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On the Cross-sectional Relation
between Expected Returns and Betas

RICUARD ROLL and STEPHEN A. RO

ABSTRACT

There is an evaet linear relation belween expected returns and trae “hetas” when
the markel portfolio is on the vx ante mean-variagce efficient frontier, but empirical
research has found litile relation between sample mean returns and estimated
beias. A possible explanation is that markel porlfolio proxies sre mean-variance
inefliel We calegorize proxies thal produce partientar relutions belween ex-
pected returns and Lroe hetas. For the special case of a zero relation, u market
porifolio proxy must lie inside the efficient, frontier, but it may be close to the
frontier.

CONTRARY PO THE PREMCTIONS of the Sharpe, Lintber, and Black Capital
Asset Pricing Model (hereafter the SLB CAPM or SLB Model; see Sharpe
(1964), Lintner (1965, and Black {(1972)), a decade of empirical studies has
reported little evidence of a significant, cross-sectional relation between aver-
age returns and betlas. Yel it is well known (Roll (1977, Ross (1977)) that o
positive and exaet cross-sectional velation between ex ante expected returns
and betas must hold if the market jindex against which betas are computed
lies on the positively sloped segiment of the mnean-variance efficient froniier,
Naot finding a positive cross-sectional relation sugrests thal the index proxies
used in empirical testing are not, ex ante mean-variance efficient.

Some of the empirical studies have uncovered variables other than beta
that have power in explaining the sample cross-sectional variation in mean
relarns. But the true cross-sectional expected return-beta relation is exact
when the index is efficient, so no variable other than beta can explain any
part of the true eross-section of expecled returns. Conversely, if the index is
not efficient, the ex ante cross-sectional relation does nat hold exactly and
other variables can have explanatory power. Indeed, any variable that hap-
pens to be cross-sectionally related Lo expected relurns could have discernible
empirical power when the index proxy s ex ante inefficient. Again, lhe
empirical evidence supports an inference that market index proxies used in
testing are nol on the ex ante efficient frontier.

But the puzzle in the empirical work is not so much that the cross-seelional
mean return-beta relation is imperfect nor that other variables have empiri-
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cal power. This is to be expected given that direct tests reject mean-variance
efficiency for many markel index proxies.! Instead, the surprising thing is
thal the cross-sectional meanu-bela relation appears to be virtually zero.
Intuitively, it would seem that there should be some nonzero cross-sectional
relation il the index is not teo Tar inside the ex ante efficient [rontier, even 1l
it is stalislically reliably inside. Why should we not anticipate at least a
modest copnection between expected returns and betas cven on indices that
ave unmistakably inefficient?”

Yol the recent paper by Fama and French (1992) forcefully resurrceis an
old finding thal there is virtually no detectable eross-sectional beta-mean
return relation. They state, *. . .the relalion hetween markel § and average
relurn is flat, even when B is the only explanalory variable” (Abhstract).
Earlier papers report Lhe same result, For instance, Reinganum (1981}, using
two different indices, concludes, .. cross-gectienal differences in portfolio
betas eslimated with common market indices are not reliably related lo
differences in average portfolio relurns” (p. 460). Lakonishok and Shapire
(1986}, after an extensive sevies al’ empirical lests, conclude, * .. neither the
traditional measure of risk (beta) nor the aliernative measures (variance or
residual standard deviation), can esplain——again, at standard levels of signif-
icance—1Lhe cross-seclional variation in returns; only size appears to matter”
(p. 13127

Fama and French find no cross-sectional mean-beta relation afier control-
ling for size and Lhe ratio of book-to-market value, variables which do play
atatistically significant roles. Similar lindings are reported by others, for a
variety of dilferent explanatory variables. For instance, Chen, Roll, and Ross
(1986) conclude, “Although stock market indices ‘explain’ much of the in-
tertemporal movements in other stock portfolios, their eslimated exposures
(their belas) do nob explain cross-sectional differences in average returns
aller the betas of the economic state variables have been included” (p. 3099) 1

_>=:.:_.WZE_Ecoq.m_.:me_.&A.m_.*._ﬁc:a%:;. <E,mc:m:E_A_ﬁi‘:.amx_:.cimmm_.c:cmm:mmcy
Giibbons (1882), Jobson and Korkie (1982), Shunken {1986), Kandel and Stambaugh (1987) and
(1989, pp. 134, 185), Gibbons, Ross, and Shaoken (1984), “hou (1991}, and MuacKinlay and
Richardson {1991).

2 Nole that the puzzle has vo bearing on rarket efficiency. It is purely a mathemalical and
statistical problem. Whatever the dislribulion of retuims, lowever well or poorly the market is
operating, there exists an ex aule efficient frontier of portfolios. Any markel index is Jucated
somewhere, cither on the froutivr or inside. The cross gectionel refation helween expected return
and beta, whether it is exact, imperfect, or zero, 1s completely determined by the position of the
index.

* Coggin and noler (1985) find a nepative relation between beta and mean return for large
firms.

1 {nlike Fama und Frescl (1992), however, Chen, Roll, and Ross {1986) do Ond a nonzero
s-sectional mean relurn-heta relation in a univariate lest. They use the value-weighted and

cross
the equally weighted New York Stock Exchange listed indices. Similarly, Lakonishiok and
Shapiro find thai “the coefficient of bela generally has the correct sign” (p. 131) across various

subperiods, tho "t is not statistically signilicant.
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The Fama and French paper made ns wonder where an index would have
to be located to produce a set of triee betas thal had no relation é:mSE%. H.m
true expecled returns. We soon discovered that such indices mxmmw and .::M*
they lie within a set whose boundaries can be direclly calenlated from :m.,.:r_
pa _.mah_ﬁw_mmW_)m {expected returns and covariances ol retu q..:m,v. More generally _,.E.
any arbitrary cross-seclional linear slope coefficient belween betas m:.ﬁ_.cm-
pected returns, there is a bounded set. of possible indices. . .

In Section | of this paper, we derive the analytic characterization of indices
thal produce an arbitrary cross-seclional relation between expected Z“.._.:Z,J
and beta. Section I presents some “back-of-the-envelope” caleulations of
plausible locations for widely used market index proxies, i.e., how far m:Mu.Ec
the ex ante elficient fronlier do such proxies He? This macsch" also A.:mn:mmnm
the implieations of the empirieal findings for the CAPM both as a scientifie
zF.m:% and as a practical Lool for financial analysis. Sampling error, the other
:.sm,:d. poestble explanation of the empirical (indings, is anulyzed hrietly.
Tmnr.:: I provides a summary and conclusion. . .

_.4:::.&0..3 That 1%3.._:2“ a Given Ordinary Least Squares Slope
roeflicient in the Cross-sectional Relation between Expected
Return and Beta

To characlerize market index proxies thal preduce particular cross-sectional
:.:._m.z-rcg relations, we derive the boimdary of Lhe scl of possible _._::.cm,m Ly
:_E,Em membets of the sel with minunumn return variance. This m:<c_<m.m
minimizing portfolio return variance subject to three constraints: (1) that
the index portfolio’s expected vetarm is a given value, {2) Lthat the index port-
folio’s investment proportions (weights) sum to unily, and (3 thal a eross-
sectionul regression of expected returns en betas computed against the
u.cm.::.m:m index portfolio has a particular slope. Our derivation applies to any
universe or subuniverse of assels provided that the tndex portlolio is com-
posed only of stocks in the same group.
We employ the following notation:?®

R - Expecled returans vector for N individual assels in the universe
P B . .- U
V = N x N Covariance matrix ol returns,

1 = Unit vector,

q = Porlfelio weights vector,

i = Sealar expected portfolio relurn, 'R,
9 )

[

= Bealar porifolio return variance, 4'Vy,
2ros

. s-sectional or time series variance of j,

# = Cross-sectional mean of expected returns, R'1 /N,

w = Vector ol scaled expected return devialions from Lhe cross-sectional
mearn, (12 - w1) /N,

B = Beta vector, § = Vgq/q'Vq,

" Veclors and malr

s are denoted in boldface.
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k= The cross-sectional covariance of R and B; i.e., the numerator of the
ordinary least squares (OLS) slope from regressing individual ex-
pected returns on belas computed with an index-portfolio having
weights q.¢

The appendix proves thal any portfolio that is a solulion to this problem must
lie within a mean-variance region whose boundary ig given by the equation

Ba* 4+ Cra?2 v Dri 4+ Fo? | Gr+ H =0, (1}
where the upper case constants are, B = k%(ae - %), C = - 2dke, D = ge,
F=0dhb — glae — b)) +ed?, G = -2gb, and H = ag — d?, and where the

lower case constanls and paraumeters are as follows: three of these scalar
elements, o = RV 'R, b - RV~'1, ¢ = I’V '1, are the efficient frontier
information constants {¢f Roll (1977), appendix). The two elements new in
this paper are, d = R'R/N — ;i¥, which is the cross-sectional variunce of
expected returns, (d = o}), and g = pof_ |, where vf_; denoles the time
geries variance of the difference in returns between lwo partlolios, one
weighted proportionalely to the vector of expected returns and the second ane
equally weighted.

Equation {1) s the gencral form of a seccond-degree equalion in r/ot
space. IL is a parabola, a circle, an ellipse, or a hyperhola, depending on the
value of C? - 4RBD. The Appendix shows that €% — 48D is either zero (for
k= 0) or negalive. For & # 0, equation (1) is an elfipse in r/¢® space. The
axes of the cllipse are oblique, i.e., nol parallel Lo the r/o% axes. In the
special case & = 0 (a zers cross-sectional slope between expected relurns and
belas), equation (1) describes a parabola wilth an axis parallel to the o axis.
Iigures 1 and 2 illustrate these Ewo cases, Figure 1 lor £ = 0 and Figure 2 for
o+ 0.

Portfolios that produce a zero cross-sectional slope, Cov(li, ) =k =
within a parabola Lhat is tangent to the efficient [rontier at the global
minimam variance point. Tt has long been known thal the giobal minimum
variance portivlio used as an index produces B = L for every asset, and, ol
course, Cov(l, 1) = 0. No other mean-variance efficient portlolio produces
ko= (L

The minimum dislance belween the efficient frontier and a market index
proxy with Cov(R, ) = 0, measured along the return dimension atl a giveu

portfolie variance o2, is

= [{tea? ~ Dlac - 691" - [lea? — Dilac - b —cd?/gN" /e, (@)

where r is the expected return on the markel proxy and r* is the return on
an efficient port{olio with the same variance as the proxy. In Figure 1, M

8 I'le parameter & is ome measure of the relation between expecled returns and B's. In the
cross-sectional OLS regression, R = v, + v, B + &, (with & the residual), the slope coellicient. ig
vy, = ko, where Qum is the cross-sectional variance of B.
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Figure 1. Market index proxies that produce betas having no relation to expecied
returns. These proxies are localed within a restricted vegion of the mean-variauee space, o
region hounded by a parabola that ties foside the efficienl fronljer excepl [br a tangency at mrm
_w._:r:,_ minhmnim varianee point. The distance, M, between the bounded region and the E.mﬁc:w
frontier is proportional to the cross-sectional standard deviation of expueeted returns, oy, The M
depicted is for oy < 3% /aunum and o markel index proxy wilh expecled relurn 9.78% /annumn.
The proxy is located on the bonndary ai a distance of M - 22 basis poinks below the efficiend,
frontier. While betas against this market proxy have zere cross-sectional correlalion with
expected returns, a market proxy on the cflicient freatier just 22 basis poiuts above it would
produce hetas that are perfectly positively collinear with expected returns.

c_:_\_.\w.‘a .r:. the case oy — 3, oy 1 B, p - 10, and a proxy corresponding to
an efficient portfolio with r* == 10%.

A uselut and particularly tractable variant of (2) can be obtained by
" L a1 " ¥ . N . 4 3 . )
dividing .rc.s. sides hy r* - r, where ry = b /¢ is the expected return of the
global minimum variance portfolio. The result is

e v

= A - — - . )
M=(r rod 1 1 — , (3)
glac — b9
e, the return distance of the proxy from the efficient rontier is & constant
multipfe (the tevm in large brackets) of the excess return +* “ro of the
efficient portfolio over the global minimum variance portfolio return, ry. The
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Figure 2. Market index proxies that produce betas having particular E.q.vmm.mcﬁ.?:.u:_
relations willr expecied returns. I'o produce a purticular nonzero cross-seetional relation
belween betas und expected returns, a market index proxy nwost lie within a closed region of the
mean-variance space. ihe regions are bounded hy ellipses that may or muy pot have a tangeney
with the efficicnt frontier. It there is nu tangency, then ne mean-variance cfficient market proxy
cant produce that parlicelar relation. The major axes of the ellipses have positive (or :mmu,:év
slopes when Lhe resulting betas are positively (or negatively) related to expected returns. Ellipses
are depicted for several values of £, the cross-sectional covariance between beta and cxc:nnmm
return. Fhe bounded region hecomes smaller as this covariance iucreases. There is a maximum
value of & heyond which the region vanishe 2, o market index proxy can produce a larger k.

’

term in large brackets in (3) is invariant with respect to Lhe cross-sectional
dispergion of expected returns.”

index proxies thal happen to He wilhin the sliver of space between the
upper branch of the efficient frontier and the upper branch ol the parabola,

"'y see this, use the concepl. of a “mean-preserving spread” in Lhe eross-sectional distribution
of expeclod relarns; ie, R < v, Z + i1, where 2 is 4 standardized vector of expected returns
{mean zero snd cross-sectional standard deviation of unily). Define standardized counterparts to
the efficient set parameters (e and b as a* = L'V 'Zand b* 2 £V Y1, It is straightforward to
show that ac ~ b* - ef{a®e - B*), d = G} /NYEZ, and g = (af /N2 VE. Thus, the expres-
sion i1 43), a2/l glae - bP) = @ L) /[4 VE( e - b37)], whicl is independenl of oy, A m::._r:.
development shows that M =r* - r in (2} is proportionat to oy thus, the g :..::E..c;
difference, {r* ‘w» between the efficient fronticr and the inner k = O parabola is invanant
with reapect Lo gsg-sectional dispersion of expected returns.
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produce positive cross-sectional slopes. To prove ihis, note that if some index
within the upper sliver bad a negative slope, then by choosing appropriate
weights the index could he combined with the corresponding efficient portfo-
lio having the same mean such that the resulting combination had a zero
slope. But, such a combined portfolio must e under the & = 0 parabola of
minimum variance portlolios with zero eross-sectional slopes, a contradiction,

The situation of £ # 0 ig more complex. The Appendix shows that. Lhe set of
indices producing CoviR, ) = £, is bounded by an ellipse which may or may
nol be tangent to the efficient frontier. For any k greater in absolute value
than formula (A9) in the Appendix, there is no tangeney belween the efficient
frontier and the ellipse bounding the set of all index proxies thal produce a
cross-sectional covariance ol k.

In Figure 2, ellipses have been platied for several choices of the cross-
sectional covariance k. 'The major axes of the cllipses have slopes in r/o®
space with the same sign as their associaled % and they all inlersect the
return axis at ry, the expected return of the global minimum variance
portfolio. Nolice that as & becomes larger, the ellipse becomes more concen-
trated about its center (which, incidentally, lies at the point o? = lg/k%,
H.‘..,.+.mam\\ng.,h.~.ﬁﬁ“:o:mtmmrmn:EcmE::EEbm;.\,.,..IFM,\H.UM..__,A:._mﬁmoﬂ

absolute values of &, Lhe ellipse becomes imaginary: i.e., there are no market
index proxies that produce o larger cross-sectional covariance between R and

[

Our results are reminiscent of those in lwo papers by Kandel and
Slambaugh (1987, 1989) and in a paper by Shanken (1987). In their firsi
paper, Kandel and Stambaugh derive the correlation between an arbitrary
portfolio and a portfolio on the elficient frontier. They prove that this correla-
tion 1s maximized when the two portfolivs have the same expocted reburn and
they nse this result to derive Lests for the elficiency of an unknown markel
proxy that has a given correlalion with the observed proxy. The idea is that
an observed proxy may nat be the true market index whose mean-variance
eificiency is required by CAPM theory, but if one is willing ta assumne that the
unshservable true market index has a piven level of correlation with Lhe
observable proxy, an unambiguous test of the CAPM can still be conducted
(conditional en Lthe assumed correlation).?

A scction ol their paper deduces the boundary of the sel of all portfolios
that possess a particular minimum correlation with any given index. These
sets may be closed. Ag the mintimum correlation approaches 1.0, the set
collapses Lo the single point coincidental with the index. At low correlations,
however, the seis may be unbounded. For instance, when the index is
incflicient, zero-beta portfolios (portfolios possessing zero correlation with the
index) exist at all levels of expected return, a resull dervived by Roll (1980),
Randel and Stambaugh show that intermediate correlations can produce

! Using a similar approach, Shanken (1987) presents evidence that the SLIY Model is invalid
unless cuch of the several markel pruxies he employs is only weakly co ‘e (multiple
correlation less than 0.7) with the true market portfolio,
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bounded but open sels, e.g., wilth a minimum or maximum expected return
but ne limit on variance. o

These Kandel-Stambaugh (1987) sets contain peortfolios with a given mini-
mum correlation to the original index proxy, whereas the sels we derive here
contain index proxies that produce a given cross-sectional relation between
expected return and beta. Thus, they arve formally distinet, but they .m:
possess some conunen properties. Perhaps the most imporiant Lo o‘Sﬁrzmuxm
is that the sets (the regions are graphed in our Figures 1 and 2 and in Kandel
and Stambaugh’s Figure 1) are not exclusive. There are other _x:.:,:::m bying
within these vegions which do nef produce the same result. .ﬁ:::: the
Kandel-Stambaugh regions are portiolios with ligher no?.w_m_.:u:m. to the
index proxy than the specified minimum correlation, Within our regions are
purtfolios that produce olher valies of Lthe cross-sectional mean-heta Ho_ﬁ_uc:.
For bolh Lypes ol regions, no portfolio lying outside can produce the given
relation, bat an infinite number of porliclios inside can produce some other
refation. .

Figure 2 provides an intuitive depiction of nonexelusivity. Zoe._n: that some
ellipses plotted there fall entirely wilhin others. Thus, wilhin the & = 1
cllipse, [ = Cov(R,3}], are market proxies producing & = (1.9, £ = 0.5, elc.,
although there are no market proxies producing £ = L.Lor £ = - 1.06 unless
they lie also within their respective ellipses. . .

In comirast, the later paper by Kandel and Stambaugh (1989) derives
exclusive regions of mean-variance space, but for a different purpose. Kandel
and mnm_:rm‘cm: (1989) develop likelihood ratio tests for Lhe ex ante mean-
variance mmf_ﬁ..m:nu\ of a given index proxy. They show thal the rejeclion region
(or a given significance level} is bounded by a “critical hyperbola” in EW:.E_E
mean-variance space. Portfolios that lie away from the sample clficient
frontier beyond this eritical hyperbola should be judged inefficient. One only
needs Lo plol the position of proxy heing tested in order to conduct .:.E test.

It is instructive Lo understand intuitively why a statistical test for proxy
efficiency might lead to an exclusive rejection region while correlation sets
and mean-beta relation sets would not be exclusive. 1n the first ca ge, the
further a proxy lies below the sample elTicient frontier, the less likely .: lies
on Lhe triee ex ante frontier, provided that one is willing o assume stalionar-
ity of the expected return vector and the covariance matrix. Ecé@mﬁ there
is only an indirecl conmection between the position of the proxy in mean-
variance space and either its correlation wilh other portfolios or its cross-
seclional mean-beta relation. For example, take correlation: if the covariance
matrix is nonsingular and the number ol assels is finite, there is no other
porl{olio perfectly positively correlated with the index proxy. .E::.ﬂ_. a nodd_m-
tion of 1.0 implies a single position in mean-variance space. w:p.; the index
proxy ig inefficient, enough, Lhere are other distinet portfolios with the same
mean and variance having zero correlation with the proxy! Thus, two uncor-
related portfolios can He al exactly the same point in mean-variunce space.
Clearly, there are an infinite number of portfolies, all lying al exactly the
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sdine mean-variance posilion, yel possessing an infinile number of different
correlations with the index proxy.

The nonexclusivity of sur sets makes it impossible to determine the cross-
sectional mean-beta relation simply by pletting the position of the proxy in
the mean-variance space. We wish this were possible. It is not. We know only
that particular cross-seclional mean-beta relations cannot be produced hy
index proxies thal lie sutside the boundaries of the sels we derive here, Bach
seb places an upper or a lower hound on the cross-sectional covarianee
between R and f8,

Il. The Cross-sectional Return-Bela Relation and Tests of the CAPM
A, The Plausibility of Test Sensilivity to the Choice of a Market Proxy

The SLB Model implies mean-variance efficieney of the markel index; this
efficiency is equivalent to a perfect cross-sectional relation between expected
returns and betas computed against the market index. But, when the market,
index is proxied by an inefficient portfolio, these two representations of the
sume theory are no longer strongly related. We have shown that the cross-
sectional slope cun have any absolute value below a cerlain maximum
{including zero) depending on the index proxy’s position inside the ex ante
mean-variance efficient frontier. This implies that an index Proxy can con-
ceivably be substantially inefficient ane sti produce a strong cross-sectional
regression between expected returns and betas or it can concetvably be close
Lo the efficient frontier and yet produce a zero cross-sectional relstion. What
aclually is produced in the empivical cross-sectional regression depends on
the ensemble of expected returns, varia nces, and covariances.

This suggests that the slope of {he cross-sectional return-beta relation may
be of little direct use in assessing the distance of the index proxy from the ex
ante efficient frontier and, therefore, it may not be useful for delermining
how inefficient is the true market index. An inefficient proxy with a zero
cross-seclional slope may be quite close Lo the true market portfolio and the
true markel portfolio may be efficient.

The plausibility of such possibilities can be examined with back-o-the-
envelope calculations using reasonable guesses of parameter values, For
inslance, given current levels of inflation, it seems reasonable te assume an
expecled return on the global minimum variance portfolio of 6 percent {per
annum) and a minimum standard deviation of 10 percent; ry = 6%, and
og = L%, Similarly, an expected return of, say, 11 percent, seems reasonable
for the efficient portfolio located where a ray from the origin through the
global minimum variance position intercepts Lhe efficient frontier, r, = 11%.
These values are sufficient to delermine the equation of the efficient frontier.
We also need to guess the values of three olher parameters: u, the average
expected return on risky assels; vy, the cross-sectional dispersion of expected
returns; and ey, the time series standard deviation of the difference
between an expected relurn-weighted portiolio and an equally weighied

portfolio. Reasonable vahies might be: g — 0%, oy = 3%, and o). 5

y = H%.
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Nolice that the last value is velalively small, but this is appropriate given
that, two well-diversified porliolios are likely to be significantly correlated.?

Using these parameter values in equation (3) gives M = 0.055642(r* — 1)
as the expecled return distance of a market index proxy from the efficient
frontier. If we happened to selecl a proxy whose corregponding mean-variance
efficient portfolio wilh equal variance had the same mean as Lhe global
average mean, r* — 10% and since ry = 6%, M == ,2222%. Thus, given
these parameler values, the mean return of an index proxy that produces a
cross-sectional mean-beta relation of zero could lie only aboul 22 hasis points
below the efficient [rontier; ils expected return would be 9.78 percent while
the efficient portfolio wilh Lhe same variance would have an expected return
of 10 percenl, These positions arce plotled in Figare ] see the arrows below
“}. Thus, the index proxy counld produce a zero crogs-sectional mean-beta
slope while the corresponding efficient portfolio, il uscd as a proxy, would
produce a perfect cross-seclional relation with a positive slope.

The presence of sampling error anly slrengths the caution with which we
must approach cross-gectional empirical Lests. I expected returns and belas
could he measured with little or no error, then we could roject index mean-
variance efficiency by finding a flat cross-seelional relation. Dul, with mea-
surement error we can only say thal we cannol reject a flat redation. For that
matter, we probably also cannol reject that the slope ig, say, 3 percent. With
60 years of observalions on un index with an annual standard deviation of 20
percent, the standard errvor of the sampie mean would be 20%/ VB0 = 2.6%.

With a standard error ol, say, 3 percent in the measurement of index
expecled relurns, the power of cross-sectiomal tests is suspect, 1f the trac
market porifolio is, in facl, efficient, index proxies that produce a Nat sarmple
cross-seckional relation may be positioned well within a 3 percent interval of
the ex post efficient frontier. Thus, the probability of not rejecting a flat slope
when the slope ig aciually not {lat, may be quite high.'®

14 is perplexing, then, that some authors relate the absence of a detectable
cross-sectional stope for a particular markel index proxy lo a general conderm-
nation of the ST CAPM maodel. Fama and Prench (1992) include a section
entitied “Can the SLB Model he Saved?” (p. 459), where they state, “We are
forced to conclude that the SLB model does not describe the last 50 years of
averape stock returns” (p. 464). We would add, “for Lhis particular market,
index proxy.”

he assumed value of o one-half Lhe standard deviation of the global minimum
varianee portfotie; larger values of oy, would eause the index proxy Lo lie closer Lo the efficient
frantier,

W ryass-soctional mean-hela tests are different from direct tests of lhe mean-varinnee effi-
ciency of a given index {cl. Gibbuns, Ross, and Shanken {1988, The nall hypothesis ol cross-
ig that Lhe theory is net true. In contrast, the mull hypothesis of divecl tesls Lhat

sectional tests is the probability of accepting a

seclional
the index

efficient. ‘The power of cros

cross-seclional relation when there really is one. The power of direct lests is the probability of

cting index efficiency when the index really is not on the efficient frontier. Thus, these two
wses reversed.

A.
index eflicicuey lests have the null and alternative hyp
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>b alternative interpretation of their results 1s that the SLB Model may be
m; .ri__c use in explaining cross-sectional returns no matter how close the
index is to the efficient frontier unless it is exactly on the frondier. Since m:cm
mxnﬁ‘mﬁ:&m can never be verified empirically, we would endorse (again, as we
::,‘E in the past when we first asserted the proposition; see, e.g., Roll .:wq..:
and Chen, Roll, and Ross (1986)), that the SLB is of little _‘:“.:.‘i::_ Lse _.:_
explaining stock returns.
In a different section of their paper, Fama and French avgue that
%. ferent approaches to the tests are not likely to revive the Sharpe-
Lintner-Black model. Resuscilalion of the SLB model requires that a
r.c:.&, proxy lor the market portfolio (a) overturns our evidence that the
simple relation between B and average stock relurns is fal and (b)
leaves 8 as the only variable relevant for explaining average veturns.
Such results seem unlikely, given Stambaugh’s (1982) evidence that
tests of the SLB model do not seem 1o be sensitive to the choice of a
market proxy. Thus, i there 18 a role for 8 in average returns, it is
likely to be found in a multi-factor model Lthat transforms the flat mw:::c
relation belween average return and 8 into a positively sloped condi-
Lional relation (p. 149).

This essentially alleges that ne reasonable markel proxy can produce a
nunzera cross-scectional expected return/beta relation in which beta is the
sole relevant explanatory variable.

But, viewad in the conlext of our analysis, such a statement seerns at least
questionable. [L appears that a proxy can he gquile close Lo the ex anle _.:::‘_mm_.
and still produce a cross-sectional beta-return relation with a slope near zero
and a proxy that ig far from the frontier can stitl have a signilicani H:.:zmu
sectional relation. In particular, another proxy can be close to Lhe ones used
now and have a positive cross-sectional relalion or a zero one. An empirical
slope near zero teils us little, if anything, aboul whether the SLB Model
describes “average stock returns,” bul it does tell us something about the
markel index proxies we are using. As for whether an inefficient proxy can be
found with betas that alone explain average returns, there is no a priori
reason to reject such a possibility.!!

B. Plausibitlity and Short Positions

Several readers of a previous version of thig puper speculated thal the
central results may be driven by short pesitions in market index proxies that
produce a particular mean-beta cross-sectional slope. Tndices wilth short
positions have not been uszed in the empirical tests. Yet lhe indices we

[

Thig s N S— 3 ; N : N H® C
o his can be truc nolw _.e_ standing the ohservation that size, for example, appears Lo be a
gignificanl explanalory variable in erogs-sectional sludies. Giv
Lhat bave been used in s studics, 11 would be
not significant by chance alone.

v Lhe hundreds of
stomishing if the best per

rameters
ming of them were
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characterize in Section I have no restrictions against shorl, positions and thus
may not be empirically relevant.

We have not yel been able to assess this objeclion in a completely general
context, bul a linited assessment 18 posgible given a few more assumptions
aboul the process generaling assel relurns, The objection is valid for some
relalively simple asset return structures including the example represented
by a limited version of the single-factor arbitrage pricing theory (APT) model.
If there 1s jusl one priced APT factor and every asset has positive sensitivity (o
that factor, any well-diversified markel index proxy without shortl positions
will produce a positive crogs-sectional expected return—CAPM beta relation if
the murket risk premium is positive.'?

[Towever, this simple example fails to generalize into a maore complicatod
world. For instance, there need be no necessary relation hetween expected
relurn and beta, even when there is only a single generuatling facltor, when the
APT 1g nol true. Suppose there is cross-scclional variability in expecied
returnsg that is unrelated to the assetl’s factor sensitivity. Although this would
admit the potential for arbitrage cash flows (wilh virtually no rigk and no
investment}),'® it permits any variely of cross-sectional relation between
expected return and CAPM beta even when the market index proxy has
nonnegalive weights on all assets.

In the absence of arbitrage opportunitics bul with a mulliple fFactor asset
return structure, tolally positive well-diversified market index proxies may
produce an ingipnificant cross-sectional mean-beta relalion. A simple numeri-
cal example is provided by Lhe two-factor hypothetical economy deseribed n
Table [ Tn this economy, the APT holds exactly but some positively weighted
portlolios produce betas that have no cross-sectional relation Lo expected
returns; even an equally weighted markel index proxy produces a sliphtly
negative bul statistically insignificant cross-sectional slope.”* The hypotheti-
cal economy in Table | represents a counterexample to the objection that our
resulls are driven by short positions, There are, of course, other possible asset

 In s single-factor APT medel, every asset § has relurns in time ¢ given by frie =10 DB ey,
where r; is the assel's expected return, & is the mean-zero single factor, b, (> 0 by asswmplion)
is the assel’s factor sensitivity, and &, is an idiosyneratic white noise disturbance. I the APT
halds perlectly, there exist conslunls yy and vy such that r, vy + v b0 A well-diversified
market proxy M is simply a porifolio wilth negligible idiosynerstic disturbance, e, py, =
rap b by 8,0 If M has nonnegative investinent proportions in all individual assets, then since
by = OV, by > 0. In this sitnation, the CAPM Leta is approximately §; = b,/by. Thus, the
cross-gectional slope coefficient belween individual assel expected returns and CAPM belas is
Covlr,, #B)/Varl 3} = y by, which is positive if the market price of risk, y,, is positive.

" Pure arhitrage cash (lows, zero risk and no iavestment, would technically be feasible only
with an infinite number of assets.

1 Nole that an equally weighted index is not likely to be on the boundary of one of our sets.
The equally weighled index is 200 basis points belew the frontier but Lhere are positively
weighted proxies closer to the efficient frontier that produce roughly the same cross sectional
mean return-bela relation.

1 . e - !
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Table T
..> m_:,:w_nﬁm._ Two-Factor APT Economy

Number of Assels: 25

“verv asset 5 - P
Every asset j has return #y i tine ¢ generated by a Lwo-factor model,

pip =1 e:.a: I .@f&_.: i

where i i .‘_.,um cxpected reburn, {he b's are factor sensitivilios, the 8's

and & is a disturbance independently distribuled across assels
" e s oxgeilue e oo -
The APT holds exactly: Ty Conbigboyyby

It 2 8i : i =
m w» :.F W:J:r:@; economy, Yo > 5% and y, = y; = 8% per period. Bach of the two faclors is
JMW. mm:: ently and norually distributed over time with o standard deviation of 13% per period
w25 values of by are randomly selected from a normal distribution with mean 1.0 m:u

standard deviation (0.4, Twenty-three ol Lhe 25 valuey of by are vero, bl b, = -4 34
, bt s A,

__._:m:.w. each asset’s generating equation is fully specified by selecting a _.::ﬂ__w”_ R-sgquare h

# uniform distribution between 0.15 and 0.30 {this conforms _.::nr_w to wetual J,_:.”.,_Mﬂ.r.mﬁ ,ncdw.
Onee .:F, R square is selected, the assel’s lotal return variance is readily ,...p___ﬁ.__,_nh_ﬁmu.n_ “._A.L_d_."_m_v .

mﬁ.:h“_.mf:.m equation. It is also possible to caleulate Lhe exacl compos .c:. :_u ::.. Marl ._ Mo

elficient frontier, Lo determine the mean-variance position of any polentinl Em_._:w» _“: u“ oroy,

and to calewlale Lrue values of each nssel's CAPM betus, Tere e Jenlatione

s;.»m.“.w the market index proxy is an equally weighted portfulin,

are medan-zero factors,
and over Lime,

5y
i

are Lhe resulting caleulations

True Parameters

o o o Mean Return a&_\g.v.l .Wrm Dev. Tx.;‘
H__,:‘:::.f weighted portiolia , ‘ _MHIU - - \\?_ x o
Elficicnt portlolio, same mean . 4.6 _.v.:
Em_.n._mi. portfulio, same standard deviation 15.0 _m‘m
Global minimun variance portfolio 8.74 .x.qq

2 . e —— -
The cress-sectional OL regression of true expeeted returng on CAD

: £ M hetas com u_;c.._ .E\
the equally weighted portfolio us o market index proxy is {f-slatistic w s

s in parenthescs):

r= L1 - i,
(4.1 (-0.0761)

The adjusted R square of Lhe cross-sectional regression iy — (L0432,

v:_.u,i..,:._.mm S.:ﬂa would bring about our resulis, but one connterexample iy
sufficient to dispel the notion that the objection is valid in general,

C. The Potential Sensitivity of CAPM Tests to the Kconometric Method

Although the superiority of generalized least squares (GLS) to OLS is
well-recognized by finance empiricists, our results above depand :_.ﬂr:,m
ﬁ.ﬁ.wmm-maca:smm regressions being OLS. Most of the exisling literature relics on
::m_ technique. There are, however, snne exceptions. A recent ._Etﬁ.r by
\MS_::P Christensen, and Mendelson (1992), for instance, repli Encm the
._Am::m. amd French dests while employing the wore advanced on:::u:o_(\d._.n.
.‘mn:..:a:cm of GLS and pooled time scries cross-section analysis >:_~5..:E..
Amihud et al. find the same results a Fama and French :mm._._m. .O:J,‘ :gm‘:;

results are reversed when ustmyg either pooled Lime series ~cross-section meth-
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ods or when using GL.S; the estimated impact of hela on expected return is
particularly strong when both methods are employed.'” They conclude that
“heta is still alive and well” (p. 1.

One might be templed to conclude that more powerful economelric lech-
nigques and better estimation reveal thatl the market index proxy is not too far
from the efficient frontier after all. But our analysis ahove is based on true
expecled relurns, variances, and covariances, estimation problems are as-
sumed away. We show above Lhal the OLS definition of the cross-sectional
mean-bela coefficient can be trufy zero if the market index iy sufficiently
mean-variance inefficient. This resull does not depend on statistical misesti-
malion of any relevant parameter, but it does assuime that the cross-sectional
mean-bela regression coefficient is caleulaled with the OLS formula.

Thanks to a private communication from Simon Wheatley in 1992, we
learned that using a GLS calculation rather than OLS can have a significant
effect on the resulting true cross-sectional coefficient. GLS produces a posi-
tive crosg-sectional relation between true expected returns and truc belas
regardless of the inefficiency of the market index proxy so long as its expected
relurn exceeds the expected return, ry, of the global minimum variance
portfolio!'

Intuitively, the GLS method diagonalizes Lthe covariance matrix of regres-
sion residuals. [t is equivaient ko using OLS when the covariance matrix of
relurns, V, is preportional to the identity matrix, But it V is proportional to
the identity malrix I, B = Iq/q'q. Thus, to oblain a portfolic wilh expected
return = R'q and with Cov(R,B) = 0, we must have R'} - p1'f3 - 0,
which implies » == p. There is no selution Lo the problem k& = 0 unless the
portlolio’s expected return, r, is the cross-sectional mean of the expected
relurns of ail assels, p. And when V o I, the expected return, ry, of the
global minimum variance portfolio is also the cross-sectional mean expected

rveturn, p1.

The use of GLS is likely Lo overturn the Fuma and French empirical result
of & zero ervss-sectional slope. Unless the index prosy is grossly inefflicient,
with expected relurn less than or equal to ry, a GLS regression would alinost
certainly find a significant and posilive mean-beta relation in large samples.
But what would this really imply about the validity of the CAPM, aboul
whether the brue markel portfolio of all assets is ex anlc mean-variance
efficient? I the mean return-beta relation is positive for every possible
markel proxy whose mean return exceeds ry, what conceivable set of empiri-
cal resulls would cause us Lo reject the CAPM?

Kandel and Stambaugh (1993) derive a goodness-of-fit statistic, expressed
as an [-square, {or the true cross-seclional GLS relation between expected
returns and betas. They show thal R-square decreases (or increases) as the
index proxy lies farther {or claser) to the efficient frontier. Thus, if the true

¥ However, the strength of bela as an explanatory factor is much greater in the 1953 to 1971

sample period than in the 1972 to 1990 sample period. In the later period, bela is not significant.
Y A formal praof is in the GLS section of the Appendix. Kandel and Stambaugh (1993) derive
and elaborale ‘me resilt.
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parameters were known, the Kandel and Stambaugh R-square is a metrie of
the index proxy’s degree of inefficiency. The problem is Lhat the true parame-
ters are nol known; thus, any observed empirical GLS R-square congists both
of sumpling error and (possibly) true ex ante scatier. IL is not unmediately
clear how an empirical investigator can tell the differcnce. Perhaps it will
prove best (o employ a direcl Lest of the index proxy’s efficiency, such as the
Kandel and Stambaugh (1989) likelihood ratio test which depends only on the
proxy’s location relative to the sample cfficient frontier.

We don’l wunl to leave the impression thal the Wheatley Kandel and
Stambaugh result fully exptains the differences between the [indings of Fama
and I'rench and of Amihud, Christensen, and Mendelson. The GLS proof
assuimes knowledge of all Lrue parameters in the spirit of this paper. The
cinpirical researchers have onty estimates. Also, the GLS method used by
Amihud el af. is somewhat different than that assumed by Wheatley and
Kandel and Stambaugh. Nonetheless, we thiok it is appropriate 1o bring
aitention Lo the bizarre idea Lthat the very range of possible Iindings cun be
affected by the econometric technique. Shanken (1992) provides a thoughtful
analysis of the different inferences that might be obtained with various
economelric techniques. He invesligates not onty OLS versus (LS but also
the impact of errovs in the variables on familiar two-pass tests of beta pricing
models. Tn Lhe conlext of factor inodels, he also shows that autocorrelation in
the underlying factors can lead Lo problems of inlerence.

1Ll Summary and Coneclusion

The empirical absence of a delectable relation belween average veturns and
betas is an indictuent of the SLI Model, al least for use with the most widely
employed market index proxies. 11 the SLB Model cannot tefl us about
average relurns, then it is not of practical value for o variety of applications
including the computation of the L of capital and the construetion of
investmeni portfolios.

As we have secn, though, the cmpivical findings are not Ly themselves
sufficient cause for rejeclion of the theory. The cross-sectional OLS relation is
very sensilive to the choice of an index and indices can be guite close to each
other and to the mean-variance frontier and yet still produce significantly
different cross-sectional slopes, posilive, negative, or zero. The finding that a
market index proxy docs not explain cross-sectional returns is consistent with
even a very close, bul unobserved, true markel index being efficient.

The almost pathological knife-edged nature of the expected return-beta
QLS cross-sectional relation, even without measurement error, is a shaky
base for modern finance. Surely the idea of a tradeoll’ between risk and
expected return is valid and meaningful, Whatever model is eventually used
lo measure and apply thal basic idea will have Lo be vonsiderably more
robust.

As proved by Whealley (1992) and Kande! and Stambaugh (1993), using o
GLS cross-seclional fit between true expected returns and bete aders the
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relation less subject to these knife-edged properties. The GLS slope is positive
so long as the expected return on the index proxy exceeds the expected return
of the global minimum variance portfolio. This implies thal virtually any
proxy for the market index that is not grossly inefficient will produce a
positive eross-sectiona! relation between mean returns and betas in large
gamples. But since every conceivable proxy candidate produces a positive
relation, an empirical finding of a posilive slope by itself implies very liltle
about whether the proxy is ex ante efficient. Such a finding musl be abetled
by other direct tests of efficiency.

Sampling error makes these problems all the more troublesome. Since
estimates of the efficient frontier and of the index proxy’s mean and variance
are subject lo serious samphing error, the proxy itscll may have a true
positive cross-sectional expected return-beta OLS relation that cannot be
detected in Lhe sample mean return estimated beta relation. For the GLS
version, one is obliged Lo detect Lthe dilference between sampling scatter and
ex ante scatier aboul the true cross-sectional retation. Again, it seems likely
that cross-sectional tesls of the mean-beta relation will lake a back seal 1o
direct tests of portlolio efficiency.

Despite these problems with the SLB Model, markel vatue weighted index
proxies are of considerable interest in their own right because they reflect
averages of investor holdings. Whether or not such indices produce betas that
are cross-seclionally related to average rveturns, their own returns serve as a
benchmark for investment comparisons. Beating or trailing a value-weighted
index has become Lhe most widely accepted criterion of investment perfor-
mance. 1t is an appropriate criterion relalive Lo the wealth-weighted average
returns of other investors.

Appendix: Derivation of Index Proxies That Produce a Given
Tross-sectional Slope between Expected Returns and Betas

Notation:"

R = Expected relurns vector for N individual assetls,
V = N x N Covariance matrix of returns,

1 Unit veclor,

q Portfolio weighis veclor,

r == Scalar expected portfolio return, 4'R,

o? - Sealar portfolio relurn variance, ¢'Vq,

:.w = Cross-seclional or time series variance of j,

p = Cross-sectioual mean of expected returns, R'1/N,

w =~ Veclor of scaled expected return deviations from the cross-sectional
mean, (R — ul1)/N,

k = Sealar slope from cross-sectionally vegressing R on betas computed

for individual assels against porlfolio g.

Y yectors and malrices are denoted in beldface.
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The mathematical problem is to find a minimum variance partfolio-index
proxy that satisfies three conditions: (1) thal the portfolio’s expecled return
15 a fixed value r, (2) that its weights q sum to unity, and (3) that a cross-
mwl.n:.c:m_ regression of expeeted returns R on betas B = Ve /4 Ve has a given
slope. ‘

Formally,
minimize ' Vg with respeet Lo ¢,
subject Lo
qR=r
1
qgVo =LkqVq.

q'1l

The parameter 2 in the lasl constraint fixes the cross-sectional relation
hetween expected returns and f's. In the cross-sectional regression, R =
Yo t 7B t e, the slope coefficient is vy, = k/al, where o) “is the .S,:mm,
seclional variance of 3,'8 g

The first-order condition for a minimum is

Vq - i, 4", AT = AV — 22Vq) - 0,

wlhere the X's are Lagrange mullipliers,
To eliminate the Lagrange multipliers, define Lhe 3 % 2 mateix

AR 1 Val'vV 'R 1 Val, (A1)

collect terms and simplify the first-order eondilion to
g=V 'R 1 ValA '[r | kel (A2)

The equation of the boundary of the set of permissible indices in the e/t
space can be oblained by using g from (A2} in the definition ¢? — q'Vyq and
then simplifying to obtain,

af=[r 1 koA r 1 Le?ir, {(A3)

Note thal (A3) is not yet a functional relation since o 2 appears on hoth sides,

Fa reduce the sotulion further, we ave obliged to pay some attention Lo Lhe
structure of A ' Irom (AD, the malrix A is a quadratic form in V and thus
posilive definile if V is posilive definile (which we will assume): thus JA] > 6.
However, since (A3) is nonlinear in o2, A being positive definite does not
guarantee Lthat cvery solution to the first-order conditions is & minimumn.
Inspeetion of the cross-sectional beta conslraint,

. qaVnm = kg Vg,

18 . :

._:m ﬂ.E‘_mnE::. maay be slighlly confusing because only the expected return is de-meaned
?._:_m. bela is not de-meaned) Bul when caleulating a covariunce, i is necessary to de mean oniy
one of the lwo random variables; ie., Covlx, y) = Fixly - E(3)) = Hlxy) - () E(y) .
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reveals that q is bounded from above; this implies Lthat the constraint will
provide both a maximum and a minimum. For our problem the appropriate
second-order condition is the definifeness of

(1 v 2kA)V,

which depends on the sign of (1 2k Ay} since 'V is positive definile. The
first-order equation (A3) is a quadratic and has two roats corresponding to
the minimum when the above expression is positive and the maximum when
it is negative.

A can be wrilten

a b
A=|b ¢ e
d e g
where three of the scalar elements, a = RV 'R, b -~ 'V '1, ¢ - 1TV,

are the familiae efftcient frontier information constants (¢f 1ol| (1977),
appendix). The other three elements can be expanded and interpreted as
fallows:

d-Ra-R(MR  ul)/N=RR/N - .. (Ad)

. . . : .
Phus, o can be recognized as the cross-sectional variance of expected returns,
o = 7. Similarly,

e=1nw=1T(R- pl)/N =10,
Finally,

g=aVa=[RVR - 2uRV1 + "1UVL]/NZ, (AR)
and since p = R'1/N,

Iy
F HWap. g,

where oy, denotes the lime series variance of the difference in relurns

between two portfolios, one weighted proportionalely to the vector of expected
returns and the scecond one equally weighted.

Since Lhe scalar element e is zevo, the malrix inversion |
alightly and

simplified

cE by -vel 1
A=) by g -t bd |-
; IA]

—aoel bl ac - bE

where |A] - glac - b%) — cd®. Using this expression for A !, the formula
deserihing the boundary of possible indices, eguation (A3), ean be written as

Bol+ Cra?+Dr’ + Fo® + Gr+ H =10 {(AB)
where

B =k*ac -b%), C—= -—-2dke, D= ge,
F=2dkb — glae - %) 4 ¢d®, (= -2gb, and I - ag - d%
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Kauation (A6) can be recognized as Lhe general form of a sccond-depree
equation in r/o? space. From analytic geometry, il is a parabola, a circle, an
cllipse, or a hyperbola, depending on Lhe value of C? - 4B, lixamining this
expression,

C? — ABD — 4d*k%e? — 4k (ae - bHge = —4k%c|A,

and since ¢ and |A]| are positive, C? — 4BD is either zero (for & — 0) or
negative. For & # 0, equalion (A6) is an ellipse in r/o? space. The axes of
the ellipse are oblique, ie., nol parallel Lo the r/o? axes. In the special case
k=0, (a zero cross-scclional slope between cxpected returns and betas),
equation (A6) describes a parabola with an axis paralle! to the o* axis.

The situation for & + 0 is complex; the set of k-slope-producing indices
is bounded by an ellipse thal may or may nol have a langency puint Lo
the efficient fronlier, depending on Lthe value of 4. To prove this assertion,
note thal the cross-sectional slope between expected returns and betas
computed against a mean-variance efficient portfolio has the value A = r*

ro, where r* s the portfolic’s expected return and r, is the return on
its companion “zero-beta” portiolo. It is straightforward to show'™ that r, =
{(hr*  a)/ler™ — b). Thus,

dASart = - _T:.. = b%) fere agi

=0 ==yl lae — rwv_\u\n. (A7)

where r, = b/c is the return on the global minimum variance portfolio.
Lguation (A7) indicates the presence of two local extrema. Checking the
second-order conditions,

FENS TS O e i

Thus, the positive root of (A7) is a local minimum above which A > 0 while
the negative root is a local maximum below which A < 0. There is a disconti-
nuity at r,, al which point A is undeflined. There is no elficient portiolio with
a “risk premmwn,” A, between the bwo extrema. By direct substilution, the
values of A at the extrema are,

A= A= 2de ~ ) e (A8)

For a mean-variance efficient portfolio, there is an exacl cross-scelional linear
relalion between expected returns and betas,

— . -F ~
R=r1+ (s rp.
Thus, of = (r* - r,V? and since k- o (r* )= k= ol /(0¥ = r))
This implies that |k] has a maximum determined by the two extrema in (A8),

1 ool
bl < o —" " (A9)
Nﬁaa...vmv

¥ 0F Roll (1977), appendix.
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where o

= 1/¢ is the global minimum variance. For any value of & greater
in absolute value than the expression above, there is no tangency belween
Lhe efficient frontier and the ellipse bounding the set of all index proxies thut
produce a cross-sectional slope of k.

Notice, too, that since c_.uw.._. 18 endogenous to the problem, constraining & is
not the same as constraining y, = k /oy, the cross-sectional slope ceefficient,
in the case where & # 0. This more complex problem introduces nonlineari-
ties that will change the shapes of our boundaries but will not alter the
qualitative properties we reporl.

A. Using GLS in the Cross-sectional Mean-Beta Regression

Begin with the familiar cross-seetional model, R = yo1 + v, = BI', whoere
B=[1 pBjand I = (yo Y. Since V is the covariance malrix of returns, il
1s natural to consider a GLS estimator based on the sample mean returns and
a consistent estimator of V. In large samples, the maximum likelihood

consistent GLS estimator of I will be
BV ‘B "'B'V-R.

By expanding this expression, it is straightforward to show that (he sign of
the resulting estimator of ¥) depends on the sign of

BV RNV ') - (I'V 13TV 'R).

But since § = Vq,/q Vq, where q is the vector of investment, praportions of
the market index proxy, the above expression is proportional to

qgR - (I'V 'R) ATV '"1) =~ ry.
Thus, regardless of the posilion of the market index proxy, as the sample size
grows larger, the sign of thig particular GLS eslimataor of v, will converge to
a pusitive {(ov negative) value when the proxy’s expected relurn, r, is greater
{or fess) than the expecled return, r,, of the global minimam variance
portiolip. ?
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