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A growing number of countries worldwide. including the US, have recently undertaken
restructuring processes in their electric power sectors. Although the speed and scope of
{he reforms varies across countries, such liberalization processes have been based on
opening the electricity systems to competition wherever it was considered to be feasible,
notably generation and retailing activities. The deregulating processes have been
accompanied by the introduction of competitive wholesale electricity markets, and power
derivative contracts. both OTC and exchange-traded, providing a variety of contract
provisions to meet the needs of the electricity market participants. In the US, electricity
futures and options contracts have been listed in recent years by the Chicago Board of
Trade. the New York Mercantile Exchange, and the Minneapolis Grain Exchange.
Electricity may be considered as a flow commodity strongly characterized by 1ts very
limited storability and transportability. Both limits to the possibilities of “carrying”
electricity across time and space turn out to be crucial in explaining the behavior of
electricity spot and derivative prices as compared to other commodities. In other words.
arbitrage across time and space, which is based on storability and transportation, is
seriously limited. if not completely eliminated, in clectricity markets. If the links across
time and space provided by arbitrage break down, we would expect spot prices to be
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highly dependent on temporal and local supply and demand conditions. The limits of the
arbitrage are also expected to affect decisively the relationship between spot and derivative
prices.

The non-storability of electricity makes electricity delivered at different times and on
different dates to be perceived by users as distinct commodities. In other words. prices
are strongly dependent on the electricity needs (demand) and their determinants in every
precise moment (this is to say, business activity, temporal weather conditions. and the like).
Distinguishing between on-peak and off-peak clectricity prices. or among prices
corresponding to different time periods. such as seasons. is indeed important in power
markets (such distinctions determine, for instance, derivative contractual terms). The
non-storability of electricity is also likely to affect derivative pricing significantly, notably
influencing on the shape of the forward curve and its behavior.

Transportation constrains for electricity come in the form of capacity limits in the
transmission lines and transportation losses, which can make impossible or
uneconomical the transmission of electricity among certain regions. These limitations
make electricity contracts and prices highly local, 1.e. strongly dependent on the local
determinants of supply and demand (such as characteristics of the local generation
plants, and local climate and weather conditions together with their derived uses of
electricity).

The number of papers addressing the specific valuation problems of electricity
derivative contracts is still scarce. Several papers have pointed out some general
characteristics of the power price behavior that should be considered, in their opinion,
for the purposes of electricity derivative pricing. In particular, some have argued that a
model for electricity prices should incorporate a form of time-varying volatility, and the
possibility of jumps in prices (see Kaminski (1997). Eydeland and Geman (1998). and
Deng (2000)). Others. on the contrary, have stressed the importance of the periodic
seasonal behavior of electricity prices, and its reversion to mean (possibly non stationary)
levels (Pilipovic (1998)). Nevertheless, the much needed empirical work is on its early
stages. Only very limited and tentative work has been published to date (see Kaminski
(1997). and particularly Pilipovic (1998)), and the bulk of the research on modeling
clectricity spot and derivative prices remains to be done. Probably this is due to the fact
that competitive electricity markets and exchange-traded derivatives are relatively new
and, consequently, long histories of liquid spot and exchange-traded derivatives prices do
not exist.

This paper is mainly concerned with the importance of the predictable component in
the behavior of electricity spot prices and its implications for derivative securitics
valuation. The value ol a derivative security is the risk-adjusted discounted expected
value of its future electricity-contingent payoffs. To the extent that these payoffs strongly
depend on the future level of the electricity price and this has a clear predictable
component, this predictability should be taken into account when making the
expectations and consequently translated somehow to derivative prices. Of course, this
would be the case only if such predictable component is a4 genuine feature of the
underlying price behavior, as it is expected to be the case for electricity, and if it is
sufficiently important. Indeed. genuine systematic behavior of electricity prices through
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time can be explained. for instance. by changes in demand following business activity, and
the periodic behavior of consumption arising from the seasonal (average) evolution of
temperatures.

We try to circumvent the indicated problems on the lack of historical time series for
electricity prices by using data from one of the oldest spot and futures electricity markets
i1 the world. the Nordic Power Exchange. Nord Pool ASA. The Nord Pool is a non-
mandatory market for electric power contracting that has its roots in the liberalization of
the electricity sectors in the Nordic European countries started in Norway with the
Electricity Act of 1991. Thus. it has a history of spot and derivative contracting, with
accompanying increasing trading volume, which can be traced back to the early nineties.”

The balance of the paper is organized as follows. In Section I we review the basic features
ofelectricity contracting via the Nord Pool inboth the physical and the financial markets. In
particular, we explain the so-called system price underlying the derivative contracts. In
Section 2 we provide a thorough analysis of the behavior of the system price in the Nord
Pool. We stress the importance of several systematic patterns. We also provide evidence
about a seasonal periodic pattern in the term structure of futures prices. In Section 3 we
propose several one and two factor models for electricity spot prices, in light of the results
of the previous section. We take into account the systematic effects by the inclusion of a
deterministic component in the assumed models for the underlying spot price. All the
models considered allow for closed form solutions for forward and futures prices. Section 4
presents and discusses the results of the estimation of the one factor processes for the
underlying spot price, using electricity system price data from the Nord Pool. In Sections 5
and 6 we analyze actual futures and forward prices in the Nord Pool by comparing them
with model prices. Section 7 concludes the paper with some final remarks.

1. Nord Pool—The Nordic Power Exchange

During the nineties, the Nordic European countries started a gradual deregulating process
in their respective electricity sectors based on opening them as much as possible to
competition. In the resulting Nordic electricity system, the transmission network is
owned and operated by a number of independent transmission system operators. whose
activity is subject to regulation and control by public authorities. This guarantees a non-
discriminatory access to the grid to all market participants in the new electricity market.”
The new Nordic wholesale electricity market combines both over the counter bilateral
contracting and trading via the Nordic Power Exchange. Nord Pool ASA.

Established in January 1993, and first covering only the Norwegian market, the Nord
Pool is currently a non-mandatory common multinational market which also includes
Sweden since January 1996. Finland since June 15, 1998, and the western part of
Denmark (Jutland and Funen) since July 1. 1999.* Basically, Nord Pool organizes two
markets, a “physical market” (E/spor) and a “financial market” (Eltermin and Eloption).
and also provides with clearing services.”

Elspot is a “spot” market where day-ahead electric power contracts are traded for
physical delivery for each one of the 24 hours during the following day. Every contract in
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Elspot refers to a load. in megawatt-hours (MWh. 1 MWh equals 1.000 kWh). during a
given hour, and a price per MWh. A price, called the System Price. is fixed separately for
each hour for the next day. based on the balance between aggregate supply and demand for
all participants in the whole market area (the so-called Nordic Power Exchange Area).
without considering capacity limits (“bottlenecks™) in the grid among countries. A
system price can thus be defined as the market clearing price at which market
participants trade electricity for the entire exchange areca when no transmission
constrains apply. It is also used as reference price in settlements at the Nord Pool’s
financial market.

The respective national system operators have established different methods for
handling bottlenecks situations (i.e. situations when the required electricity flow between
any two given areas exceeds the capacity limits of the transmission lines), depending on the
specific involved areas. Bottlenecks between any two countries as well as internal
bottlenecks in Norway are all managed using the pricing mechanism in the spot market,
implying price adjustments for the involved areas. In essence, when the required power
flow between two or more areas exceeds the capacity limits two or more zonal prices are
calculated besides the system price.® Internal bottlenecks in the other countries are
managed directly by the national grid operators, and the cost of the regulation is
tinanced through tariffs for power transmission.

An electric power system must be continuously balanced. In order to handle any
unpredictable differences between the planned and the real exchange during delivery,
once the Elspot market is closed, the national system operators have additionally set up
regulating or balance markets from which the required upward or downward regulation
is obtained on short notice.”

The Nord Pool's financial market, also known as the Eltermin and Eloption. allows
trading in financial contracts such as forward and futures with delivery periods up to
three years in advance. Since September 1995, none of these contracts entails physical
delivery, they are all settled in cash against the system price in the spot market. They refer
to a base load of 1 MW during every hour for a given delivery period of one day, one week.
one block (four weeks), one season. and one year that may be available for trading
depending on the type of contract. European and Asian style option contracts are also
available for trading since October 29, 1999.

During the trading period analyzed in this paper, futures contracts with delivery
periods of one season were available for trading up to three years in advance. There were
three season contracts during a given year: Season 1 (with delivery period including weeks
1 10 16 of any given year), Season 2 (weeks 17 to 40). and Season 3 (weeks 41 to 52/53). They
were available for trading until the beginning of the second previous season. Then. the
season contracts were split into 3 to 6 block contracts.” Each block contract has a delivery
period of 4 weeks (5 weeks for the case of the last block for a year with 533 weeks). and each
one is available for trading until the beginning of the delivery period of the previous block.
Then. they are split into weekly contracts with delivery period of one week each, which stop
trading before the beginning of their respective delivery periods. Additionally, futures
contracts with a delivery period of one day are also available for trading several days in
advance until the day before they are due for delivery.
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Annual and seasonal forward contracts are traded in the following way. Annual forward
contracts with delivery period corresponding to the entire calendar year are available for
trading till two trading days before the beginning of the delivery period. Seasonal
contracts in turn are available for trading until the beginning of their respective delivery
periods. There are three seasonal forward contracts for each annual period. namely:
Winter 1 (with delivery period Jan. 1-Apr. 30), Summer (May 1-Sept. 30), and Winter 2
(Oct. 1-Dec. 31).

Exercising a European option results in opening a position in the underlying forward
contract. Only options with underlying season and year forward contracts had been listed
1o date. Asian contracts, on the contrary, are settled in cash at the end of each scttlement
period against the arithmetic average system price in Elspot during the settlement period.
There can be more than one settlement period for each Asian option, depending on the
reference underlying contract. Only Asian options on block [utures contract with
settlement period corresponding to the delivery period of the reference futures contract
have been available for trading to date.

Through its clearing function, currently conducted by a separate business area called
the Nordic Electricity Clearing (NEC), Nord Pool guarantees settlement and delivery of
all trades made at the market. by entering into the contracts as a legal conterparty for both
the buyer and the seller. NEC also offers clearing services of standardized OTC bilateral
financial contracts registered in the market for that purpose.

2. System Price Description

The Elspot data set was obtained from the Nord Pool’s FTP server files, and consisted of
twenty-four time series, one for each hour during a day, of daily (seven days a week) system
prices, in Norwegian kroner (NOK) per MWh with two decimal points, for the seven year
period starting January 1,1993 and ending December 31, 1999.” The twenty-four price time
series turn out to be highly correlated pair-wise. The linear correlation coefficients
between any two hourly series during the sample period lie all above 0.94 (with & mean
value of 0.98), and are always above 0.98 for any two consecutive hours.

The Nord Pool uses the arithmetic average of all hourly prices for a given day as the
reference price in the cash-settlement calculations at expiration for the Eltermin
derivative contracts. In accordance to this practice, we generated a new time scries for
this underlying variable by calculating the arithmetic average of the 24 available data for
cach day. We will refer to this average price as the system price or the spot pricc from now
onwards. Table 1 reports the descriptive statistics for the average price and other related
time series. as indicated therein, and Figure 1 plots them for the complete sample period."

A first casual look to the average price series in Figure I(a) reveals a quite erratic
behavior of the system price. With a mean value of 142.57 NOK. it reached maximum
and minimum values of 423.38 and 14.80, respectively, during the sample period. The
highest price was reached during cold days around the Olympic Winter Games held in
Lillehammer at the end of February 1994, and the second highest one during the very
dry and cold year 1996. Nonstationarity tests have been conducted for both the price and
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Figure Ifa). Daily System Price Time Series (1993 1999). The figure plots the daily system price serics (above) as

well as its daily changes (below).
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Figure 1hy The same daily system price series (1993- 1999) is used as that of Figure 1(a). The figure plots the
natural log of the daily system price series (above) together with its daily changes (below).
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the log-price series using the augmented Dickey- Fuller #-test for a unit root (see Table 1).
The presence of a unit root is rejected in both cases at the 5% significance level"

Electricity prices are highly volatile, as measured by standard volatility measures. The
standard deviation of the daily changes in log-prices is 0.099. which translates into an
annualized volatility of 189717 A significant difference exists. however. between cold and
warm seasons.” Standard deviations of log-price changes show that warm seasons are
twice as volatile as cold seasons (0.067 or 128% annualized, and 0.132 or 252%
annualized, respectively). This result should be interpreted with care since the log
transformation is expected to increase comparatively the volatility during periods with
consistently lower prices and, consequently, to contribute to the significative difference in
the standard deviations of changes in the log-price (which can be roughly interpreted as
relative or percentage changes in prices) between warm and cold seasons. Note that
warm seasons had a daily mean price about 227 lower than the mean for cold seasons
during the sample period (see Table pH

The standard deviation of the price itself is 54.2 for cold seasons and 75.8 for warm
seasons. indicating a significantly higher stability of the mean price for cold seasons, as
compared to warm seasons, during the sample period. Changes in prices. in turn, show
very similar standard deviations for both seasons.

Extreme electricity prices are relatively frequent in Elspot. This fact is reflected in the
sample kurtosis coefficients. The kurtosis estimate for the whole sample period is 3.5, which
is significantly different from three (the kurtosis for a normal distribution) under the null
hypothesis of normality. This means that extremely low and high prices have a higher
probability of occurrence than that dictated by a normal distribution with the same
variance. The kurtosis estimates are similar for cold and warm seasons (3.8 and 3.9.
respectively). The positive sign of the skewness estimates for the price series reveals that
high extreme values for the price are in fact more probable than low extreme values. The
log-price series shows a higher leptokurtosis than the price series (the kurtosis estimate
is 4.5).

An interesting related question is whether such extreme values are a result of jumps, i.c.
abnormally large variations. in prices. A look to the sample kurtosis coefficients for both
changes in prices and changes in Jog-prices (or percentage changes in prices) reveals that
Jarge daily variations are indeed relatively frequent in electricity prices. this being
particularly severe during cold seasons. Both complete series show sample kurtosis. 16
and 14.4 respectively, far in excess of 3. indicating leptokurtic distributions for both
absolute and percentage changes in prices.

The excess kurtosis is extremely large during cold seasons. 25.15 and 23.65 respectively
for the changes in prices and in the log-prices. The excess kurtosis is more than four and a
haif times higher in cold seasons than in warm seasons for (absolute) changes in prices, and
it is about two and a half times higher for changes in log-prices (relative changes in prices).
In addition. the highest daily price positive and negative changes took place at winter time
(around 95 NOK of both signs, or nine times the standard deviation).” All these facts
probably have to do with the shape of the supply curve (also called the supply stack),
which exacerbates the jumps in prices as a result of jumps in demand during periods of
higher demand, when additional generation units brought on-line correspond to more
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inefficient ones." Many of the larger jumps in prices are due to temporary shocks in
demand (very frequently linked to sudden and pronounced short term changes in
temperatures) and prices rapidly return to previous levels. causing spikes in the behavior
of spot prices."” The largest changes in log-prices. in turn, occurred during warm seasons
(around 0.71 with both signs).

The degree of asymmetry of the distribution of daily changes in both prices and log-
prices in not as large as the leptokurtosis, although all the skewness estimates are
statistically significative under the null hypothesis of normality.

All these facts notwithstanding, the system price displays some signs of predictability.
First, note that the first-difterences in the level of both the price and the log-price series are
significatively positively autocorrelated at several lags multiple of seven (see Table 1). This
means that the increments of the price (log-price) from one day to the next helps to predict
significantly the increment of the price (log-price) for the same couple of consecutive days
up to several weeks into the future.”™ This has to do with the fact that demand for electricity
varies following a somehow noticeable regular pattern within the week.

Demand for electricity power also varies regularly within the day influencing price
levels. Intra-day and intra-week regular patterns in the level of prices are mainly
determined by business activity, and they might change along the year following changes
in the main uses of power across seasons. Figure 2(a) displays the average hourly pattern
within the day across days of the week. There is a clear difference in both shape and mean
level between weekdays on the one hand and weekends on the other.” As it was expected. a
division of the weekdays into working days (i.e. non-holiday weekdays) on the one hand and
non-working days (holidays) on the other reveals that weekdays holidays show an hourly
pattern shape and mean level very similar to weekends (see Figure 2(b)).>"

With the exception of year 1996, it can be noticed a seasonal pattern in the level of prices
along the year, by a casual inspection of Figure 1 (see also the differences across seasons in
Figure 2). Table 1, Panels B and C, shows that the system price had mean, median,
maximum and minimum values during cold seasons all above the corresponding ones
during warm seasons, being the mean price for cold seasons about 35 NOK (a 287%)
higher than the one for warm seasons. This regular pattern has mainly to do with
seasonal changes in climate along the year which strongly determine heating needs, and
also with day-light length which influences lighting needs.”' Weather conditions, however.
are responsible for significant departures from the usual patterns described above, as it
happened to be the case in 1996.

One question that arises immediately is how market participants in Eltermin perceive
that seasonal pattern and its importance, and whether they eventually incorporate it in
their derivatives valuation process. Figure 3 plots the evolution of the term structure of
futures prices for almost two complete years of fortnightly observations. from January
1998 through November 1999. Each observation consists of the complete term structure
of futures prices, i.e. the complete set of futures (closing) prices, corresponding 1o every
listed futures contract on that date. Figure 3(a) displays the curves altogether on a single
two-dimensional graph, without explicitly indicating the observation date (shorter curves
correspond to later observation dates). Figure 3(b) shows the evolution across time of the
term structure of futures prices.”
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Figure 3(a). Term Structure of Futures Prices in the Nord Pool (1998-1999). This figure plots the term structures
of futures (closing) prices from January 1998 to November 1999, using fortnightly observations. (Obscrvation
datcs arc the first trading day of every two weeks, starting on Monday. January 3, 1998.) Only listed futures
contracts have been considered (regardless of whether they were traded or not on the observation dates). For
any curve, cvery turning point indicates approximately a different price corresponding 1o a subsequent
maturity. and the Iength of the associated flat section represents the length of the delivery period as measured
in weeks.
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Figure 31h). The same futures curves as those of Figure 3(a) are used. This plot allows to observe the evolution of
the futures curves along time (January 1998 - November 1999).
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An immediate conclusion arises from a casual inspection of the figure: the seasonal
component in the evolution of the system price is incorporated by market participants in
their valuation processes and. as a matter of fact.it constitutes a prominent explanation for
the shape of the futures curve for electricity contracts in the Nord Pool. The futures curve’s
shape displays one peak and one valley per year. in total accordance with the behavior of
the system price.

3. Models

In this section we discuss the models for the dynamics of the spot system price and their
implications for the valuation of derivative securities. We describe the behavior of the spot
price in terms of two types of components. The first one is a totally predictable
deterministic component that accounts for regularities in the evolution of prices, such as
4 deterministic trend and any genuine periodic behavior. The second component is
stochastic and will be assumed to follow a particular continuous time diffusion process.
The final models considered differ with respect to the stochastic process assumed for the
spot price, the number of stochastic factors considered, and the way the deterministic
component is incorporated into the model.™

For simplicity, in what follows we assume that interest rates are constant. In this setting
forward and futures prices are equal. This assumption 1s less accurate for the longest
maturity contracts. The extension of the models considered, in order to allow for
stochastic interest rates (which implies the inclusion of one or two additional factors),
would considerably complicate the discussion and obscure the main points of the analysis.

3.1.  One Factor Model Based on the Spot Price

We start by expressing the stochastic process followed by the spot price, represent by
with 7 € [0. >). as the sum of two components. The first one is considered to be totally
predictable. and is represented by a known deterministic function of time, £ = (7). The
second one is a diffusion stochastic process X;. That is,

Pl:f\(f)ﬂ’xw (N
In particular, we assume that X follows a stochastic process of the form:

dX, = =k X, dt + odZ (2)

where & > 0. X (0) = xq, and dZ represents an increment to a standard Brownian motion
7,. Therefore, X, follows a stationary mean-reverting process, or Ornstein- Uhlenbeck
process. with a zero long-run mean and a speed of adjustment . Recalling that
X, = P, — f(1), and assuming that the function F = /(1) satisfies the appropriate
regularity conditions. we can write (1) and (2) as:

d(P, — (1)) =nr(f(1) - Phdt+odZ (3)
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which shows that when P, deviates from the deterministic term 7 (7) it is pulled back to it at
a rate proportional to its deviation. In this model, the only source of uncertainty comes
from the stochastic behavior of X; as described by (2). so we can call X, the state variable.

The process followed by P, can be expressed as the solution to the following stochastic
differential equation (provided again that the function F = f(7) satisfies appropriate
regularity conditions):

dP, = w(u(ty — P)di + odZ 4)

where «(f) 1s the deterministic function of ¢ defined by:

at) =2 %1y < s, 5)
Kodt
This can be seen as a particular version of the extended-Vasicek model by Hull and White
(1990).™
The assumed simple one-factor model is analytically very tractable. An explicit solution
for (2) can be obtained, which together with (1) gives:

!

Pr=f(t)+ Xoe " + 0 / e N dZ(s). (6)
Jo

Hence we have that the conditional distribution of P, is normal with conditional mean and
variance given by (using Xo = Py — f(0)):

Ey(Py) = E(P/|Xy) = [ (1) + (Py = [(0))e !

5

Varg(P,) = Var(P,|Xy) = ;’f_ (1—c¢ ™. x>0 (7)

These results are helpful in developing some intuition for the price process. P, tends to a
mean value of f(7) inthe long run, given its value at a previous moment Py. The higher the
value of # (assuming s > 0), the faster the convergence. The variance in turn decreases
with the time horizon and has a [inite limit as this horizon tends to infinity.

For the purposes of derivative securities valuation, and following Cox and Ross (1976)
and Harrison and Kreps (1979), we need the risk-neutral or risk-adjusted process for the
state variable X,. instead of the real one given by (2). Taking into account the non-tradable
nature of X,. standard arbitrage arguments with two derivative assets allow us to obtain
the risk-neutral process for X;. This is given by the equation:

dX;, = vla” — X)dt + o dZ” (8)
with
o' = =Ao/k (9)

where Z" stands for an increment to Z7, a standard Brownian motion under the risk-
neutral probability measure, and A denotes the market price per unit risk linked to the
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state variable X,. We assume that ) is constant. In general. it could be a function of the state
variable X, and 1.

Following the same steps as before we can derive some important results for the risk-
neutral process. The explicit solution for the stochastic differential equation (8) allows us 1o
obtain:

o

Po=ft)+Xoe "Ha (1 =¢")+0 / e A7 () (10)
Jo

with o as defined in (9). From this we have that P, is conditionally normal under the risk-
neutral measure, with the following conditional mean:

Ej(P) =f(1)+ Xoe "+ a’(1—¢ "y, (11
Now. the value of any derivative security must be the expected value. under the risk-
neutral measure. of its payoffs discounted to the valuation date at the risk-free rate, which

we assume to be constant. The value at time zero of a forward contract on the spot price
maturing at time 7" must be:

vo(Xy. T) = ¢ "TEj[Pr — Fo(Py. T)] (12)

where Fy(Py. T) stands for the forward price set at time zero for a contract maturing at
time 7. and r is the riskless continuously compounded interest rate. Since the value of a
forward contract must be zero when it is first entered into, we finally have thc following
closed form solution for the forward (futures) price, using (11) and (1) for1 = 0:7

Fo(Po. T) = Ej(Pr) = f(T) + (Py — FONe T Ha(1—e ) (13)

with a* = —Ag/k.

3.2. One Factor Model Based on the Log Spot Price

The second group of models comes from working directly w jith the natural logarithm of
the spot price instead of the spot price itself. To be precise, we assume that the log-price
process ln P, can be written as:

npP =f0)+7Y, (14

for 1 € [0. <), where F = f(1) is as before a known deterministic function of time, and Y,
isa leLhlellC process whose dynamics are given by:

dY, = —nY, dt +odZ (15)
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with # > 0 and Y(0) = v,."° In this type of model. the log-price detached from the
deterministic component f(7) follows a zero-mean reverting process. This implies the
following process for the price, under suitable conditions for /7(7):

dP, = v(b(t) —In PP, dt +cP,dZ (16)

with

From the process for ¥, (15) we have that in this class of models it is assumed that the log
of the price. In P,. has a conditional normal distribution with conditional mean and
variance:

Eo(ln Py =f(1) + (In Py — £(0))e™"

Varo(ln P,) = ;’—(1 L N} (17)
-

Therefore. the log-price have the same properties as the price in the previous subsection.
Hence, the spot price P, has a conditional lognormal distribution, and from the properties
of the lognormal distribution, we have:

Eo(P;) = exp(Ey(ln P} + Warg(In Py))

= m)(f(r) (I Py — f(0))e e (1 - <’3’”>) (18)
Ak

and

Vary(P,) = exp(2Ey(In P;) + Varg(ln P))lexp(Varg(in P,)) — 1]

o (S0 ) 1]

From which we have that the conditional mean of the price converges (0 f () + a” /4xin
the long run, and the conditional variance also converges to a function of the value of the
deterministic component at infinity.

We also have that, under the risk-ncutral measure:

dY, = r(a" = Y)dr + odZ’ (19)
with
o = —Ao/k

where we assume A to be constant.
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From the explicit solution to (19) together with (14) we can write the following explicit
solution for In P, under the risk neutral measure:

4

mP, =f(0)+ Yoe " +ao (1 —c¢ M t+a / A7 (s) (20)

4]

from which we have that In P, has a conditional normal distribution under the risk neutral
measure, with conditional mean and variance given by:

E(j(hl[)f) = f(’) + Yye S a(l—ve /"l)

=
25

Vari(In P) = (1 —e" 3“’). > 0. 2h

Hence. the price P, has a lognormal distribution with mean given by:

E;(P) = oxp (£ (InPy) + 4 Varg(In P)). (22)

And applying the same argument as before. the forward/ futures price must be:

with o™ = —Ag/n.

Note that in the models derived in this section, the deterministic component of the
behavior of the spot price (log-price) appears directly in the price of the forward and
futures contracts (see (13) and (23)), that term being an important determinant of the
shape of the forward/futures curve. Also. in both types of single-factor models all
forward/futures prices are perfectly correlated.

3.3, Two Factor Model Based on the Spot Price

As mentioned above. one of the key limitations of all single-factor models is that they imply
that changes in spot prices and in forward and futures prices for all maturitics are perfectly
correlated. This means that these prices always move in the same direction, a fact that
clearly contradicts the data. This limitation can be avoided and the fit of the models to the
data can be improved if changes in spot prices are allowed to depend on more than one
factor. Two and three factor models have been shown Lo perform significantly better than
one-factor models for commodities like copper and oil (see for example Schwartz (1997)).
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In this subsection we extend the one-factor models developed in the previous
subsections by adding a second stochastic factor in the spirit of Schwartz and Smith
(2000). They model the stochastic behavior of oil prices as having a short-term mean
reverting component and a long-term equilibrium price level. An important implication
of adding a second factor in the model is that changes in prices of futures contracts with
different maturities are not perfectly correlated, as is the case for all one-factor models. We
now briefly describe the two factor models.

The model based on the price described by equations (1) and (2) now becomes:

P =f(t)+ X, + ¢ (24)

dX, = —wX,dt + oy dZy (25)

de, =p.di + a.dZ. (26)
dZydZ. = pdt. 27)

In this model the second state variable, =,, follows an arithmetic Brownian motion. and
the two Wiener processes .2y and 7 - are correlated through equation (27).
The risk-adjusted processes for these state variables are;

dX, =r{a” — X))dt + oy dZ, (28)
de,=pldi +o-dZ] (29)
where
o" = — Ayoy/m
o= — Ao

ALy dZ” = pdi
and Ay and A. are the market prices of risk for each state variable which are assumed to be

constant.
Following the same steps as before, it can be proven that the futures prices are given by

Fo(Po. T) = Eg(Pr) =f(T)+¢ ""Xo+ 20+ (1 —¢ "T)a" + 40T (30)

with: " = —Ayoy/sand yif = 1. — Ao

3.4. Do Factor Model Based on the Log Spot Price

Proceeding similarly for the log spot price we define:
P =f()+ X, +¢

. . . . ki
where the stochastic factors follow the same processes as in the previous subsection.”’
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The futures price is given by the expression (see Schwartz and Smith(2000)):

Fo(Py. T) = Ej(Pr)
= oxp (,f‘(r) e Xyt (1—e o + T+ (1= *T) ?
K
I - wT\ POXT:
witho® = —Ayoy/mand (& = . — Ao

Note that in this case the futures price depends on the volatilities and the correlation
between the two factors.

3.5. The Deterministic Component of the Models

In order to implement the general models described above, we need to specify the
deterministic time function F = f(1). Here there are several choices available. Recall that
this function tries to capture any relevant predictable component of the electricity prices
behavior arising from genuine regularities along time. This implies that the final selection
should be based on the nature and basic characteristics of the time-series properties of the
price variable under scrutiny, as well as modeling considerations such as parsimony.

The simplest deterministic function is a constant function for all rime ¢. In this case, we
would have a constant-mean reverting process for the price (or the log-price). In our
context, this possibility implies to accept that. although prices tend to be higher during
the coldest seasons and lower during the warmest ones, departures from the “usual”
behavior are so frequent and significant that neither the duration of the seasons nor the
differences in prices between them can be meaningfully predicted. As such, the seasonal
behavior would be better described by a process fluctuating randomly around a constant
long-run mean. This case also discards other possible regularities of prices.

We may also consider to include a deterministic general trend. The simplest one would
be a linear time trend. This, applied to the log-price, which implies an exponential trend for
the price itself. gives the “trending Ornstein—Uhlenbeck process™ by Lo and Wang (1995).

We may also be interested in incorporating some kind of periodic behavior, such as
seasonality, into the function. For instance, as suggested by Pilipovic (1998). a sinusoidal
function like the cosine function could be used to reflect the general seasonal pattern of the
price time series.

The use of a constant piece-wise or step function in order to approximate the periodic
components and to incorporate them in the implementation stage of the models may also
be worth being considered.”® This can be accomplished by means of using dummy
variables in the implementation process. Dummy variables are intuitive and easy to
interpret. Also, compared with fixing any « priori well behaved functional form to
capture periodic components into the model. the use of dummy variables can potentially
provide some necessary flexibility. On the other hand, as a result of such flexibility, the use
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of dummy variables in order to capture genuine regularities in the behavior of the
underlying variable suffers from the potentially serious drawback that they are cspecially
sensitive to anomalies in the sample. such as outliers. Additionally. the use of seasonal
dummy variables with high frequency data can always be scen as an approximation since
the number of steps and the placing of every step point are both arbitrarily fixed. and some
precision is lost in order to keep the model parsimonious enough to be of practical use,””

According to the results in Section 2. we decided to include two terms into the
deterministic function F = /(7). in addition to a constant. The additional terms try to
capture, respectively, the variation in the level of prices between working and non-
working days, and the seasonal evolution of prices throughout the year.™ We finally
propose two versions of the deterministic function. In the first one, the function takes the
following form:

12

N =0+ 3D+ Y 5M; (32)

where

D { I if date ¢ is holiday or weekend
=

0  otherwise

1 if date ¢ belongs to the i-th calendar month .
M, = ) fori=2..... 12
0 otherwise,
and o J.and g fori = 2. .... 12 are all constant parameters.

Inthis case, the beta parameters try to caplure the changes on the level of the variable for
holidays and weekends, and for the different months of the year, respectively, with respect
to the general long-run level (assumed constant) for the working days during January.

The second version of the deterministic function takes the following form:

Lty =a+ 3D, +1 ('()S((f +7) 35;) (33)

where

D — 1 if date 7 1s holiday or weekend
' 0  otherwise

cos stands for the cosine function measured in radians. and «, 4. v and 7 are all constant
paramelers. Here, the coefticient 3 tries to capture the changes in the level of the variable
for weekends and holidays. The cosine function is expected to reflect the seasonal pattern
in the evolution of the relevant variable throughout the year, hence it has annual
periodicity.
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4. Fstimation of the Stochastic Process for the One Factor Models

In this section we estimate the stochastic process for the one factor models from the spot
price data. In order to estimate the models using discrete observations. we need to express
them fully in discrete form. We choose the empirical estimation to be based on the
following simple discretization of equation (2):

X, = (1 =—m&X i +& (34)

for 1 = 0. 1. 2. ... N.and where the innovations &, are i.1.d. normal random variables
with mean zero and variance 0. The same discretization is used for the process Y,
defined in equation (15

To summarize. we have four one factor models to estimate that differ in the time series
chosen to be directly modeled (price and log-price. respectively). and in the way the
deterministic component is approximated. Namely.

Model 1
12
Py=a+ 3D+ > My + X,
X, =0X, | +u, (35)
Model 2
2w
P, = (¥ + ))D[ =+ ~ ('()S<(f + T)ﬁ) + X;
X, =oX, 1+ u, (36)
Model 3
12
MP =a+ 3D+ Y HMy+ Y,
Y, =0Y, 1 +u (37)
Model 4
AT
P, =a+ 3D, + ~cos <(/‘ +7) 365> + Y
Y, =0Y, 1 +u, (38)

with the dummy variables as defined in (24) and (25). ando=1— k.
For each one of these models, we estimate all the parameters simultaneously by
nonlinear least squares methods. To be precise, let's write any of the four previous models
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in the following general form:

R :,/{(‘(—)- X+
& =08 +u,. (39)

The first equation expresses the dependent variable 1, i.e. the price or the log-price
variable, as a function of a vector of parameters. O, and the vector of explanatory
variables, x,. The second equation is the first-order autoregressive structure of the
disturbance term ¢, in the first equation. By substituting for ¢ in the second equation, and
rearranging terms. we get:

Ye=0ra +f(O0x) = of (O, x,) + i, (40)

whose parameters ¢ and © are estimated simultaneously using a numerical nonlinear least
squares procedure. Finally, we take & = | — ¢ as the estimate of the parameter #, and the
standard error of the regression as the estimate of o. The estimation results for the whole
spot sample period described in Section 2 are reported in Table 2.

In the four models the independent coefficient a is significatively different from zero.
The sign of every dummy variable is negative in all models, as expected from the results of
Section 2. Nevertheless, their level of significance differs. The coefficient .3 corresponding
to the dummy variable D, is significatively different from zero in the four models. but not
all the coefTicients of the monthly dummy variables are significative.

The estimates of the coefficients 3, o, and o are virtually indistinguishable between
Models | and 2, and between Models 3 and 4. The null hypothesis of ¢ = 1 is rejected by
the usual t-test for every model. This means that the estimate for the reversion coefficient
#, though very small. turns out to be significative in all cases.™

Figure 4 plots the residuals corresponding to the equation (40), also called the one-
period-ahead prediction errors, for the four models (see also the bottom part of Table 2).
The results are virtually indistinguishable between Models | and 2, as well as between
Models 3 and 4. The models for the price have mean absolute percentage error of 5%,
while in the case of the models for the log-price the mean absolute percentage error is
194, for the whole sample period.

5. Futures and Forward Valuation Using One Factor Models

In this section we analyze the empirical performance of the valuation one factor models
discussed previously by comparing a sample of futures and forward market prices from
the Nord Pool with the theoretical values provided by the pricing models.

The derivatives sample was obtained from the Nord Pool's FTP server files. The sample
consists of the observation of the complete term structure of futures and forward prices
every lour weeks. from December 1998 to November 1999. The observation dates were
selected to be the first trading day of the second week of each block delivery period. This
left us with thirteen observation dates. The sample includes the closing prices for all traded



ELECTRICITY PRICES AND POWER DERIVATIVES

0] pue

UL (PASI UGG AATY SWLLOS]E uoez1undo JANRISNL SARALIOP 181L)

J(s110p d1j10ads ) H0) 1x0)

VA PUR YA (S10410 1583010 PEAYR-POLIdd-auo
“SIATN OO DY JO SALA PIITLUTISA AL (SI0L1D PIINGLISIP A[ewiou Sununsse

(@) - (N ) e =

spoy1atu sarenbs e 1eaul[uou &g A[snoau

{JPA1D2dS3 101D AFEI20Id 2INOSR LEDUL DY PUB JOLID M[OSAR tuaut Y
) SuONENDD 040Q1 AY1 U 1 SUOHEAOUUL AU} 03 FUIPUOSIIIOD 117 SEMPISAL AY 0F 13j2l SI0.L1D AL
} PAIBR[EAS STUOHAUN| POOYTMI| BO[AYL '@ - [ = & IPISTLSL IO IOWINSD FUMOI[O]

n 170 = s

\,xTA‘

Vo) =

RI[ILUIS @ PUR @ $JUDIDLIFO0D DI FULRNSI Uyl pur:

uoTE10dS AR FUIMO[[O] oY1 OJUE

Al jo %ﬁCﬁ uteu syl (&3] ,_O,TJ.: S[opowt syj jo :OS_NUCMUUQm __ﬂozum m:m,ﬁoznd A4l wc:ﬁ:ndm:_ﬂg

§q parewnsd 2an sivaweard Y ] (SUONEAINSQO 9567T) 6661 TE LAQUINDCT O1 £661 *| AIPNUPL WO SUOHEAIDSQO 3011d Wajsks A[Ep 10 Paseq SLUOHRWNS Y] 20N

oLl LSOO~ LYY - 6109~ s

0611 00 9961 — FOCL

(S0 L90°0— SOL'1 L6S6—

orL 1 — Y60 0— 0FL'1 190°01—

LOR'T 101°0- L¥E 11— 6018~

£60°1 900~ Leit REO'L -

L — L6000~ vIIc— 9¢9°CI—

08F'¢ SR80 LIET YT~

oF80— 170°0— $99°0— P8FE—

LLOGO— 00— 8660 ey

8LKY0 L200- PSLO— LTS o
£F0°0 9¢8°0 690 1699 4
9R0°C 90¢7°0 9¢eC SEL6T &
£TERT 060 0— 6L 8T~ 060°0— LLT8T— chSo- SROBC— vIc6- 13
o197 L9RY 11L8¢ 8O ¥ 0L9°8 TeL vl or1'8 160°¢s] v
RIS ajeunysy SURIS-/ sy ousnyeIs-/ ruInsy 1SHRIS-/ alewinsy 19jOWIRIR ]

t 1PPOIN

¢ [PPOIN

T IPPOIN

I PPON

20ud-807 A1 uo pases] S|PPON

301 2y} uo paseq S[PPON

(6661~ MOTZ M r:oﬁ%m 1 0] S[OPOIN QANRLLID Y 0] SN uonewisy RIS



ARTZ

LUCIA AND SCHW

A2AN2AS2I 1011 DTN AINJOSGR LRI AU} PUB 0L NRJOSGE UL o) 10 puvls "' VA pur
VA (10000 158210) praye-poliad-auo ayr) suonenba 940 i) Ul 4 SUONERAOUUT 21 0] SUIpuodsaliod i S[ERPISAT 3L 01 12J2 STOLID DY | "STUIDLO0D
SUPJO NANEA PRSP AR (STOLD PIANGLNSIP [[RWIOU FUAUNSSE) PIIBN[RAS ST UONIUR) POOYI[aNl] o[ ], @ - | =

HOIPASN ST Y IO) I01RUWISD BUIMO[[0)
AULP2SN 133G 2A8Y SWLIOR|E UONEZIUNAO 2AITINT FANLALIAP 1811} SPOYISL sa1tnbs J$Ra[ Iraujuou 4q & SNOJURINLUIS () PUT O SJUIIDL]JI0I 041 TULLUINS U] pub

DEU Q) (@) b e -
uonEaLads SANBIdLE SUIMO[[O] oY1 Ol
I
el T

SSIIIDP DLIAS Ay 0] 1X91 21 J0 KPOY UL YT 01 19§21) S]PPO dY1 Jo uoneaijroads [riouad Fun MO[[O] Y1 FUTLLIOJSUR
3q parwmsa aw sadawried Ay | SUONEAISGO 956°T) 6661 ‘IS 1QUINACT 01 to6] '] LIRNURY WO SUONRAISO 0L WSS A[1Ep U0 Pastq ST Uonveuss U [ ooy

oL 911 000°s 086t HAdVIN
£50°0 £50°0 SSEES AN TVIN
101
COFIC 6°Ce9t 0°66C6 66~ pooyioNiy 5o
£LO'0 PL6'O 18670 186°0 ¢ pasnipy
9800 9800 o 100°6 UOISSITY JO 1S
910°0 1070 11070 010°0 M
STELT FRO'O (66T 98670 POre 6860 Poce 0660 ©
SNEYS-/ aewnsig RIS RIVITIT] ansyeIs-/ RGNS RITRHESY] aewinsy 1010w |
F [OPOIN £ PPON C [PPON 1 [PPON
2213071 a1 o pasty $]APOA QJLI| Y UO paskey S[APON

(PoRUIINO 3 ) (6661 £661) LI WAISAS U 10} S[PPOIA ALY J0] $1NSIY UONTBWIST Ty



FLECTRICITY PRICES AND POWER DERIVATIVES 29

300 i

Norwegian Kroner

100 - EQ [ 35 ES a7 98 £

Calendar Year

Actual -+~ - Fitted Resduat

Figure 41a). System Price vs. One Factor Model 1 Prices (1993 1999). The figure plots the actual daily s
price (Actual) against the model estimates (Fitted). as well as the associated errors (Residual).
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Figure 4(h). System Price vs. One Factor Model 2 Prices (1993 1999). The figure plots the actual daily system
price (Actual) against the model estimates (Fitted). as well as the associated errors (Residual).
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Figure 4/¢). System Price vs. One Factor Model 3 Prices (1993-1999). The figure plots the actual daily system
price (Actual) against the modcl estimates (Fitted), as well as the associated errors (Residual).
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Figure 4id). System Price vs. One Factor Model 4 Prices (1993 1999). The figure plots the actual daily system
price (Actual) against the model estimates (Fitted). as well as the associated errors (Residual).
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futures contracts (week. block. and season) excluding daily contracts (which started
trading in September 1999). and all forward contracts (season and year). Note that we
only consider the closing prices for those listed contracts actually traded on any
observation date. Prices are given in NOK (per each contracted megawall and each hour
during the delivery period). Other relevant information extracted from the data files is the
first day and the last day of the delivery period for each contract.

Table 3 summarizes the basic available characteristics of the derivatives sample. The
number of different contracts with different delivery periods traded each day ranged
from § to 29, with a trading volume per day and delivery period that ranges from 1 to
795 MW. They span a variety of expiration and delivery periods (the former ranging from
6 days to almost 3 years). Note that the period of three years until expiration correspond to
forward contracts. The maximum period for the futures contracts in the sample is
525 days.

The Nord Pool settles futures and forward contracts on a daily basis during their
delivery period. This means that a liquidation in cash is realized every day based on the
difference between the reference price in Elspot for that day and the appropriate futures
or forward price. We calculate the price of a futures or forward contract as the arithmetic
average of the daily contract prices obtained from the formulas derived in Section 3.To be
precise, let’s denote Fo(Py: T,. T>) the futures/ forward price, where 77 and T- represent,
respectively. the number of days till the beginning and the end of the delivery period. Then.

| L
Fo(Py: Ty, 15) = ——— Fo(Py. T 41
o(Po: Ty 1) TngIZ o(Po. T (41)

17=T,

with Fo(Py. T) given by the formula (13) or (23). as zmpropriate.33

The required parameters in the formulas were estimated from the historical system
price series as shown in Section 4. The last system price included in the estimation is the
system price with delivery date onthe valuation date. That price was fixed the previous day.
This provides us with an out of sample test of the pricing models since the required
parameters were estimated for each day using only the historical series of system prices
up to the valuation date.

Table 4 summuarizes the valuation results for the four models based on equations (35)—
(38). assuming that the market price of risk equals zero. The Root Mean Squared Errors
(RMSE) and the Mean Errors (ME) are provided as measures of the performance ol the
models, separately for each day and cach group of contracts, in both NOK and percentage
terms. Finally, we average the results across the days.

The results vary a lot across days in the sample. In general. every model does a better job
in explaining the longest and shortest delivery period contracts. The year forward
contracts have a mean RMSE in percentage that ranges {rom 6.73%. for Model 1, to
971%. for Model 4. and mean ME in percentage ranging from 5.09% to 8.68"%,
respectively. for the same models. The lowest mean RMSE for the week futures contracts
i$9.24%, (Model 2) and the highest is 1578 (Modcl 3). Overall, Models 3 and 4 for the log-
price do a worse job in explaining the futures and forward prices, as compared to the



FCTA AND SCHWARTZ

LU

“poriad AIALP Y Jo kP 18Iy oY)
2 01 PAUIPISUOD STARP VONAAXH O L 2INPa00ad JUSLUA[IIS-USED D11 UL PISN PUR 1ILIUCD Yord Fuikpopun At} JOo poLIdd 1 01 $13j21 oL KIAIAC] 3y [ Arp duo
Jo poLad LIATP M S1DRIUOD BUPNIAND (SKEP ¢]) 6661 JHQUION 8661 1GUUIII(] MOYSNOLY) PoLIdd KI9ATPP 00[G Y9 O 39am PUOO3S AU Jo Arp Futpini 1811 gl
UO PAPRA IITAUOD PIZAIO] PUE SHN] £10A JO SISISTOD d[dTs 210ym Y | 2jdiuns $10R1U0D JALRALIDP ) JO SOTISLIDIIRIRYD JISTQ Y] SOZLIPLIWNS QU SIY | 2oy

099¢ 0L 8L 066 09 £eRl 0s6L 0 £S9 06C 08 g€l SIOLNUOD [V
099¢ 0o §80l 066 0N §L9¢ 0081 O 6'8C 001 0¢ s v
099¢ 09¢ 6oy OFLO 0Ly Ly ¢l 01 S9C 0t 00 91 ARoA
0¢sI 0Co 9ocl 066 (O] 6Cey 008l 0¢ 00t 08 01 St uoseag
PIEMIO.
0891 £0C 0scs 09 FLo 0S6L 0¢ 8T8 06l 09 ol 184
0891 ik 0ecs 0Lse 0tly 0¢ 0¢ 0¢ ¢ 00 <o REELEN
08¢ e 00se 08y CIst 0lLc (O [4Uy Ol 0¢ ¥e 101d
0L 0L 0oy 09 LT 0S6L 0¢ Lebl 09 0t ot T9OM
samin.{
XA UL LRI, XA UIN URIA XPIN U uray XBA QU uvo 108010y Jo od 4]
(s&ep ui) (sAep ur) (MIN U1) poLIdJ K1dA12(] An(q 10d popery
POLIDJ AI0AID(] uoneandxg [nun porag 1ad dwinjop suipedy A SPOLId AIDAIR(T JO Jaguuny

SWES $1221U0) PIRMIO] PUR S2ININLY SYI JO MIIAIIAC) € ]



o]
e

AND POWER DERIVATIVES

ELECTRICITY PRICES ;

FUISO) 2011d 1 IR [ENOR O] SNURU oorid opou e

Q11 SI0L1D GONRN[EA DU JO SUNSEILL OM 8L JO 22Lid 1031PL 019Z v urunsse (¢ AGRL3%)

-3011d FUISOP 19YIBW AU} £ POPIAIP (0] ST SUUN AIPIDUOW UL LOLIS AU} S Pauldp st 10149 ddeiuodrad oy 1 (ooud

11310911 AU} ¥ POULAP STSUUN ATRIIUOLE UL IOLIR I [ °g [2URd ULTSI0LID BoTRRjeA ode
UL (ON ) $HUN IIBUOL UT SIOLID UOLIRAJEA DU U0 KPATRLLIDIE "PIICNI[E

widatad oyl uo pur Ty puRd

3 UGD( DARY SAMSPIW Y1Og JOLIT UL Y] pur JoLl pasrnbg UL 100y 21 papracid

3eP UONILAIISGO YOrD 10 S10.L1D uonen|ra ayl SaZLIRUINS a|qel Sy, -ON

1€'8 ¥99 PR SOL 6ccl 8¥'S 8OCl 006 LSE] £801 6lol L9 UraN
ST ¢RC— L0r LY 1681 - 0891 LS L 9Ll 6681 665171
680 [ 98 108 SC6— ol 9 L¥1 0L6l 996 6681701
FOs Orot Lov 0Ct L £l9 oror 86 LT ovL 66/0C/6
661 L POl S8 ISy LLT Y (57 66/£C/8
908~ 98¢ SV vyl — oty 101 98¢ POl [ 8SY 66/9CL
6911 LOS 09'¢ L9 199¢ L9LL s 1£¢l 8OVl SILC 66/8C/9
Cs6l Ly 9y 086 08T 60°CC Y6 9y POLT 91'9¢ 66/18/5
SY6 LY SOY PROL [a| 09%1 ol 189 601 1991 1261 6961 66/¢/¢
¢8Rl 8Ol 9Ccc 88T 88L 1L¢C eyl CLC el g 66/91%
LLIC 0991 o 243 8¢ 99 0991 SE9C 996 769 66/3/¢
£9vl 896 OL¥l LO6] 8L yrol 896 ITIC Sy o 66/8/C
FrCl SOL P88 SOS vLeC 601 YeLL 66L el SUS 8LO9C It 66/11/1
uL'c [yl 1489 8L~ 856 68l P60l Ly 86/¥1/<C1
(MON) $UU(} AIRIDUOIN Uf 1y [durd
nv Ris)e SN RIVNERIN yooig N29M nv Ieap uoseIg uosuIg yoorg N2OM d1R(] UONRAIIS()
premioq samin,g pArMI04 sarmng

10117 U

10113 U@.::ium UBRJA 100Y

[ [2POJA [SHNSY UONRNBA (1) djy]



CIA AND SCHWARTZ

Lt

2011d TUISO 1Y IR 3y & PAPIALP ()] S SHUN KIMBUOL UL JOLIA Y1 SB POULAP ST 10110 aFeuaaiad oy [ (aorid
FuSo}2) 0311 10T [T ay1 shuttr 2911d [PPOL [EI1I0AL ] 3YL SE PIULIAP SISHUN AIRIDUOW UE 101D AU g [PULJ Ul *SIOLID uoneniea 35RIU0Id 243 U0 puR Y [auR [

I A/—szv suun Airppuow UT SHOLID TONeN[RA 1 U0 .\m_b./:ﬁ:\_u::w ‘pRenoed U33Q SARY SAUNSLIW IO 101 URIIA 3L pue 1o UDLSSTW UBIA 100Y oyl H—vv—d.)OgQ

1L SIOLID BOLTENRA DY) JO SANSLIW OM]_YSH Jo aouid 10810 01a7 ¢ 3uiuns C IR A3S) NP UOHPAIISQO (ORI 10] SIOLID UONEN|RA 1) SOZLIRWLNS 2]qQ¥] SIY CJATON
heng 1 LS ! ! ¢ ! ) ! ! ! )

L8

0s'L €9 co'cl 9cL 08¢l £L9 Soct [ 6681 to'll UBIN

L90) LY 9¥9 9rcl el 157 6 0¥'Sl 08¢l 6651711
[ ¥99 L0 SC9— gl e £06 9L91 1£9 66/81/01
I8¢ LSE 880 0L Lo 9¢L LSC £o'l 9L 66/0C/6

191 L6 S £S5 1239 66'1 120 89°¢ 66/£C/8

POL— vy 98— ol — SLS— 198 129% LY6 LI L6 66/9C/L
9tel aOF s 901 SEor 8S¢C 859 il 0rol Iy 66/8¢/9
FPOIC 919 6r't I8¢ £S08 124 0L o't L90Y 960 66/1¢/S
686 Pl SUY £eo 9I'tt 0661 £L91 06+ SOH 0¥l 9¢Ie SILl 66/¢/S
9661 S| 89CC SOTE 81’8 <9c LI 0¥ sc £SLE 88 66/9/F
LECT L8CI 08 ot LLS 0¥'8¢C L8CI LOLT 996t 569 66/8/t
0L<Cl 669 el £L91 89 8rLl 669 000C PL0C 9¢L 66/8/C
1£°01 FO'S IS LEE 65°0C Lov SUCl SLS L0l LEY 1rvc ¢ 66/11/1
9C L6 SOy 560~ SOL S8 9LL 9Lt 86/¥1/C1

IR U] 1] (AU
nv JRON UOSPag I ERIN yoolg PERIYY nv ey uosTog [UGEIRIN yoorg b REIYY J1B(] UONPAISQ)
pIEAMIO] saaning pIeAIO-] saInin.g

101 URIN

10147 parenbg urapg 100y

(ponunjuo)) | [DPOA SYNSIY UONBNIBA (1) f 2y



vy
l2a}

ATIVES

ELECTRICITY PRICESAND POWER DERIV

3

AR 810D vonen

“o01d BUISO[ 134U 24} AQ POPIATD (0] SN SILN AIZJIUOLU UL IOLID U} SE PULJOp S1LI0LS adejuanrad ay I ~(sorid

Fuiso) 2a01d 1 IRW [ENIOE A SNULL d11d [9POLU [RIAIOY] AT ST PAULDP SESHIUN £IR10UOW U101 AU [ g [OUTJ UL SI0112 uonen[ra d3eiuaniad ot uo pue 'y pued
U1 (ON) $HUN IRIAUOW Ut SI0LID UOHRNIRA Y1 U0 K[IANRUIANR "PIIR[NIIED U JARY SOINSEIL YIOF HOLH U

IIN Y] PUB oL PAIRnbg uRdA 100y Y3 papiacid

[BA DU[)_JO SNSRI OM] "YSLE [0 2011 1931 0137 B BUILLASSE (€ 9|q8] 995) 9IEP UOLEAIOSGO (7B 1] S10413 tOnERTEA QU1 SOZLIBWIWINS JQRISIY Y TION

L¥Cl 661L LOFL 08¢l [a%:! 159 ool yTol [k 097l e 0ore URdA
(N ory- 919— RYC— §T8— 8E'L 1494 8¥9 L89 68 66/51/711
o'l 981 — Fo°C oF'C £8'C 10s LYY 69t 109 18P 66/81/01
<o0T LLT £S0C oree 81T clee LLT yL1C 19 8T 66/0C/6
PREC 81T Ov e 86l 88°9C 665C [Qdgs 1691 66/£C/8
6901 £811 061 1691 8EY el Sl 9r9l £5LI 90°¢ 66/9C/L
106°0¢ 18 €09l SLce £§CC 96'CC SO 9681 PoTe £9tC 66/8C/9
SeLl 950l LY 8T 95l LLA 1911 (X33 6v1c 0L 66718/
19°C1 Y 1601 VLCL PE0T L9% COLi 8L SLY (24 9eeC 1407 66/¢/S
0cLl 961 806C 0C'Le £l0— £EeC yo¢l 90 890¢ 960 66/91y
oN 60'L1 RE'LE e (| Oree 60'L1 6v6C S99¢C [ 66/8/¢
Ll 76 8C9l LY9C 6 0L0C ¥ 15781 98T I8¢ 66/8/C
Ll 189 1801 LY Ll 0.9 SETl 9LL eyl LY 8861 189 66/1171
tro— 8O- (Wi £60 L6V | 0L 919 861 /Cl
(ON) $1U] KIRIDUOIN U] 1Y [URd]
% Jeox uosTg IRTAIN yoorg N9 nv IRag uoseIg IGIERIN Sorg OO 21B(] UOTIBAIISGO)
plemIo saunin.| pIEMIO.] samng

JOLE] URSIA

R{etnie| CU,_::—JM UBIAN J00Y

T PPOIA SHNSIY UOLRNIRA () F jy].



LUCIA AND SCHWARTZ

“0011d FUISOP 1Y IRW 23 Aq PSPLAIP ()] SN SHUR AIRIDUOW UL IOLD YL $E PAULAP ST 1011 dFuIuadsad a1y | *(2a1id
FUISOI2) 2L ION I [N 2y SNUIW 231 PPOW [ROTIAI09Y DT SE PIULAP ST SHUN AIRIOUOW UL IOLK I [ ¢ [SUR U1 SIOLID UoHEN|RA 93 jua01ad sy Uo puy jaurg
UL CION) SHUN £1212UOWE U1 STOLID UOHENTRA DY) UO K[PATTRUIDIR "PATRINI[ED U23( ARY SANSLIL [IOg] JOLIE] URD ) PUR oL paienbg urajal 100y 1) ;popraoid
QL SIOLID UONIEN[EA AU JO SINSRIAW OM] YSLT JO 2011d 1041210 0197 & SUIWNSSE (£ 9JRLIIS) 212P UOUPAIISQO YIES 10} SI01ID UOLTPN[TA I SAZLIRWLUNS J|QR} S - 2/0N

8801 <y 224 L96 0rol 00L Nad OLL clpl SO01 P8l Po UPoN
£9Y 9L'c - ¥ c— Ice 6t S ol's [ 66/S1/11
£90 11— LY [ (33 85°C 88°C LY cle 66/81/01
el I8 28! £S9l 09l I8°8 8¢l L¥91 0Ll 66/0C/6
8OLI 19T 801 0£°0C Scol £LST 9L¢l 66/£T/8
LT6 L1'6 <ol & 6l L6 88T 60°¢l 619 66/9C1L
160 89 090¢ LIPE clse 99’8 Ol cole £85¢ 66/8C/9
LY £6L 10¢C £l 897RI 88 [E9 Y4 09T vl 66/18 /¢
0F ol 9s¢ 171 ey 00 ROFI LSS 8901 LIl 60'0C 129% 66/£/¢
09l 3l SOLC 10— 081C 81°Cl PL9C R6C 1071 66/9/%
PIel sl 99¢C S e sl 16 80K £6'] 66/8/¢
ol 89 Or'te Iy P9l €89 [ Y 124 66/8/C
S L8P oL Sotl 0Ly 1Lol 65 £l [y 9¢¢l LY 66/11/1
80 - 9L — 080 £33 ¢80 PeC SIy 86/¥1/C1
TN U ¢ [Pury
Y% IR U0sPag UYCAIN }oolg Yoam nv Ieap UosSkag uoseag yoorg 1M J1B(] UOHILAISAQ)
pARALO| sanmn.j premIog SaInINg

JO1I] URD

JOLI pa1enbg uvaA 10Oy

(PORULILO)) T PO SINSY UONRNLA () jyy



l2g}

ELECTRICITY PRICES AND POWER DERIVATIVES

2o11d FUISO[ 1YL Y AQ POPIAIP (0] SILUN S1IUN AIRIAUOUL UTIOLID DU] SE PIULJOP SLIOLR s3vjuaontad ay g -(eond
FUIS0[) 9011 1L [EN 1AL D) SNULLL 3011 [SPOUL [RITIRI0IY] Y} ST PIAULP s1spun £IZIDUOW U 10113 3L | ] [UR UL 'SI0112 Gotun[ea 93muadiod ay) uo puey (puvd
W (HON) $HUN KDL UESIOLD GOTEN{TA JYT UO KPATIBUI[R "PRITINOD UIIQ ALY S2HNSEAL YIOF 10417 UBIJA DY} puv oLz paienbg U] 100y Y1 :papiaoid
AUV SI0L10 HONEIRA ) JO SAUNSEIW OM[ "Y1 O 2L 12NN 0107 & SUILUNSSE (£ DGRLIIS) A1LP UOHEAIISGO LPED 10} SIOLI2 UOLRA[RA OU) SOZLIBLULUNS J[QRI S L 070

[Aadl 0L6 00¢l 90¢Cl Svol L1 ol Syl 1L91 o8¢l 8LEC iy UCIN
Ll 00 LOR PLOY 6061 - 8¢l Ly¢ vl LYRI 6CS1 6651711
Iy §T0— L96 <L 9Lt — Fel 0y ol w6l 90°¢ 66/81/01
¥l S0l SICH LLY 10°C1 8Ll 80¢l LICl £Co ¢TSI 66/0C/6
orp PO 0S¢l o [ 9L 61yl 10°7C1 66/tC/8
Wl il 190 SEr— IgC- 09 el 861 09L cLe 66/9CIL
6091 108 301 80L 8T8C SO0 90 244 LS6] 8O'8C 66/8C/9
S6'6C <Ol SR¢€l 0£9¢ ¥ 6L CLTE yoCl ERSl LYl 996t 66/18/S
POl N 65L 86l PSIC 0StC aTC 958 651 FOLI 3 LE9T 66/C/5
LY'SC L99I 650 0T8 LOTI 8Y6C Ll ovle 15°0% Pl 66/9/%
6'9¢ LLO] 0Cce PERE 0£°01 eIl LL6L elee 00y el 66/8/¢
688l 81 LI'8) e 8Ctl Ly CC 8ICl 66'7C POLC iyl 66/8/C
1591 16 19711 <10l 98 Lecl 8Y0C SO0l 0091 SOl vl Ayl 661171
o 9L1 68’8 31l LN 00°LL 89€1 9Ls 86,71/l

(ION) SHU(} AIRIDUOIN U 1y [durd

1% IRON IGRIN UOSPIg yoorg MM nv TRIN uoseag uoseag ool OIM 2] UOTIEAISGO
pAEAIO] SaININ.{ premiog saming
10117 UL 101 po1enbg urvapy 100

¢ [2POIA] [SYNSY UONBN[BA () ¢ g1



N
x
<
z
o
w2
o)
Z
<
T,

BUSO[) AL 1ayew [En1oE o st dLd [apout |

2L BUISO 1YW Ay} £ PAPIAI ()] ST SHUN AIZIDUOW WY 10110 Y] ST pautjop 110010 ddeiuaaad oy (dorad

DUALOIT I} ST PAULIP SESAUN AURIOUOWE ULIOLIS DY L " [PUT] UL SIOLID UOTEN[RA 9FIUa4ad D) U0 puE "y [aur|
UL CHON) SHUN LI210UOUL UL SIOLIS UOHEN[RA D) U0 A[DADILLL[E "PIIR[ND[RI UG AR SANSEDLU Ylog JOLIF URIA] O} PUE JOLIL PAIRNDS URIIA 100y ay) :poptacid
B SIOLID UOHEN[EA DU JO S2MSTIULOMLYSLEJO 29I JDYIRLUL 0107 B BUIUNSSE (¢ 2[qRLIAS) DI2P UOHRAIISGO YOI 10] SI0LID UOHEN[LA AU SIZLINUWNS ORI SIY ] 20N

SRl SeL orel 816 L6l S tlel w98 65l PROI 0StC 8LG1 UL
PIC L96 S66— LO¢l 8L £C6 9F 9l 8001 66/451/11
60 0901 cle- LT 80¢ 698 6CLI ey 66/81701
L6 cl9 i 956 086 LLR 879 66/0C/6
FeR 856 ¢Sl 10°01 198 901 66/£C/8
LU= 6L8 19C— 0Tt~ L6V 6L8 S:89 1Y 66/9C1L
9ol <9 L6LI l6'cr LO9C L9 097l 11T 66/8¢/9
98°ce Ly 896¢ 699¢ ISLE 656 PICl So'ly 66/18 /€
£091 IL¢ 879 LN L01C r9sC SFec 6¢Y 8O 0671 LT6C 664/
S P8 S [agyrey Sl (Xa3s 8l 98°CE Ly 91l 66/9/%
PrLC 38y 0Cle 9¢1r Srol (I3 2 8Y] 9eee sy 9cll 66/8/¢
0091 088 LYS] 86'0C 10l cloc 088 v LI'PC FOTI 66/8/C
LT €99 586 8L9 S 24 (98 Ll L Pyl 8L9 PeLT 8L 66/11/1
£5'9 £l €6 (X83 988 co¢l 8111 68'¢ 86/¢1/Cl
ITLIUNIA] U] 1 [aury
nv IR [USNAIN NGRIN 3}901¢] PRRIVY ny IR UOSEIg RINVRIN }oo1g RRAIYY JIRC] UOHPAIISG()
pleao saaning plemioq SaInIn 4
JOLI URDIA JOLIY paIrnbg uraA 100y
(poruijio, y) ¢ PO SINSIY UOURN|RA 1) # 2jy D]



2511d FUISOD 1R SUL A POPIAP ()] ST SHUN LIVJDUOW UL IOLID 34} S PIULPP 5L 10112 aFriuacaad oy - (0oud
Fu1s0[d) 211 1OIRU {ERIOR 91 SNULL 3L [OPOUL [RIMDIOAY A SE PRuLap SESIUM AIRIOUOW U1 10119 2  f] [9UT UL "SI0 UOTRN{Ra 351U 2L U0 put "y [OUT]
U1 (SON) $HUN KIIAUOL UESI01ID BOTTENITA 3L UO KPALIRULIDIE "PAIRMO[ED U3 2ATY S2INSTALN O “10IT UBIJA] 24} PUR I pasrnbg uvajy 100y A3 papt aoad
21T SI0L12 UOLPAITA DU} JO SUNSEIW 0M] S JO 2oL 103181 0102 © SUIUNSST (¢ AQRLIIS) 2P UOLRAIISGO YT I0] SI0LID UOLER|EA DL SAZLIBWWNS S[qUI SIULL JON

086l o1l 0T ovIc ol'Lc SOl LOEC LYl LE8C 961C L60Y Pl QRTINS
661 LO0O 9cl— <0 9¢9 156 8y 818 L6 8L 66761711
RE8 [ el 696 6991 9Ll 8¢ Ro°Cl 96'0¢C rCol 66/81/01
SYse L8] FL9¢ 9Ly Seats POLE LY€] P8 ey ity 66/0C/6
0Ly 1oy SESE CILl scey LTy oSS clee 66/£C/8
9¥8I 9991 R0 LIty 0g'e v 9991 Vi [ 65F 66/9CiL
8YCC [l [ e 9rY £9¢T FOOL 06l 898 PO9r 09+ 66/8C/9
<ol Lsel 6LLY 696l 123! ST [ oLLY L66I sl 6671t/
98l 0T9 8891 LoLl 86'8C FS £9vC 6 1T¢C 061C Slee 119 66/¢€
LR Ry 0C9e Slee 86¢ 08'8C LLYI 0868 c0Le (RS 66/9/¥%
806 FLOT LLYE 6vCC (353 69vC PLOC 906¢ 0g°ST 0cF 66/8 7%
16°CC £5°Cl 6L0C (5443 0L01 08T £6Cl 69°€C 61'8¢ I 66/8/C
SIL LLG 9rel 10°sC ]0C 8L91 £0CC Q| 08°cT 10sC S £891 661171
won 9L 688 8ISl 81't] 916 ¥l P Sl RO/¥L/CI

(STON) $HU) KIRPDUOIN UL 0y [ourd

\Y% IIERIN uosrog uoseag Ko1g O ny I0OR UOSEAS UOSPIS 3}004¢] ERatYN BT UONRAISGO)
preslo.| sarnn.J pIzMIO] sarnng
1O URAN 10417 patenbg UBdIA 100Y]

£ [OPOJA SSHNSIY VONRN VA () f ojy1)]

ELECTRICITY PRICES AND POWER DERIVATIVES



JCIA AND SCHWARTZ

LU

40

291Id BUISO 1T dU} £Q PIPIAIP ()] SIWN $HUN AIRIDUOW UL 10D Y ST PAULIP ST 10419 dFrIudasad oy 1 - (dorid
BUISOP) SALIILIEUL [EIVIDE DU} SNUI 20LId [DPOU [RONRI0IY AT ST PAULIP SESIUUT AIRIAUO UL IOLID IY [ ¢] [UT UL "SI0LIO tonen|ea 53e1u0a1ad a4 10 pue "y (ot
U (NON) SHUN AIZIDUOLL UE SIOLID UOTIENRA 24} U0 KPANTIUAIN "PIRINIE U23Q AR SONSEIU [I0g JOLIT ULIJA A4} PUR 10117 panmbg umajy 1003 21 :papiacd
QAT SIOLID UONRNIEA DY} JO SAINSLIULOM] NSLE JO IDLIA 1 IPUT 0407 1 TUILLNSSE (£ JQR 23S) AP UOIIRAIISGO YILD 0] SIOLID UONEN[LA U] SOZLIPWLUNS SGRT SIY L “JON

1091 RY'R S oF vl £1ce L8 886l 1L6 LSIT w89l 1LPC vOtl ueaj
SO0 L10 6vl— 90 ¢l 659 L6C §C9 69 LOL 66/S1/11
60 I SO 9¢cs P8O 1S 90t 1230 1£31! i 66/8[/01
RIST o'l LS9C P66C yIve IFLC 6871 cLLT S9lE LTST 66/0C/6
9¥LT 0r'6c S8 0¥ L8] bidts 9r'le 8801 661 66/£C/8
Pisl ol L9C £SST 00 €98l o'l LOVC LYET 65°¢ 66/9CiL
LTST 99’8 799l 96t 2544 LY6T S8l 69'1C rE6E I€L¢ 66/8¢/9
Flol a1rol 65°9¢ SElC S8l 08°0C 0ol 65°9¢ I S| 66/1¢ /S
6I'Fl 05y oSl 6ccl 60T 9’9 6981 €69 9l 691 89CT L99 66//S
LIoT co'tl LOCE POlE (YA §ese 8%l 9t 8LY PO 66/9/%
P8I 8091 00 69t 0se 08T 8091 SocE 6F9¢C Iy 66/8/¢
9CLl 506 [ 079t 18 £6'0C c06 0881 L¥']C £8'8 66/8/C
Li| €69 LI0L 6991 89°€] SLTI Pl 1393 PLE] 6991 <ol 0811 66/11/1
0L L90 6L SL6 198 059 £99 666 86/¥1/CI
JTRIADIDG U] 1] [Pury
1\Y IROA uoseag uosrag yoorg Yoam Y% IBIA uosrag uosrag yoorg YOO B UONLAIIS()
pIRAIO | sarmn,j pIemlIo.| saInin.|
JOLIF URDIA 1011 pa1enbg UL 100y

(PONULINO)) {5 [OPOIA SUNSIY UONEN[LA () ojyn]



ELECTRICITY PRICES AND POWER DERIVATIVES 41

results for Models 1 and 2 for the system price. The global results for Models 1 and 2 are
quite similar. Although Model 1 performs betier for block. season and year contracts, it
does a worse job in explaining the week contracts. Model 2 shows the lowest mean
RMSE in percentage for all contracts (14.45%0). under the restrictive assumption of a
market price of risk equal to zero.

Finally, we computed an implicit (constant) market price per unit risk independently for
each day by minimizing the RMSE in NOK for all contracts. We also calculated an
implicit market price of risk for the whole sample in the same way. The implicit market
price of risk together with its associated RMSE (in both monetary units and percentage)
for each model is reported in Table 5. The implicit lambda is positive for most of the days
and models. For the whole sample, it takes value of 0.011 for Model 1,0.018 for Model 2.0.019
for Model 3, and 0.033 for Model 4. Models 2 and 4 (models with the sinusoidal seasonal
function) experience the larger percentage reduction in the mean RMSE in percentage
(237 and 377, respectively. against 7% and 17% for Models 1 and 3). In addition, the
percentage reduction in the RMSE is larger for the models for the log-price as compared
to the models for the system price. The resulting mean RMSE in percentage are lower for
models based on the price than models for the log-price, and lower for models with the
sinusoidal seasonal function. Overall, with a constant market price of risk equal to the
implicit market price of risk calculated for the whole sample, Model 2 has the lowest
RMSE (11.1%), followed by Model 4 (12.5%), and finally Models 1 and 3 (14.4% and
15.9%. respectively).j‘ *

In summary, with respect to the type of one-factor models studied in this paper, these
results show that those models based on the price do a better job in explaining actual
futures and forward prices than those models based on the log-price. Moreover, the
simple sinusoidal function is better in incorporating the seasonal pattern observed in
spot prices into the futures and forward prices. Additionally, a market price of risk
different from zero is required in this market.

In order to gain some insight into the causes for the discrepancies between actual
derivatives prices and the theoretical prices, Figure 5 allows for a graphical comparison
of the theoretical prices provided by Model 2 with the actual futures and forward prices.
This is done for two specific dates: January 11,1999 (Figure 5(a)). and May 3, 1999
(Figure 5(b)). They belong to a cold and a warm season., respectively, and they were
selected based on the large number of different traded contracts. Each horizontal line
indicates a different futures or forward price. The length of the line represents the
delivery period of the contract. As in Tables 4 and 5. only those contracts actually traded
on the selected dates have been considered. In order to make a clear figure, the daily
Model 2 theoretical prices have been substituted by a seven days centered moving
average. The remaining discontinuities in the lines are due to the concentration of
holidays for some periods during the year. The market price of risk is assumed to be.
alternatively, zero or the implicit market price of risk for the given day.

[t can be scen that the seasonal pattern implicit in the actual derivative prices does not
exactly matches the one extracted from historical spot prices (incorporated into the
theoretical prices by the model). though it is reasonably close for week and block futures
contracts. Another difference is that the actual term structure is increasing while the
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Price (NOK)

Actual Forward Prices Rlexdel 2 voth a1

Figure 5ia). Model 2 Theoretical Values vs. Actual Futures and Forward Prices (1/11/1999). The figure plots
futures and forward closing prices as well as the daily theoretical prices provided by the (one factor) Model 2.
for day January 11.1999. Only prices of contracts actually traded on those dates have been considered. For the
actual prices. the length of the line indicating the price level represents the duration of the delivery period in
days. A centered moving average of seven daily theoretical prices has been used to represent the theoretical term
structure of futures/ forward prices.

Price (NOK)
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Figure 50h). Model 2 Theoretical Values vs. Actual Futures and Forward Pr ices (5/03:1999). The [igure plots
futures and forward closing prices as well as the daily theoretical prices prov ided by the (one factor) Model 2,
for day May 3. 1999. Only prices of contracts actually traded on those dates have been considered. For the actual
prices. the length of the line indicating the price level represents the duration of the delivery period in days. A
centered moving average of seven daily theoretical prices has been used to represent the theoretical term

structure of futures/forward prices.
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theoretical one fluctuates around a constant long-run level. Even though there is no trend
in the spot sample data. forward and future market prices seem to imply expectations of a
future trend. Alternatively, the market price of risk could be time dependant. In the next
section we explore two two-factor models that incorporate a stochastic trend by adding a
second state variable.

6. Futures and Forward Valuation Using Two Factor Models

1o estimate the stochastic process for the one factor model we only needed a time series of
spot prices, which was available from 1993 to 1999. On the other hand. to implement the two
factor models we need time series data of both spot and futures/forward prices with
several maturities in order to estimate the two unobservable state variables. Schwartz
(1997) shows how to estimate unobservable state variables from spot and futures prices by
using a Kalman filter procedure. However, the procedure requires liquid futures contracts
with homogeneous maturities. Unfortunately, Nord Pool is not liquid enough to provide
with a long time series of diverse futures and forward prices with homogenous maturities.

To overcome those difficulties, we implemented the two factor models by first
estimating the deterministic components of the models using spot price data prior to the
valuation period. By using a long enough time series we are able to obtain reliable
estimates for the seasonal components (from January 1993 throughout December 1998).
Then, we estimated the remaining parameters together with the state variables implicitly
from the spot, futures and forward prices during the valuation period, from December
1998 to November 1999 (see Section 5 for the specific dates).

In order to calculate the implicit parameters, we used an iterative procedure that
consists of the following steps. First, for a given set of parameters, for every observation
date in the sample we individually find the state variable that minimizes the sum of
square errors between model and market prices of spot, futures and forward prices for
that day. Second, we estimate the volatilities and correlation parameters from the time
series of the estimated state variables. Third, given those implied state variables and
parameters, we implicitly estimate the remaining parameters by minimizing the sum of
square errors for the whole spot and derivative contracts sample. With this new set of
parameters we repeat the process until convergence is achieved.™

Given the characteristics of our sample. and in order (o avoid the estimation problems
pointed out by Schwartz and Smith (2000, Section 6.1). we concentrate on the risk neutral
parameters (see Table 6. and Section 3). In addition, based on the results of the previous
section we concentrate on the cosine representation (33) of the deterministic seasonal
component.

To be able to assess the improvements of the two factor models relative to the
corresponding one-factor models, we also estimated the latter using exactly the same
iterative procedure described above. Table 6 reports the results of these estimations. The
implicit procedure we used does not give us the standard errors of the parameter
estimates. The root mean square errors, however. clearly indicate that the two factor
models are superior to the one-factor models. For the models using spot prices the
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Tahle 6. Valuation Results by Implicit Methods

Parameter Price Models Log-price Models
a 15108 489
1 - 1024 -0.10
- 30.27 0.31
T 396 -224
One Factor Two Factor One Factor Two Factor
I 0.0014 00077 0.0012 0.016
o 9.57 -5374 0.13 —017
1 -0.029 —0.06 x 107
Ty 236 577 0.018 0.056
I 310 0.019
P —08l —063
RMSE (NOK) &1 6.99 10.85 894

Aote: This table reports the valuation results for the one and two factor models using a sinusoidal
function for the scasonal component. The parameters corresponding to the deterministic
seasonal term were obtained by minimizing the sum of the squared errors from the spot price
previous to the valuation sample period (the spot prices run from January 1. 1993 throughout
December 14. 1998). The remaining parameters where obtained by implicit methods using the
whole futures and forward sample reported in Tables 4 and 5. by minimizing the sum of the
squared errors (see the main body of the text for details). The Root Mean Squared Errors in
NOK for all futures and forwards contracts are also provided in the last row.

RMSE improves from 8.11 to 6.99 (a 14, improvement), and for the models using the log
spot prices these figures are 10.85 and 8.94 (an 1870 improvement).”® Once again models
based on the spot price perform better than models based on the log spot price.

Comparing the RMSE for the one factor models in Table 6 with those obtained for the
same models in Table 5, we note that these are substantially lower when using the iterative
procedure. The RMSE improves by 37% for the model based on the pr ice and by 30% for
the model based on the log price. This is to be expected since in the iterative procedure
more parameters are implicitly estimated from the data, whereas in the previous
estimation procedure only the market price of risk is estimated from the futures and
forward prices.

This preliminary analysis suggests that there is a substdmldl improvement to be made in
modeling electricity prices using two factor models.”” The implementation of these more
complex models will become feasible when additional futures and forward price data
becomes available.

7. Concluding Remarks

In this paper we have studied one and two factor models for the valuation of power
derivatives. All of them include a deterministic component that accounts for genuine
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regularities in the behavior of electricity prices. The inclusion of this term has been
motivated by a thorough analysis of the behavior of the underlying electricity price at the
Nord Pool. and an inspection of the term structure of futures prices in this market.

The analysis clearly reveals that at least some of those regularities. especially the
seasonal pattern. play a central role in explaining the shape of the term structure of
futures prices at the Nord Pool. The valuation results are promising. There arc. however,
inherent difficulties in the estimation of a genuine regular pattern, such as the seasonal
component, 1n the time behavior of a given variable. An accurate estimation the annual
seasonal pattern requires a large time series, i.c. a large number of years. To minimize this
problem. we have conducted our empirical analysis on spot price data from one of the
oldest wholesale electricity markets in the world.

We have estimated the deterministic component of the models from data of the
underlying variable, i.e. the relevant electricity spot price. The estimates can then be used
to value any electricity derivative contract. Another procedure not explored here consists
of extracting that component from the actual term structure of futures or forward prices.
This then, can be used to value other derivatives such as option contracts written on
them.

Given the limitations of the data available, we conducted a preliminary test of models
that consider two stochastic factors. The results of the empirical analysis are encouraging.
Other possible specifications of the second stochastic tactor are possible. Our analysis of
the system price in the Nord Pool has revealed. for instance, that the volatility is
consistently different between cold and warm seasons. A mean reverting diffusion
process {or the volatility could be considered.

Considering the non-storability of electricity, an important extension of the model
would be to include jumps in spot prices. Since the supply of electricity is very inelastic in
the short run. increases in demand beyond the production and transmission capacity of the
system can produce sharp increases in spot prices. Recent events in California show that
this problem can become of dramatic proportions.

As the necessary data becomes available, this type of analysis should be extended to
other electricity markets. As has been noticed in the introduction, there are important
reasons to expect several substantial differences in the behavior of electricity prices
corresponding o different geographic locations, hours of the day, or time periods during
the year. These differences may require adjustments to the specific structure of the
deterministic component of the models.

An important topic for further research is the issue of liquidity in the electricity markets.
Of special intercst would be the relation between volume of trade and volatility in these
markets. Finally, several issues regarding the electricity market microstructure deserves
further study.

Notes

1. Additionally. regulatory issues such as market rules and market structure may also have an impact on the
behavior of prices in competitive electricity markets and, consequently, on their differences across countries.
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. Other papers that have studied the behavior of the Nord Pool spot prices with different objectives include

Wolak (1997) and Johnsen. Verma and Wollram (1999).

. The grid operators are responsible for ensuring a well-functioning physical system. including the system

balance. that is. the equilibrium required in every instant between the energy produced/imported in any
arca and the sum of consumption: export and network losses in the same arca.

. Eastern Denmark joined the market on October 1. 2000 under the same conditions applied to western

Denmark.

. According to the Press Release 1/ 2000 of Nord Pool ASAin 1999 a total of 75 TWh (terawatt-hour. 1 TWh =

10° MWh) were traded in the spot market (this implies a volume growth of 34 over 1998). and implies that
more than 20" of the total consumption of electric power in the Nordie countries was traded via Nord Pool.
Also. a total of 216 TWh were traded in the market for financial power contracts in 1999 (representing a
volume increase of 143% compared with 1998). Finally. a total of 684 TWh of electric power traded in the
OTC market was cleared by Nord Pool in 1999 (8394 higher than in 1998). At the end of 1999, Nord Pool had
gol 264 market participants.

 As a matter of fact. market participants communicate their generation and demand bids for cach hour

independently for each bidding area. Sweden, Finland. and western Denmark are always independent
bidding areas. Additionally, if necessary. the Norwegian system operator divide the country nto two or
more different bidding areas. These arcas used to be fixed and communicated to market participants on a
weekly basis until the first week of 2000. They are fixed on a seasonally basis thereafter.

' Nord Pool is involved in £/bas, a physical market for short-term trade launched in March 1999 by the Finish

electricity exchange E-Ex. Electricity Exchange Ltd.. that allows traders in Sweden and Finland to adjust
imbalances after the day-ahcad spot market is closed (sec EI-Ex (1999)).

' Season futures contracts are not longer traded since the end of 1999, Atthe beginning of year 2000, Nord Pool

announced that the Season 3-2000 contract. which had been split at the end of 1999, would be the last season
futures contract listed for trading. and that new block contracts would be listed in accordance with past
practice on former block-splitting dates in weeks 1. 17. and 41 (Nord Pool participant information no. 1-00
and no. 17-00).

. Recorded dates in Elspot data correspond to delivery dates.

We discarded the initial period of available data. i.e. the last eight months of 1992, because those data
corresponded to the period when trading activitics were conducted by the so-called “Coordinated Norwegian
power works,” a membership association based on mutual responsibility. In January 1993 its activities were
transferred to the newly created power market, first known as Statett Matked and later as Nord Pool. Statnett
Marked started acting as the counterpart for buyers and sellers in the clearing of market trades, which
included both spot market trades and trades in a new “futures market” for delivery on future dates.
Additionally, the transition from standard time (GMT=1) to summer time (daylight savings time, GMT=2)
and vice versa imply either the reduction of onc hour or the addition of an extra one. respectively. on
cransition dates. We standardized to 24 the number of hours per day in the following way. We sct the price of
any missing value hour equal to the mid point between the two adjacent hours’ prices, and any extra hour was
climinated by dividing the price corresponding to the double value hour by two. We work with the resulting
standardized series in the sequel.

Before we mave on to the analysis of the system price time serics. here follows some basic figures of interest on
the generation side of the Nordic electricity system. Power generating sources vary among the Nordic
countries. According to 1998 data published by the national grid operators and Nord Pool (see TSO and
Nord Pool (1999)). almost all the Norwegian clectricity production is hydroelectric (99%4): Sweden relies in
equal portions on hydropower (48%4) and nuclear power (46%) with a residual production obtained from
other thermal (gas and oil) units (6%): Finland has a mixture of hydro (22%), nuclear (31"4), and thermal
plants using a variety of alternative fuels (4794): Denmark mainly produces thermal (natural gas/coal) power
(93%) with some wind production units (7).

_ A large number of lags. p = 21.is necessary inthe relevant regression model. in order to account for the serial

correlation present in the changes of the relevant variables Ar, = v, - v, 1. Phillips Perron tests for a unit
root {sce. ¢.g. Hamilton, 1994:17.6) were also conducted and they provided virtually the same evidence as the
ADF tests.
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. This is obtained by multiplying the standard deviation by the square root of 365,
. This fact was previously detected by Johnsen. Verma and Wolfram (1999: p. 34). A cold scason is defined here

as any period running {rom October through April. and a warm scason from May through September (the
latter isthe delivery period for summer forward contracts listed in Eltermin). Care has been taken to avoid the
calculation of changes in the price and log-price series using a couple of observations one season apart.

- One reason to expect a somehow lower volatility during cold seasons is that. as during these scasons

hydroclectric production depends on the amount of water available in the reservoirs. prices may be less

subject to supply side shocks. as argued by Johnsen. Verma and Wolfram (1999: p. 17).

. These large daily variations occurred at the end of February 1994, and in the middle of December 1998,
. Kaminski (1997) further elaborates on this idea.
. See Johnsen. Verma and Wolfram (1999: pp. 48 52) for an account of some important episodes of high system

prices and their possible causes.

- For instance. an autocorrelation at lag seven of the daily change of the price (respectively. the log-price) of

315 (41%4) implies that the R™ of a regression of the first-differences of the prices (log-prices) on a constant
and its seventh lag is 0099 (0.168). i.e. the square of the autocorrelation coefficient. Therefore. 10%, (17%4) of the
variation in the daily price (log-price) increments is predictable using the daily increment seven days apart,
Thesc facts were also previously pointed out by Johnsen, Verma and Wolfram (1999: p. 17).

We took as holidays the official public holidays in Norway cxcluding Saturdays and Sundays made public by
the Norwegian Ministry of Foreign Alfairs through ODIN. Note though that the majority of these dates were
common holidays in the whole Nordic area. Besides. Norway represents more than 60 per cent of the spot
market, bascd on traded volume (sce the Nord Pool Annual Report 1998).

- Seasonal climatic variations also influence hydroclectric gencration through their impact on the tevel of

water stored in the reservoirs. In the Nordic countries a large part of the inflows comes from snow melting
during the warm scason. so it is predictable to some extent. (This fact somehow facilitates hydro plants to
solve their intertemporal profit maximization problem; see Jonhsen. Verma and Wolfram (1999: p. 20) and
the references therein.) Publicly available weckly mean data from Nord Pool for the period 19811992 show
that the minimum level of reservoirs electric production capacity is reached around the seventh weck (29774
and the maximum around the forty-sccond week (90%4).

. Figure 3 is based on the closing prices for every listed futures contracts on a given date regardless of whether

they were traded on that datc or not. This does not represent a problem for our present purposes of motivating
the discussion to follow in the next scctions. Later. in the empirical examination of the valuation models. only
traded contracts will be considered. We also postpone the detailed description of the futures contract sample
until that moment.

23. Jaillet. Ronn and Tompaidis (1998) and Manoliu and Tompaidis (1999) use similar models in explaining

natural gas futures prices.

24. Sec also Hull and White (1993). For convenience, we work directly with the variable X,.ie. the price detached

from the deterministic component. and the function /(7). instead of the price process (4) in terms of a given
function a(1).

Under the assumption of a constant interest rate. forward and futures prices are equal.

Note that although we use the same symbols for the parameters in (2) and (15) to simplify the notation. the
parameters values arc not the same.

. To simplify. we use the same notation as in the previous subscction. Of course, the values of the parameters

need not be equal.

This is the approach followed by Jaillet. Ronn and Tompaidis (1998) and Manoliu and Tompaidis (1999),

Of course.we can add two or more of the above mentioned possibilitics when appropriate. Pilipovic (1998). for
instance. has claimed that some electricity prices may require two sinusoidal functions in order to capture the
two peaks. one in winter and the other one in summer. arising respectively from the use of heating and air
conditioning. The relative importance of both peaks depend greatly on the geographical location,

. We also added a linear time trend to the models. but eventually empirical evidence based on the behavior of

the spot price led us to discard it.
For daily observations. this is a very rcasonable approximation to the available exact discretization.
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32, The inference results should be carefully interpreted since. although the model accounts for the serial
correlation of first order through the inclusion of first-order autoregresive disturbances. there is still
significative autocorrelation present in the residuals at lags multiple of seven. This fact is related to the
regular pattern within the week. which the models have not accounted for. The inclusion of dummy
variables for cach day of the week. that was originally discarded based on their significativity. may be
reconsidered based on this result.

33 This is an approximation. The correct formula. which requires an estimaie for the riskless interest rate. is
given by: Fy(Po: T 120 — (1) Zf— s IS e Fy Pa. T with Fyt Py, T given by the formulas
(13) and (23). In order to asses the validity of the approximation. we simulated the theoretical values given by
the correct formula for several sets of realistic values of the models parameters and a range of interest rates.
and compared them with the theoretical values provided by the approximated formula. The results turned out
to be very close.

Additionally, we work with standardized days of 24 hours each. The Nord Pool’s liquidation procedure,
however, accounts for the exact number of hours during the delivery period (see Nord Pool (1999¢) for the
details).

34. Tt should be pointed out that these RMSE are two to three times larger than the ones reported by Schwartz
(1997} in a4 one-factor model for oil and copper futures. But. it should also be noted that the electricity
derivatives are considerable more complex than those of commodities such as copper or oil.

35, We start the procedure with an initial guess for the parameters to be estimated based on the results [rom
previous sections.

36. Onee again it should be pointed out that these RMSE arc more than three times larger than those reported by

Schwartz (1997) for a two factor model for copper and oil futures.
Additionally, Manoliu and Tompaidis (1999) implement one factor and two factor models with a stepwise
seasonal term. and they get a very good fit to the natural gas futures curve (mean absolute errors range from
0.02 10 0.4 dollars depending on the model and the time to expiration of the futures contracts). Nevertheless.
it should be noticed that they estimate all the parameters. including the seasonal factors, exclusively from
future price data, by using a Kalman filter procedure.

37, To statistically examine the need for a second factor a likelihood ratio tests would be required.
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