illustrates that a similar argument can be used to show that D(V,T)
provides an upper bound in the case where T <1.
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Table 2. Cash Flows from the Unrestricted and Restricted Strategies
When the Unrestricted Security is Sold After the End of the
Marketability Restriction Period

Strategy Time-0 Cash Flow Time-T Cash Flow Time-t Cash Flow
Strategy 1

Buy Security -V

Sell Security +Vi
Total -V 0 +Vi
Strategy 2

Buy Security -R

Sell Security +Vi
Buy Claim -D

Claim Payoff max(Vee 79 - V)

Total -R-D 20 +Vi

Notes: The first strategy represents the cash flows to an unrestricted investor from taking a position
in a marketable security at time zero and selling at some arbitrary time t. The second strategy
represents the cash flows to an investor from taking a position in the same security but with
the restriction that the investor cannot sell the security prior to time T, where T < £. V denotes
the market value of the security. R is the value of the security to the investor given the
marketability restriction. D denotes the market value of a contingent claim with the indicated
payoff function at time T, where the maximum is taken over all t, 0 St <T.

Proposition 1. The discount for lack of marketability V — R satisfies
the following inequality

0<V-R<D(V,T), 2)
where
,/ 2 2
DV.T)= v+ Sy [T AT 9Ty,
2 2 o 8

and N(:) is the cumulative normal density function.
Proof. See Appendix.

The lower bound on the discount for lack of marketability is clearly
zero. The upper bound is the present value of the maximum possible loss
that the investor could incur during the period of the marketability
restriction. Alternatively, the upper bound can also be viewed as the
present value of the opportunity cost suffered by an investor with perfect
market timing ability by only being allowed to liquidate his security
position at time 7.
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Intuitively, this liquidity derivative is similar in many respects to a
standard lookback type of option in which the investor is given the
difference between the maximum value of the underlying security during
the life of the derivative and some fixed amount. What is different,
however, is that the payoff of the derivative is the difference between the
maximum and the time-7 value of the underlying. Furthermore, the
maximum involved is not simply the maximum value taken by the
underlying asset. In particular, if the investor were free to time the sale
optimally, the investor would sell at a time that would maximize the
present value of the selling price. This would not necessarily coincide
with the time when the asset price reached its maximum value. For
example, if r = 0.05 and V reached 100 at time 1 and 102 at time 2, and
investor with perfect market timing ability would maximize the present
value of his information by selling at time 1 rather than time 2. Thus, this
contingent claim differs in several ways from lookback types of contin-
gent claims on V such as those considered by Goldman, Sosin, and Shepp
(1979) and Goldman, Sosin, and Gatto (1979).

This upper bound represents the maximum amount that an investor
would be willing to pay to obtain immediacy in liquidating a security
position. Thus, this upper bound provides an endogenous measure of the
largest possible bid-ask spread or transaction cost for a security. Equiva-
lently, this upper bound represents the spread that would be charged by
a market maker who knew that the investor had perfect information. In
contrast, previous research on the valuation of illiquid securities by
Amihud and Mendelson (1986) and Boudoukh and Whitelaw (1993) and
on the valuation of securities in the present of transaction costs by
Constantinides (1986) and Vayanos and Vila (1992) takes the bid-ask
spread or transaction costs for the security as exogenous.

The maximum discount for lack of marketability is proportional to V
and depends on the volatility parameter ¢ and the length of the market-
ability restriction T. Differentiation shows that the maximum discount is
an increasing function of the variance parameter. Intuitively, this is
because the value of perfect market timing ability increases with the
variance of the price process since the ultimate selling price is likely to
be larger. The maximum discount is also an increasing function of T. It
is interesting to observe that the maximum discount does not depend on
the riskless interest rate r. The reason for this is that the expected return
on Vis r under the risk-neutral pricing measure. This expected return just
cancels the discount rate of r applied in deriving the present value
D(V,T) of the contingent claim.
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Figure 2, Maximum Percentage Discount for Nonmarketability for a
Two-year Restriction Period and for Annualized Standard Deviations of
Returns Ranging from Zero to 0.30

about twice that for 7 = 12 hours, and only about seven times that for T
= 1 hours. Thus, the relation between the length of the restriction period
T and the maximum percentage discount is very steep at first, but quickly.
declines. It is easily shown that the maximum percentage discount
converges to zero as T — 0. As T — oo, the maximum percentage dis-
count increases without bound. As a practical matter, however, the
maximum percentage discount can never exceed 100%.

To compare the empirical estimates of the discount for nonmarketabil-
ity observed for restricted stock with the upper bound, Figure 2 graphs
the maximum percentage discount for a restriction period of T = 2 years
as a function of . Recall that the average percentage discount for
restricted stock is roughly 35%. Figure 2 shows that this empirical
estimate lies within the upper bound only if the average value of ¢ for
the firms issuing restricted stock is greater than or equal to 0.28. Unfor-
tunately, data on the average standard deviation of firms included in the
restricted stock studies is not available. Typical estimates of the average
standard deviation of firms on the NYSE are in the range of 0.15-0.25
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during the period covered by the restricted stock studies. Typical esti-
mates of the average standard deviation for the smallest 10% of the firms
on the NYSE during the same period are in the range of 0.25-0.30.
Although we cannot draw definitive conclusions from these informal
comparisons, these results seem to suggest that the observed discounts
for restricted stock approximate or perhaps exceed their upper bounds.*

THINLY-TRADED SECURITIES

In the previous section, we focused on securities which could not be sold
for a fixed period of time. In this section, we consider the more typical
case where the investor can choose to sell at any time, but where the
thinness of the market may lead to a delay before the sale can be executed.

Our approach is again to identify a contingent claim which would fully
compensate an investor for foregoing the right to sell the security at any
point in time. To model thin trading, we assume that the restriction is that
the investor can only sell the security at discrete points in time, say every
10 minutes. Thus, if the investor chooses to sell, the investor must wait
between 0 and 10 minutes before the security can be sold.’ The implicit
cost to the investor is that the market price of the security may decline
before the security can be sold. Consequently, the value of the security
to the investor may be less than if the security could be sold continuously
in the market. We term this the thin-trading discount.

Let L denote the length of the interval between points in time at which
the investor can sell his security position. Let 7 denote the horizon or life
of the security. Thus, /=T7/L is the number of discrete points in time
during the life of the security at which the investor can sell.® The upper
bound on the thin-trading discount is obtained by again specifying a
contingent claim which fully compensates the investor for any possible
loss due to the marketability restriction. Consider the two investment
strategies shown in Table 3. The first is again the unrestricted case in
which the security is purchased at time zero for a cash outlay of V, and
then sold at some arbitrary time ¢ for V,. The second strategy is the
restricted case in which the investor pays R for the security, borrows V,
at time ¢, liquidates the security at the next opportunity, and uses the
proceeds to pay down the balance of the borrowings. Let N denote the
next time after ¢ at which the security can be sold by the investor. Clearly,
N is an integral multiple of L. If the balance due on the borrowings at
time N, V,e"™ is less than the proceeds from selling the security Vy,
the balance is assumed to be invested at the riskless rate until time 7.
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Table 3. Cash Flows from the Unrestricted and Thin-trading

Strategies
Time-0 Time-t  Cash Flow at Time-T

Strategy Cash Flow Cash Flow  Next N Cash Flow
Strategy 1
Buy Security -V
Sell Security +Vi
Total -V +Vi 0 0
Strategy 2
Buy Security -R
Sell Security +Vn
Borrow +Vi
Pay Down Loan -VN
Loan Balance ETVne™ = Vie™
Buy Claim —-Q
Claim Payoff max(e Tmaxo(Vee ™ — Ve ™)
Total -R-Q +Vi 0 >0

Notes: The first strategy represents the cash flows to an unrestricted investor from taking a position
in a marketable security at time zero and selling at some arbitrary time ¢ <T, where T is the
life or horizon of the security. The second strategy represents the cash flows to an investor from
taking a position in the same security but with the thin-trading restriction that the investor can
only sell at I regularly-spaced discrete points in time 1, 2, 3,...N - 1, N,...I, where N denotes the
general term. V denotes the market value of the security. R is the value of the security to the
investor given the thin-trading restriction. Q denotes the market value of a contingent claim
with the indicated payoff function at time T, where the inner maximum is taken over all
T, N-1<1t<N, and the outer maximum is taken over all ] discrete periods.

The second strategy exactly matches the cash flow at time ¢ available
to an investor without marketability restrictions, but has a residual cash
flow at time T of e’T(Vye™ — V™). A contingent claim that guarantees
the restricted investor a positive net cash flow at time T can be con-
structed as follows. First, for each of the I periods of length L during [0,
T1, find the T that maximizes V"7 — V,e" "M, where N—L<T<N.
Second, of these [ values, find the maximum. Finally, create a contingent
claim which makes a cash flow at time T equal to this maximum. It is
easily shown that the sum of this cash flow and the residual cash flow
from the second strategy is greater than or equal to zero. Thus, the sum
of the R and the present value of this contingent claim Q(V,T,L) must be
less than or equal to V in order to avoid arbitrage. This implies the upper
bound on the discount for thin trading.

Proposition 2. The thin-trading discount V — R satisfies the follow-
ing inequality
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0<V-R<Q(V,TL), 5)
where

QV.T.L) = (V+ DYV I [ vF- w)f v,
0

—o2L/2 —v—02L/2
— 21./2)?
0= G RO (“(""jigi‘f’)_)

—y —G2L/2
—exp(vV)N (*L\jgz————i——).

Proof. See Appendix.

Intuitively, the upper bound on the thin-trading discount is the present
value of the largest possible loss during any of the discrete periods during
which the investor cannot sell the security. This upper bound differs
fundamentally from that for the discount for nonmarketability in Propo-
sition 1. As an example, let L equal 24 hours, let T equal one year, and
let ¢ equal 0.20. The upper bound for a 24-hour nonmarketability
discount is 0.84%. In contrast, the upper bound for the thin-trading
discount is 3.86%. The reason for the difference is that the upper bound
for the discount for nonmarketability is related to the expected maximum
loss over a 24-hour period. The upper bound on the thin-trading discount
is also related to this maximum loss. However, the upper bound for the
thin-trading discount also takes into account that there are 365 separate
24-hour trading periods during the life of the security. Thus, the upper
bound for the thin-trading discount is related to the expected maximum
or first-order statistic for 365 losses rather than simply a single 24-hour
loss. Note also that the upper bound for the thin-trading discount is much
smaller that 365 times the upper bound for the 24-hour nonmarketability
discount. In addition, it is much smaller than the 16.98% upper bound
for a one-year nonmarketability discount.

To illustrate the upper bound on the thin-trading discount, Figure 3
graphs the maximum percentage thin-trading discounts for three-month,
six-month, and one-year Treasury securities as functions of the length of
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the thin-trading interval L, where L ranges from zero to 60 minutes. The
values of ¢ used to compute the upper bounds correspond to the average
annual standard deviation of returns on these securities during the
1964-1993 period. In particular, the values of ¢ for the three-month,
six-month, and one-year Treasury securities are 0.00625, 0.0125, and
0.0250, respectively. As shown, the maximum thin-trading discount is
an increasing function of L. In addition, the maximum thin-trading
discount increases as we move from shorter-term to longer-term Treasury
securities.

Using these values, we can compare the theoretical upper bounds with
the average discounts observed for less-liquid Treasury securities. Recall
that the results in Amihud and Mendelson (1991) imply an average
difference between the prices of liquid Treasury bills and less-liquid
Treasury notes and bonds with an average maturity of 97 days of about
0.12%. In contrast, the upper bound shown in Figure 3 for 3-month
Treasury securities is always less than 0.03%. In fact, an average thin-
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Figure 3. Maximum Percentage Thin-trading Discount for Three-
month, Six-month, and One-year Treasury Securities for Thin-trading
Intervals Ranging from Zero to 60 Minutes
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trading discount of 0.12% only lies within the upper bound if the value
of L is greater than about 48 hours. While Treasury bills can be sold
almost instantaneously, selling less-liquid Treasury notes and bonds with
comparable maturities may involve a delay. Nevertheless, conversations
with traders suggest that this delay can be measured in minutes rather
than hours or days. Thus, these results suggest that the discounts reported
by Amihud and Mendelson are much larger than the upper bound.

As another comparison, Figure 4 graphs the maximum percentage
thin-trading discounts for 10-year, 15-year, and 30-year Treasury secu-
rities, again using historical estimates of ¢ of 0.0375, 0.0750, and 0.1000,
. respectively. The results from comparing these bounds to reported esti-
mates of the thin-trading discount are similar to those for the short-term
securities. The upper bound for a 15-year Treasury bond when L = 60
minutes is only about 0.5%, which is well below the average empirical
estimate of 0.86 observed for Treasury Strips. The upper bound for a
30-year Treasury bond when L = 60 minutes is about 0.8%. As shown
by Cornell and Shapiro (1990), off-the-run discounts can be several
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Figure 4. Maximum Percentage Thin-trading Discount for 10-year, 15-
year, and 30-year Treasury Securities for Thin-trading Intervals Ranging
from Zero to 60 Minutes
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times this value. Furthermore, the average benchmark effect during
1984-1987 in the Japanese government bond market is only consistent
with the upper bound for values of L on the order of a week. Taken
together, these comparisons indicate that thin-trading discounts ob-
served in fixed income markets often exceed the upper bound by
substantial amounts. '

CONCLUSION

We have derived analytical upper bounds on the discount for lack of
markétability in a rational no-arbitrage framework. If the discount ex-
ceeds this bound, then a contingent claim could be constructed that would
guarantee the holder of the nonmarketable or thinly-traded security an
arbitrage profit. This contingent claim represents the present value of the
maximum possible loss that the investor might experience by being
unable to sell the security at his discretion. These result suggest that
return volatility can be a key determinant of discounts for lack of
marketability and that discounts can be quite large even if the security
can be sold within a relatively short time period.

These analytical bounds on the value of marketability can provide
useful information for making policy decisions. For example, these
bounds allow the policy maker to assess the maximum effect of imposing
a restriction on trading such as a circuit breaker, trading halt, or price
limit. Typically, these types of trading restrictions have been proposed
by regulators without quantifying the costs imposed on traders and
investors because of the temporary impairment of liquidity. Since these
restrictions are generally imposed during periods of high volatility, this
analysis suggests that the implicit cost to traders and investors could be
much higher than is commonly believed.

Since these upper bounds are based on a worst-case scenario, it might
be expected that observed discounts would be much less than the upper
bound. Surprisingly, many of the estimates given in the literature ap-
proximate or exceed the no-arbitrage bound. It is important to acknow-
ledge, however, that these results are based on informal comparisons
rather than on formal tests. Clearly, future research should explore more
carefully the issue of whether nonmarketability and thin-trading dis-
counts are too large to be consistent with a rational or equilibrium asset
pricing model.
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APPENDIX

Proof of Proposition 1. The lower bound for V — R cannot be greater
than zero since it may be optimal for the investor to buy and hold. Thus,
the value of the rights foregone because of the restriction on market-
ability could be zero. The lower bound cannot be less than zero because
the restriction on marketability results in a strictly smaller set of
portfolio opportunities for the investor. Tables 1 and 2 show that the
cash flows from the second strategy are equal to or greater than the
cash flows from the first strategy in every state. Hence, the inequality
V—R<D(V,T) must hold in order to avoid arbitrage. Since V is a
traded security and r is constant, the value of D(V,T) is given by
applying the risk-neutral valuation model,

D(V,T) = ¢ TE[max V""" — V], (A1)
T

where the expectation is taken with respect to the risk-neutral process
dV =rVdt + cVdZ, (A2)
and the maximum is taken over all t, 0 <t < 7. This implies

D(V,T) = E[maxV,e "] — e "TE[ V], (A3)
D(V,T) = E[maxV,e "] - V. (A4)

Define the process X, = In(V,¢™"/V). This process has time-zero value
X =0 and dynamics

dX = —6%/2dt + 6dZ. (AS)

Define H; as max X, where the maximum is taken over all 7, 0 <
T < T. Thus,

D(V,T)= VE[exp(Hp)] - V. (A6)

The density function for H, follows from Harrison (1985) p. 14
equation (11),
2 (Hp+ 6°T/2)? N —Hy+ 6*T/2 \(AT)
— e + — s
26T T 26°T X CHN| 7557

2
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where 0 < H < o=, The expectation E[exp(H,)] equals

2 }’ex ~(Hp+ 6°T/2)* + 26°TH,, .
\2716?T " 26°T T

T (~Hp+6*T/2
+ J‘ N (——“-‘-&\/—“2?-——) dHT . (AS)

Thefirstintegralinequation (A8)equals

1 ~(Hy— 6*T/2)?
2 dH, (A9)
{ \2na?T exp( 26T T

which equals

02T ).
ZN( R (A10)

The second integral in equation (A8) reduces to

(H,— 02T/2)?
jxlzncsZT [ 26T ]dHr, (A11)

after integration by parts. This integral can be evaluated directly by a
change of variables resulting in

AT

Substituting the sum of equations (A10) and (A12) for Elexp(H)] in
equation (A6) and rearranging terms gives the result.

Proof of Proposition 2. The lower bound for V- R cannot be greater
than zero since it may be optimal for the investor to buy and hold. Thus,
the value of the rights foregone because of the restriction on market-
ability could be zero. The lower bound cannot be less than zero because
the restriction on marketability results in a strictly smaller set of
portfolio opportunities for the investor. Denote the length of time
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between the discrete periods at which the investor can trade by L. The
I times at which the investor can sell the security are L, 2L, 3L, ..., (N
~ DL, NL, ... IL =T, where T is the life or horizon of the security. Table
3 shows that the cash flows from the second strategy are equal to or
greater than the cash flows from the first strategy in every state. Hence,
the inequality V — R < Q(V,T,L) must hold in order to avoid arbitrage.
The value of Q(V,T,L) is again given by applying the risk-neutral
valuation model,

OV, T.L) = e‘rTE[m?x(e’Tmax(VTe‘” = Ve ™)), (Al3)

T

where the inner maximum is taken over all T, (N - 1)L <1t < NL and
the outer maximum is taken over all / discrete trading times. As in the
previous proof, let X, = In(V,e™"/V). Define M,,, as the maximum value
of X, during the Nth period [(N — 1)L,NL]. From equation (A13),

Q(V,T,L) = VE [max(max(e*: — eXn))], (A14)
I T

Q(V,T,L) = VE [max(eMm — X)), (A15)
1

Q(V,T,L) = VE [max(eMm(1 — v Mu))] . (A16)
I

Define H; as the maximum value of X during the life of the security
or the security restriction period [0,7]. Since
H.e {M,,M,,....M,},

Q(V,T,L) < VE [ef'rmax(1 — Xv ™M), (A17)
1
Q(V,T,L) < VE [ef1(1 — min eXvMw)]. (A18)
1

However, since X, <M, for all N, e*«™x 2 1 + X,, — M,,. Thus,

min(1 + X, — My ) < min(eXv M), (A19)
I 1

which implies
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Q(V,T.L) < VE [ef'r max(My; — Xyp]- (A20)
1

Because the increments of X are independent and their distribution does
not depend on the level of X, and because L, 2L,...,IL are stopping times,
the distribution of each My; — Xy, is the same as M; — X;. Changing
variables to u =M; and v =M; — X, and using the joint density for M,
and X; given by Harrison (1980) 12, equation (3) implies the joint density
of u and v,

2 2
MGZQL(M'—TZ-;:S)L exp(v)exp(—— (ut (v;(-j;)‘LL/2)) J ) (A21)

Integrating out u gives the density f(v) for v,

2 (v +6°L/2)? —v —G6°L/2 (A22)
—_— AT A | N | e 2
fv P exp(v)exp[ L ) exp(v) ( oL }

Integrating equation (A22) gives the distribution function F(v) for v,

2 2
F) = N(Z;\[%%z_)_ exp(v)N[—K—G\/_‘—’Z—ZL—@] . (A23)

Using the joint density for u and v in equation (A21) and solving for E [
exp (uwv], E[exp(w)], and E[v], it can be shown that eMw. and
My, — X, are negatively correlated. Since M and My, — Xy, are
independent when J# K, and Hye {M;, M,;,...M; }, it follows that
ef'rand max (M N — Xyr) are negatively correlated. From equation (A20)
and the definition of the covariance, this implies

Q(V.T.L) < VElexp(Hp)IE [max(My, = Xy, (A24)

However, the distribution of max(My; — Xj,) is the same as the distri-
bution of the first order statistic for I observations of M; — X;. Thus,

Elmax(My, — Xy)1 = I | vFF1 () f(0)dv. (A25)
1
0

Substituting this expectation into equation (A24) and recalling the defi-
nition of D(V,T') gives the result.
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NOTES

1. Inhis sample, Silber (1992) finds that the firms with the largest discounts tend to
be smaller in size. In general, however, little is known about the cross-sectional properties
of discounts for letter stock.

2. By foregoing the right to sell, we include strategies which synthetically sell the
security such as short sales, short futures positions, short call positions, and so forth.

3. We are implicitly making the standard no-arbitrage assumption that the market
price V of the underlying asset is exogenously determined and is unaffected by whether
the offer to forego the right to sell is made or not. However, nothing in this framework
precludes V from being the equilibrium price determined in a market in which this type
of an offer could be made. Note that ¢ can be viewed as the upper bound on the shadow
price of the nonmarketability restriction.

4. The upper bounds could potentially be slightly different under different assump-
tions about the dynamics of the underlying process. For example, the bounds would be
tighter if the pricing process was mean reverting. Alternatively, the bounds could be wider
if the pricing process displayed stochastic volatility or exhibited jumps.

5. There are other possible ways of modeling thin trading. For example, the investor
could be required to wait some fixed period of time after placing a sell order until the
sale is executed. The model we use incorporates the more realistic feature that the time
until the sale is executed may be random. Alternatively, thin-trading could also be
modelled as a situation in which the investor is willing to accept a price concession in
order to obtain an immediate sale. The upper bound derived in this section represents an
upper bound on the price concession that the investor would pay for immediacy.

6. For notational simplicity, we assume that / is an integer.
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